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To  my  wife 


In  science,  as  in  life,  we  humbly  follow  the  Creator  who  said:  '7  "W 

i 

Genesis  1:3 


PREFACE 

The  theory  of  acoustic  radiation,  well  known  from  classical  times,  has  been  greatly 
expanded  in  recent  years  through  the  efforts  of  many  physicists  in  many  countries.  The  present 
monograph  is  intended  to  gather  together  in  a  single  volume  both  the  chief  results  of  the  classi¬ 
cal  period  and  the  leading  contributions  of  modern  authors. 


Sam  Hanish 
Washington,  D  C. 
October  1,  1981 
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CHAPTER  I 
FUNDAMENTALS 


1.1.  LINEAR  ACOUSTIC  EQUATIONS  VALID 
TO  FIRST  ORDER  APPLICABLE  TO  FLUIDS  AT  REST  11] 


Sound  energy  in  a  compressible  non-viscous  fluid  distributes  itself  spatially  and  temporally 
as  a  scalar  material  field.  By  such  a  field  is  meant  one  whose  dynamic  and  thermodynamic 
description  can  be  made  by  an  idealized  continuous  Junction  of  space  and  time  (that  is  4-space), 
viewed  macroscopically.  The  field  variable  appropriate  to  the  transmission  of  sound  in  such  a 
fluid  is  the  velocity  potential  0  (units:  meter2/ sec).  We  may  theoretically  calculate  0  in  space 
and  time  coordinates  using  the  following  thermodynamic  and  dynamic  considerations.  At  ther¬ 
modynamic  equilibrium  the  state  of  the  fluid  is  fixed  at  every  point  by  the  equilibrium  values  of 
vector  velocity  V0,  scalar  pressure  P0,  scalar  density  p0,  absolute  temperature  f0,  and  entropy 
So  when  a  sound  disturbance  traverses  the  fluid  at  speed  c  these  field  quantities  change  to  V, 
P,  e,  T,  and  S  respectively,  the  incremental  changes  giving  rise  to  excess  (that  is,  acoustic) 
quantities:  the  excess  particle  velocity  V,  the  excess  pressure  p,  the  excess  density  8,  the  excess 
temperature  9 ,  and  the  excess  entropy  <r.  These  acoustic  quantities  are  generally  nonlinear 
functions  of  one  another,  and  of  the  equilibrium  field  quantities.  This  nonlinearity  arises  in 
part  from  the  fact  that  the  fluid  acceleration  du/dt  in  its  Eulerian  description  is  a  function  of 
both  space  coordinates  and  time,  namely,  du/dt  =  du/dt  +  (u-V)w.  In  the  radiation  problems 
considered  here  we  assume  Ii7|  and  Vu  to  be  small  quantities  of  first  order  so  that  (u*V)u  is  a 
quantity  of  second  order,  which  is  negligible  relative  to  du/dt.  If  we  assume  in  addition  that 
W  is  small  compared  to  the  wave  velocity  c  it  will  turn  out  that  the  acoustic  field  quantities 
will  appear  to  the  first  order  only  in  the  equation  of  momentum,  heat  transfer,  and  thermo¬ 
dynamic  state.  These  first  order  equations  are  the  linear  approximations  of  classical  acoustics. 
A  typical  example  of  linearization,  much  used  in  the  theory  of  radiation  of  sound  in  a  compres¬ 
sible  medium,  is  physically  associated  with  the  generation  of  a  time-variation  of  mass  density 
Q(r0,  to)  or  entropy  S(r0.  t0)  at  a  point  in  space,  which  is  measurable  as  a  time- varying  acous¬ 
tic  pressure  p(7i 0,  to)-  Between  quantity  p  and  quantities  p,  S  there  is  a  constitutive  relation 
which  must  be  specified  in  any  theoretical  model  of  the  radiation  process.  A  simple  useful 
model  states  that  the  total  pressure  pj  in  a  small  volume  of  fluid  of  static  pressure  Po  is  linearly 
related  to  the  time  variation  of  mass  density  Ac  and  entropy  AS  in  that  volume: 

■  p° +  *r, 46  +  (ts),  45 + •••  - + > +  -  • 

An  even  more  useful  model,  valid  when  amplitudes  of  measured  pressure  are  small,  and  the  time 
variation  is  rapid,  states  that  the  AS  contribution  can  be  negleated: 

P(ro,  to)  =  CVo,  t0)d(r0,  t„);  CJ  =  |-^-j  ;  =  Ac 

Here  C(r0,  t0)  is  the  adiabatic  speed  of  (sound)  propagation  of  changes  in  mass  density.  Similar  con¬ 
siderations  in  the  near  equilibrium  transfer  of  momentum  and  of  heat  lead  to  other  linear  formulas,  a 
collection  of  which  is  presented  below: 
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p  =  c2d 


u  =  -  _L  J  grad  pdt 


e  =  (y-D  J£_ 

Qc2 

u  =  ~V<t> 


P  =  e  -z— 
at 

6  AlL  =  -gradp. 

at 


(1.1.1) 


(1.1.2) 


(1.1.3) 


(1.1.4) 


(1.1.5) 


(1.1.6) 


Here,  y  is  the  ratio  of  specific  heat  at  constant  pressure  to  that  of  constant  volume.  Additional 
linerizations  from  the  law  of  conservation  of  mass  in  any  closed  system  lead  (in  the  absence  of 
viscosity)  to  the  simple  wave  equations  in  <t>,  or  p: 


V24>  -  3 24>/c!3/J  =  0 


v2/>-  aip/ciati  =  o 


(1.1.7) 

(1.1.8) 


These  are  Eulerian  equations  associated  with  the  Lagrange  density  if  (units:  Nm  m~i)  of  the 
scalar  field.  One  may  form  the  Lagrange  -function  by  subtracting  the  potential  energy  density 
9)  from  the  k.netic  energy  density  9" which,  in  terms  of  4>,  leads  to 


•  c|v«i>|2 


qy  =  4-n/  d • 


if  =  3r-q). 


(1.1.9a) 


(1.1.9b) 


(1.1.9c) 


In  general  if  is  a  function  of  the  3-space  coordinates  x,  =  x,  x2  =  y,  x,  =  z,  and  the  ‘time  coor¬ 
dinate’,  x «  =  ict,  together  with  the  derivatives  of  0  with  respect  to  x, .  The  introduction  of  if  assists 
us  in  the  formation  of  the  associated  stress-energy  tensor  QL  whose  sixteen  components  describe  the 
energy  density  distribution  in  the  corresponding  material  field.  We  may  write  as  a  4  x  4 
matrix  with  components  (/',  7  —  1,  2,  3,  4)  which  in  turn,  when  written  in  terms  of  if,  have 
the  form: 


Wij=% t  djj  - 


[ a  a  /d(d0/dxj)  1 


(1.1.10) 


where  6ij  is  the  Kronecker  delta.  Of  the  sixteen  components  in  the  4  x  4  matrix  the  four  in 
the  fourth  column  (fVi4)  describe  the  space-time  components  of  field  energy  density.  One  of  these, 
the  fVti  component,  is  the  time-invariant  energy  density  9)  of  the  material  field.  For  linear  acoustic 
systems  (that  is,  for  systems  in  which  p  =  c2d),  9)  has  the  form, 


Q  \u\‘ + -L  (p‘/  q  c!)  (units;  Nm  nr1). 


(1.1.11) 


y.'  S 


1.2  Equations  of  Ac  oustic  Intensity 


The  other  three  components  IV *0  =  1,  2,  3)  of  the  fourth  column  are  the  time-space  energy 
densities  (that  is,  the  sound  intensities).  These  are  the  components  proportional  to  /, ,  i.e.  to  the 
three-vector  /  which  gives  the  direction  and  magnitude  of  the  flow  of  energy  due  to  the  sound  distur¬ 
bance.  In  symbols. 


W„  =  -  _  .**_  (  e  \,  (units:  Nm  m1)  (1.1.12a) 

d(ict)  \  dx,  J 

ic  Wit  -  pu.  =  lit  (N  m/(m2s)  (1.1.12b) 

in  which  p,  u ,  are  complex  functions  of  space  and  time.  The  remaining  WtJ  are  the  nine  components 
of  fluid  stresses  in  a  3  *  3  stress  matrix  which  in  any  particular  case  can  be  rotated  to  a  set  of  principal 
axes,  one  being  in  general  the  direction  of  the  travelling  wave. 

1.2  EQUATIONS  OF  ACOUSTIC  INTENSITY  VALID  TO  SECOND  ORDER  |2| 

The  acoustic  intensity  component  /,  given  by  Eq.  1.1.  (12b)  is  a  linear  approximation  to  a  more 
general  non-linear  formula.  To  illustrate  its  derivation  let  E  be  the  internal  energy  per  unit  of  mass  of 
the  fluid  system.  For  quasi  static  changes  in  entropy  and  specific  volume  the  First  Law  of 
Thermodynamics  requires  that 

dE  =  TdS-pdV  =  TdS  +  p(d  q  /  8  ).  (12  1) 

Since  the  propagation  of  sound  is  essentially  adiabatic,  dS  =  0,  and  dE/d  e  =  p/  q  Now 
the  entity  p  E  is  the  internal  energy  density  (units:  Nmm  >).  Upon  the  passage  of  the  sound  wave 
through  a  unit  volume  of  medium  the  change  in  density  leads  to  a  change  in  £  of  magnitude 

3(  p  E)/a  6  =  6  d£  +  e=E_+E=H  (I  2  2) 

de  q 

The  symbol  H  is  the  enthalpy  of  the  fluid  (units:  Nm  kg~x)  and  is  a  function  of  mass  density 
We  note  that 

3 H/d  o  =  -  ip/  o  >)  +  (dp/d  g  =  C1  (12.3) 

3  c  e  e 

We  assume  that  for  very  small  particle  displacements  c  =  Co  +dand£  =  £„  i  £  .  To  find  a  rela¬ 
tion  between  those  quantities  and  1.2.3  we  form  the  following  Taylor  series  expansion  of  e  £a t 
the  thermodynamic  coordinates  p  0.  Un,  valid  to  quantities  of  second  order  in  q  . 

c£  =  Co£o  +  (  c  -  e  o)[3(  I  r  o  |  „#,  ^  .  -L  (  e  -  c  0)>  |3(  e  £)/3  e  !U 

(I  2  4a) 

=  (,£,  +  Hdd  +  (c  (’  ?  i  ...  .  (I  2  4b) 

Now  the  sound  field  contains  an  additional  kinetic  energy  density  due  to  the  particle  velocity  u 
of  magnitude  l/2(p  |u|2)  —  1/2  ((p0+  )l « I J) . Since  the  quantity  d | u |  *  is  of  third  order  we  reject  it 
and  add  the  remainder  to  1.2.4b  to  form  the  total  acoustic  energy  density  to  second  order  in  d  and 
|m|  .  The  first  term  q  0E0  in  this  total  energy  is  the  internal  energy  of  a  unit  volume  of  fluid  in  the 
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absence  of  sound  disturbances.  We  shall  omit  it.  The  second  term  H06  when  integrated  over  a  finite 
volume  vanishes  since  the  total  mass  of  fluid  does  not  change  during  the  traversal  of  sound.  Thus  the 
total  acoustic  energy  density  in  the  sound  field  to  quantities  of  second  order  is 

^  =-^  e0|«|J  +  (c!d-’/2  j  (1.2.5) 

This  quantity  is  time  invariant.  In  order  to  find  the  time-varying  (=  flux)  energy  densities  we 
shall  equate  the  time  rate  of  change  of  total  energy  in  volume  V  to  the  flux  of  energy  out  of  V  through 
the  vector  surface  area  A.  The  total  energy  per  unit  volume  is  c  |k|V2  +  c  £.  The  change  in 
energy  per  unit  mass  due  to  traversal  of  sound  is(|«|  V2)  +  H.  If  this  quantity  is  multiplied  by  the 
result  is  the  time  rate  of  change  of  energy  per  unit  mass  through  unit  area  in  the  direction  of  u.  Hence 
the  energy  flux  balance  leads  to  the  equation 

JL  Jy  ^  +  qE J  dV  =  -  fv  qu  ^  ML  \  +  HYdA  (1.2.6) 

Now  pu(|«|2/2)  is  a  quantity  of  third  order,  which  is  negligible  for  linearized  sound  waves. 
The  mean  flux  (areal)  density  is  thus  quH.  For  small  changes  in  coordinates,  H  =  //0  +  //', 
and  since  dH  -  TdS  +  dp/p.  we  may  form  a  Taylor  series  at  H0  to  the  first  order  in  p  by  noting 
that  for  adiabatic  changes  H  =  H0  +  p/q  +  ....  Therefore  quH  -  quH0  +  up.  On  the  average 
(in  time)  the  integration  of  quH0  over  area  A  vanishes.  Hence  the  energy  flux  E  through  all 
areas  Ak  is  given  by 

E-  fApu'dA=  Z  pukAk,(k  =  1,2,3...),  (units :  Nms”')  (1.2.7) 

The  quantity  pu  is  the  symbol  /,  which  appeared  in  Eq.  l.h  (12b)  and  is  an  areal  flux  of 
energy.  In  contrast  the  quantity  qu  is  a  momentum  flux  density  j(Nsm'i).  For  small  changes  in 
density  g  =  q  0  +  6,  and  so,  to  quantities  of  second  order 

j=  QoU  +  du  (1.2.8) 

If  the  acoustic  system  is  linear  we  may  write  p  =  c‘6  (Eq.  (I))  so  that  the  momentum  flux  density  is 

j  =  e  oU  +  ]_  (1.2.9) 

c1 

1.3.  ACOUSTIC  POWER 

The  symbols  in  1.2.7  is  the  acoustic  power  flowing  through  areas  At .  In  its  calculation  we 
must  allow  u  and  p  to  be  arbitrary  functions  of  space  and  time.  When  the  time  variation  is  sinusoidal 
at  radian  frequency  w  we  may  represent  it  by  the  real  part  of  the  complex  number  e-'w'-  Adopting 
complex  notation  we  define  the  pressure  p  to  be  the  real  part  of  a  complex  pressure  P,  and  the  particle 
velocity  u,  to  be  the  real  part  of  a  complex  velocity  Vk .  The  relation  between  these  quantities  is  given 
by 

p  =  +  p *  e"*')/2 

w*  =  (Vke"wl  +  v:  ew,)/2 


4 


(1.3.1a) 

(1.3.1b) 


1.3  Acoustic  Power 


in  which  the  asterisk  *  denotes  complex  conjugate.  The  real  and  imaginary  components  of  P,  Vk  may 
have  useful  meaning.  We  shall  write  them  as  Pin ,  Pi2>,  Vk".  Vl*'  respectively.  In  terms  of  these 
sinusoidal  components  the  total  acoustic  sinusoidal  power  generated  by  an  area  A k  which  is  normal 
to  velocity  Vk  is. 


E=Wi+W,  (1.3.2a) 

wt  =  (J-)  f  [(/>"’  V'k"  +  Pw  KJ1)  +  (P<n  vl"  -  p u>  cos  2cu/]  dAk  (1.3.2b) 

W ,  =  (-L)  JAi  (P,u  Vl*’  +  Pl2>  Kj”)  sin  loot  dAk  (1.3.2c) 

The  symbol  IV;  is  the  real  time-varying  acoustic  power  whose  mean  value  <H/,  >  over  a  cycle  of 
radian  frequency  o>  is  S*k(P'"  K,1’  +  Pl2>  V[1))dAk.  The  latter  quantity  may  be  expressed  in  terms 
of  P,  Vk  to  yield  the  widely  used  formulas  for  time-average  sinusoidal  intensity  Jk  and  power  <W/,>. 

Jk  =  \  Re{P  F* }  (1.3.3a) 

<  W,>  =  \  Re  fAk  PV*k  dAk  (1 ,3.3b) 

where  Re  means  real  part.  The  symbol  Wq  is  the  imaginary  time-varying  acoustic  power.  Its  mean 
value  (in  time)  is  zero.  It  is  sometimes  convenient  to  calculate  sinusoidal  acoustic  power  in  terms  of 
absolute  amplitudes  of  pressure  and  particle  velocity,  |P|,  |  Vk\.  To  do  this  let  P  =  |P|e‘*.  Vk  = 

|  Vk\e-v,  and  use  1.3.2a  to  give 

fV,  =  -L  f.  | P ||  Vk\ cos  (tp  -  $)[1  +  cos  2  (u>  +  wt)]dAk  (1.3.4a) 

W,  =  -T  JmJPII  ^‘1  sin(i^-^)sin2(v  +  cur)d/l*.  (1.3.4b) 

The  time  average  real  power  is  seen  to  be 

<W,>  =  -i-  J~Ak  |P||  Vk  |  cos  (v>  -  $)  dA  (1.3.4c) 

In  analogy  with  comparable  electrical  parameters  l  .3.4C  is  sometimes  called  the  vector  real  power 
while  the  quantity  1/2  jAk  |P||  Vk\ sin  (y  -  $)  dAk  is  called  the  instantaneous  vector  reactive  power. 
We  note  that  total  sinusoidal  vector  power  W  may  be  found  from  the  formula 

IT=i  I  f  PV*  dAk  (1.3.4d) 

2  *  A 

A  more  general  formula  for  sinusoidal  power  which  is  useful  in  analysis  is  based  on  the  velocity 
potential  <&.  From  Eq.  1.1.12  it  is  seen  that, 

IVcc  Im  f  dA 

dt  dn 


in  which  30/3 n  is  the  normal  derivative. 
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1.4.  DIRECTIVITY  OF  RADIATED  POWER 

In  a  steady  state  field  the  intensity  of  acoustic  energy  flux  (that  is,  real  acoustic  power  per  unit 
area)  at  a  differential  area  where  the  pressure  is  p\  and  the  particle  velocity  y  is  given  by  1/2 
Re{pf'*},  Sect.  1.3.  Since  the  real  power  propagates  out  to  infinity  where  the  differential  area  over  a 
spherical  surface  is  ri  sin  0  d$,  and  where  the  pressure  and  particle  velocity  are  related  through  the 
equation  =  pc  V,  we  see  that  the  differential  of  real  acoustic  power  is  given  by 

dP  =  \  P~P*  ',Lsin0d0df  (1.4.1) 

QC 

Here  the  lower  case  symbol  p„  —  Pq(9  ,  $ )  exp  /(&>/  -  kr  +n/2).  In  the  general  case 
therefore  the  acoustic  power  has  directivity  in  the  spherical  angles  0.  $.  To  investigate  this 
directivity  it-  is  convenient  to  fix  one  variable  (say  $)  and  plot  dP/d9  vs.  9  for  the  range  of  the 
variable.  This  plot  defines  the  directivity  of  radiated  power  in  the  (variable)  angle  concerned. 
We  thus  have  the  following  defining  relations  for  the  two  variables  9 . 


„  ..  .  1  Po.(0.  2  .  „ 

9  directivity:  — - r»  sin0  vs  9 

2  QC 

This  is  sometimes  called  the  0 -characteristic  of  the  radiated  power. 
4  directivity:  y  (90. 4 )  p£(0o.  i  >  'l  sin»0  vs  (> 

This  is  sometimes  called  the  $  characteristic  of  the  radiated  power. 


(1.4.2) 


(1.4.3) 


These  formulas  are  useful  in  determining  the  proper  location  of  a  radiator  for  the  most  effective 
directional  radiation  of  acoustic  power  into  the  far  field  (r  -*■  °°). 


1.5.  THE  COMPLEX  RADIATION  PATTERN  FUNCTION 

The  mean  (real)  power  <Wt>  radiated  by  an  area  A  over  a  cycle  of  pressure  varying  sinusoid¬ 
ally  with  time  (  =  e-'“0  is  given  by  Eq.  1.3.  (3).  This  may  be  rewritten  in  the  form 

<Wi>  =  -L  +  P*V„)dA.  (1.5.1) 


Here  Vn  is  normal  to  A.  By  use  of  Eqs.  I .  I .  (4)  and  (5)  we  may  write  <  W~>  as 


<w>=  ' 

_#*  30  \ 

4 

V  dn 

dn  ) 

(1.5.2) 


We  now  assume  an  origin  of  coordinates  on  or  near  a  radiating  source  and  let  r0,  r,  R,  be  the 
distances  from  this  origin  to  the  source  point,  from  the  source  point  to  the  observation  point  and 
from  the  origin  to  the  observation  point  respectively.  For  outgoing  waves  diverging  to  infinity  the 
asymptotic  form  of  the  velocity  potential  in  terms  of  the  spherical  coordinates  (/?,  0.  cp)  is, 


6 


1 .6  Vector  Specific  Acoustic  Admittance 


(a)  —  K  (0.  <j>  )eikR/R.  (b)  K(9.$)=Kl  +  K2.  (1.5.3) 


The  dimensions  of  K  are  (meter’/sec).  Now  for  R  -*  <»,  d<t>/dn 
Therefore  the  mean  real  power  can  be  written, 

<W:>  =  eck 2  f  <M>* dA. 

2 


d<t>/dR  =  ik<J>  -  <t>/R  ~  ik<t> 


(1.5.4) 


This  is  readily  seen  from  the  above  formulas  to  take  on  the  form 


<W,>  = 


|tf(0, 4>)  I J  sin  9dQ 


(1.5.5) 


The  integration  over  real  angles  0  thus  gives  real  power  radiated  to  infinity.  The  same 
formula  may  be  used  to  obtain  reactive  power.  An  idea,  first  developed  by  Bouwkamp  (31,  con¬ 
sists  in  extending  the  integration  over  the  variable  9 In  Eq.  1.5.5  to  all  complex  angles,  and  then 
taking  the  imaginary  part  of  the  result  to  form  the  reactive  power.  In  Bouwkamp's  notation  the 
total  complex  peak  amplitude  of  power  w,  whose  imaginary  part  is  the  peak  amplitude  of  reac¬ 
tive  power,  is  given  by  the  formula 


w  =  Q0ck* 


r*r 


|AT(0, 4)  | J  sin  8d0. 


(1.5.6) 


Here, 


w  =  w,  +  iwt 


The  reason  for  the  choice  of  the  limit  +  joo  rather  than  -  /°°  is  developed  in  Chap.  VI.  Since 
this  amplitude  fluctuates  in  time  exp(-/w/)  the  root-mean-square  average  power  is  1/2  of  the 
peak.  The  rms  real  power  is  Eq.  1.5.5.  The  rms  reactive  power  is. 


w2  =  Im  I  Jo  d\  Jo  | AT(0,  $)|2  sin  9d6  j 


(1.5.7) 


An  application  of  this  formula  to  the  case  of  radiation  from  a  membrane  in  an  infinite  rigid 
plane  is  described  in  Sect.  6.5. 


1.6.  VECTOR  SPECIFIC  ACOUSTIC  ADMITTANCE 

For  sinusoidal  varying  field  quantities  with  time  given  by  the  real  part  of  e-lwl  the  ratio  of  vector 
particle  velocity  u  to  scalar  pressure/?  is  defined  to  be  the  vector  acoustic  admittance  Y.  From  Eqs. 
1.1  (4),  1.1  (5)  we  find  this  admittance  to  be 

Y  =  -V<t>  =  (units:  m’ AC1  s  ’).  (1.6.1) 

0  3  Q/d  t  /tuc't* 

In  the  practical  generation  of  sound  by  an  area  A,  it  is  the  normal  component  of  velocity 
m*  (=  -dQ/dn)  that  generates  the  acoustic  power  that  reaches  the  far  field.  Computation  of  admit¬ 
tance  is  therefore  usually  confined  to  the  normal  component  ,  which  is  seen  to  be 
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Y„  =  (d<t>/dn)/iwQ<t>.  (1.6.2) 

The  convention  used  here  is  that  the  normal  n  to  a  vibrating  surface  points  away  from  the  medium 
facing  the  surface.  The  reciprocal  K;1  is  called  the  normal  specific  acoustic  impedance  Z„ .  When  there 
are  two  areas  i,  j,  the  /th  area  generating  sinusoidal  acoustic  pressure  and  the yih  area  receiving  acoustic 
pressure,  the  interaction  force  F  upon  the  y'th  area  due  to  the  /th  area  is  written  (F, ),.  Corresponding  to 
this  force  is  a  normal  interaction  acoustic  impedance  Z0  defined  by  the  formula 


Z„  =  U7!  )j  ,  k,  =  reference  velocity,  independent  of  coordinate.  (16  3) 

V, 

Now  the  vector  acoustic  power  received  by  yth  area  is  ( 1  /2)(F, ),  ( V, ),  which  in  conjunction  with 
Eq.  1.3.  (4d)  shows  that  the  interaction  impedance  may  be  calculated  from 

Z0  s  1  _  J  P,  V*dAj,  Vj  =  vel.  normal  to  A, .  (16  4) 

{V.V’U  ‘ 

Note  that  the  interaction  imoedance  between  two  radiating  areas  is  in  general  a  function  of  their 
normal  velocities.  In  particular  cases  (and  sometimes  for  pure  convenience)  V*  is  assumed  indepen¬ 
dent  of  coordinate  (i.e.,  a  constant).  Then  the  approximation  is  made  that 

Z.<  =  -L  J  PidAj .  (1.6.5) 

Vi  J 

Radiation  impedance  is  discussed  in  greater  detail  in  Chap.  VI. 

When  y„  and  Z.  are  available  they  may  be  used  to  calculate  the  radiated  intensity  of  the  field. 
From  the  definition  of  the  velocity  potential  and  from  1.3.3b  it  is  seen  that, 

/„  =  -icuVRe{4>r„(t>*}  (1.6.6) 

or 

/„  =  ±  Re{V<6  Z„  •  (VO)*}.  (1.6.7) 


1.7.  ACOUSTIC  SOURCES  AND  THEIR  ASSOCIATED  ACOUSTIC  FIELD 

An  acoustic  field  exhibits  time-varying  energy  per  unit  volume  at  an  observation  point 
r,  t.  The  instantaneous  acoustic  power  per  unit  area  Hr,  t)  of  this  volume  is  defined  in  Sect. 
1.2  as  the  product  of  the  pressure  p(r,  t)  and  the  particle  velocity  u(r.  t). 

I(r,  t)  =  p(r,  t)u(r,  t)  (1.7.1) 

Since  the  measured  pressure  is  a  scalar  quantity  it  is  very  convenient  to  describe  the  acoustic  field  by  a 
scalar  velocity  potential  tp(r,  t)  which  is  defined  by  the  pair  of  field  relations. 


(a)  p(r,  t)  =  Q0(r,  t)  dJ?  (r,  r).  (b)  u(r,  t)  = -lxp(r,  t) 
dt 


(1.7.2) 
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(see  Sect.  1.1)  in  which  q0  is  the  local  equilibrium  mass  density.  A  source  of  acoustic  pressure  is 
therefore  also  a  source  of  acoustic  velocity  potential.  Let  q(r0,  t)  (units:  m3S~'rtf3)  be  such  a  source 
at  point  r0,  t0.  The  potential  field  at  this  point  may  be  modeled,  with  lesser  or  greater  complexity 
depending  on  the  number  of  terms  used  the  pressure-density  relation  of  Sect.  1.1.  A  simple  model, 
based  on  1.1.1,  is: 


-VJy(r«,  t)  +  _L 


( r0 ,  /)  =  4n<7(f0,  0 

at2 


(1.7.3) 


It  states  that  if  the  source  output  q  increases  with  time  there  is  an  increase  in  the  concen¬ 
tration  of  velocity  potential  (=  -V2ip)  at  the  observation  point,  which,  because  of  wave  forma¬ 
tion,  simultaneously  increase  the  potential  propagating  away  (  =  c‘3V3l!).  The  factor  4tt, 
inserted  by  some  authors,  and  omitted  by  others,  has  its  origin  in  electrostatic  theory.  In  this 
theory  the  electrostatic  potential  due  to  a  unit  charge  at  x'  is  Mr.  r  -  |7  -  7’|,  and  the  scalar 
potential  at  xdue  to  a  charge  q  Or')  is  the  volume  integral. 


<j>(i)  =  J~  j  dx' 

VOl  I*'  -  X  '  I 


The  Laplacian  of  4>(i)  in  the  x  coordinates  is  then, 


VJ<t>(*) 


=  /  q{x  )  V2  /  — _ — —  \dx'  =  /  q(x)  (-4nd(*  -  x  )  dx’ 

vol  V  |aT  —  X  |  J  vol 


-  4 vq(x) 


This  result  is  used  by  some  authors  to  justify  the  use  of  4n  in  the  field  1 .7.3  to  describe  sources.  When 
there  are  no  local  sources  at  point  r,  t,  1.7.3  states  that  the  tendency  to  concentrate  potential  there  is 
balanced  by  dispersal  of  potential  at  the  same  point. 

In  addition  to  generating  sound  at  source  points  acoustic  sources  can  also  be  thought  of  as 
generating  sound  at  distant  observation  points  over  a  propagation  path.  The  transfer  function 
which  connects  the  source  field  to  observation  field  is  the  Green’s  function  G(r.  r|r„.  /„)  of 
four  variables.  It  is  the  field  caused  by  a  space-time  impulse  or  delta  function,  and  satisfies  the 
linear  small  amplitude  equation  analogous  to  1.7.3: 


(Vi-  1  _£L  )  G(r,  t\r0,  to)  =  -4n<J(r  -  r0)6(t  -  /„) 

V  c2  dti  J 


(1.7.4) 


The  units  assigned  to  G  are  rtf's'  as  compared  to  the  units  of  q>  which  are  m's  ' .  The  reason  for  this 
difference  is  that  G  is  defined  on  the  basis  of  per  unit  time  per  unit  volume  so  that  G  transforms  into 
after  an  integration  over  volume  and  over  time.  Eq.  1 .7.4  is  an  equation  governing  the  propagation 
of  a  scalar  (acoustic  pressure)  field.  The  propagation  of  a  vector  (particle  velocity)  field  G  is 
represented  in  terms  of  an  operator  L  whose  properties  are  such  that, 


L(V o,  t0)  G(r,  t\r0,  to)  =  -a4n<i(r- r„)6(t-  t„) 


in  which  a  is  a  unit  magnitude  vector. 
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Similarly  the  propagation  of  dyadic  fields  G  (say  fields  of  mechanical  stress  in  elastic  solids)  is 
governed  by 


Z-(V„.  t0)  G(r,  t\r0,  t0)  =  -afij  4nd(? -  r0)  6(t  -  t0) 

In  confined  spaces  the  field  may  be  represented  as  a  collection  of  modes.  Thus  G  in  general  is  a 
matrix  whose  elements  are  scalars,  vectors,  and  dyadics. 

Radiation  theory  seeks  to  couple  ip(at  a  point  r0,  t0)  and  G  (between  two  points  r,  r0  and  t,  t0). 
This  coupling  is  performed  in  two  steps:  in  the  first  step  1.7.3  is  multiplied  by  G,  1.7.4  by  ip,  and  the 
two  equations  are  subtracted.  In  a  second  step  two  vectors  GV0ip  and  ip  V  G  are  formed  and  Green’s 
theorem  is  then  used  to  relate  them  to  the  following  terms  in  the  subtracted  equation: 

fv(GVl  ip-ipV&G)dy  =  f  (GVtp-tpVG)-dS  (1.7.5) 


The  positive  direction  of  the  normal  to  the  elementary  area  dS  is  away  from  volume  V.  When  the  sub¬ 
tracted  equation  is  integrated  over  volume  and  time,  and  1.7.5,  1.7.6  are  applied,  an  integral  for¬ 
mulation  of  the  velocity  potential  is  obtained: 

4m p(r,  t)  =  4n  f  dt0  fwol  G(r,  t\r„,  ta)  q(r0,  t„)  dV(r0) 

+  f  dto  f  (G  V0  ip(r0,  t0)  ~  ip(r0,  t„)V„G)’dS(r0) 

-if  dVo(r0)  r,_ag_|  Vo(/-o)-C|  dV°  (r0)l  (1.7.7) 

c1  L  dto  '°  at  J 

[41.  This  is  called  here  the  integral  equation  of  the  scalar  velocity  potential  field.  The  terms  on 
the  right  had  side  have  the  following  meaning:  the  first  is  the  potential  field  created  by  the  true 
sources  q\  the  second  is  the  field  tp,  due  to  reflection,  scattering  and  diffraction  of  the  first 
term,  generated  as  if  the  surface  5  were  rigid,  plus  a  field  Vv  generated  by  surface  motion  v; 
the  third  is  the  field  due  to  initial  velocity  potential  tp0(fo)  and  its  initial  time-derivative 
dqto(ro)/ dt.  In  general  only  q ,  4/0,  dqtjdt  may  be  specified.  The  surface-originated  field  (  = 
second  term),  sometimes  called  the  field  of  fictitious  source,  is  therefore  unknown.  This  makes 
1.7.7  an  integral  equation. 

When  the  volume  V  is  free  of  reflecting  surfaces  1.7.7  reduces  to, 

W,  t)  =  XX  dt0  G(r,  t\fo.  To)  q(r0,  to)  dV(r0)  (1.7.8) 

By  rearrangement,  1.7.7  can  be  cast  in  a  form  which  reveals  physically  significant  components. 
In  the  particular  (but  inportant)  case  in  which  G  is  constructed  so  that  dG/dn0  =  0,  and  in  which  the 
field  is  in  steady  state  (time  given  by  exp (-iipt)),  it  can  be  written  in  the  form, 

total  field:  q>(r,  t)  =  r'“"  <Vo (r)  +  \p,(r)  +  \pv(r) } 


field  of  true  sources:  \p0(r )  =  J  G(r|  r0 )  q(fB  )dV(r„ ) 


m 
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diffracted 


field:  L  /  G(rko) 


(1.7.9) 


surface  velocity  field: 


V  (r)=  f  G(r\r0)  v*(ra)dr0 

An 


Sources  q  have  several  physical  causes  of  which  only  the  most  significant  are  used  in  applica¬ 
tions.  We  consider  these  next. 

1.8.  SOUND  GENERATED  BY  VOLUME  DISTRIBUTED  SOURCES 

The  physical  agents  that  cause  potential  to  be  generated  in  a  small  volume  of  medium  centered 
at  a  point  r0  are  conveniently  classifiable  into  two  types: 

(1)  agents  inducing  time-varying  changes  in  mass  density. 

(2)  agents  inducing  time-varying  net  mechanical  stresses. 

These  can  be  described  with  the  help  of  Fig.  1.8.1.  Here  the  field  of  velocity  potential  (that  is,  of 

sound)  is  contained  in  volume  V  which  is 
. +"  bounded  by  surfaces  S',  S".  The  volume 

source  q  is  distributed  over  volume  V0  bounded 
f  — v  n,  by  surface  S0.  In  F0  the  agents  labelled  (1)  are 

s  summarized  as  follows: 

/  I  r°  J  (a)  at  point  r0  some  device,  or 

/  v  \  phenomenon,  causes  a  flow  of  medium 

/  ]  Q(r0.  t0 )  (units:  m3s~im~ 3)  into  or  out  of 

l  fixed  volume  K0.  Since  this  flow  is  a  point 

\  \  \  phenomenon  it  is  uniform  in  all  directions, 

\  *"  J  /  thereby  making  the  generated  potential  omni- 

N.  — •> _ _  y  )  directional 

/  (b)  at  point  r0  some  device  causes  a  flow  of 

N.  y  heat  t(r0,  to)  per  unit  volume  (units: 

_ Nms~lm~3)  For  a  medium  of  specific  heat  per 

unit  volume  C„  (units:  -  this  is  equivalent 
Fig.  1.8.1.  Geometrical  relations  of  volume  sources.  '  m*  Kf 

to  a  time-varying  flux  of  temperature  e/cp 
(units:  °KS~').  If  the  same  medium  has  an  adiabatic  compressibility  y*  (units:  m2JV-1)  where 
y  is  the  ratio  of  specific  heat  at  constant  pressure  to  specific  heat  at  constant  volume,  the 
change  in  volume  per  unit  volume  due  to  a  change  in  temperature  is  ayK,  in  which  a  is  the 
change  in  pressure  per  unit  temperature  at  constant  volume.  a  =  (dP/dT)v.  Thus  the  source 
of  potential  at  r0  due  to  heat  flow  is  eayx/cp  (m3s~'/m3).  In  calculating  the  measured  acoustic 
pressure  due  to  this  potential  by  means  of  1.7.2  one  must  consider  the  compressibility  here  to 
be  a  function  of  total  pressure,  k  -  k(P(i)).  Because  e  is  a  function  of  time  as  well,  the  time- 
derivative  of  this  potential  contains  several  terms,  some  negligible.  This  point  is  discussed  in 
reference  (6], 

The  agents  labelled  (2)  are  summarized  as  follows: 

(a)  across  the  small  volume  centered  at  r0jome  physical  agency  (gravitation,  electromagnetism, 
etc.)  induces  a  space-time  varying  body  force  F(r„,  t0)  per  unh  volume.  For  a  medium  of  mass  den¬ 
sity  q  the  mass  jn  the  small  volume  undergoes  an  acceleration  F/q  (units:  ms-2),  whose  net  magnitude 
across  F0is  V'(F/q).  The  velocity  potential  corresponding  to  this  acceleration  is. 


Fig.  1.8.1.  Geometrical  relations  of  volume  sources. 


JT.V*^  F(r0,  t0)  yu  (units:  s  ’) 
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Since  the  vector  divergence  is  an  operation  involving  two  mathematical  points  it  yields  a  result  depen¬ 
dent  on  angle.  Hence  this  potential  field  directional. 

(b)  across  the  small  volume  centered  at  r0  some  physical  agency  (e.g.  turbulence)  induces  a  time 
varying  body  stress  I  (units:  Nm'1)  per  unit  volume.  Since  is  specified  by  two  directions  and  a 
magnitude,  the  mass  in  V0  undergoes  a  net  acceleration  V*  X  /Q'V  ■  The  velocity  potential  correspond¬ 
ing  to  this  acceleration  is, 

Jl(V-X(/-o,  to)/Q-V)dt0  (units:  s"1)  (1.8.2) 

This  source  of  potential  is  clearly  directional. 

ASSIGNMENT  OF  SIGNS  TO  SOURCES  OF  VELOCITY  POTENTIAL 

The  various  sources  described  above  have  differing  physical  origin:  one  would  then  expect  dif¬ 
fering  signs.  The  sources  Q  are  associated  with  the  first  order  equation  of  continuity 

dp  +  v  V  =  Q 

P0  3  / 

while  the  sources  attributable  to  force  Fare  associated  with  the  dynamic  equation  of  motion 

e»  +  Vp  =  F 

at 

This  is  explained  in  Sect.  A.6.  There  it  is  seen  that  the  formation  of  1.7.3,  requires  the  subtraction  of 
the  time-derivative  of  the  equation  of  continuity  from  the  divergence  of  the  equation  of  motion.  This 
mathematical  manipulation  makes  the  components  of  sources  q  to  have  differing  signs: 

q  =  Q  +  fglJL  "  [-C-  V>  [  —  (r° ’  '•>-  *  -Vj  (1.8.3) 

The  opposite  signs  of  forces  in  the  brackets  arises  from  this:  F  accelerates  the  mass  in  V„  in  the 
same  direction  as  the  acceleration,  while  1  *V,  as  it  increases,  accelerates  this  mass  in  opposite  direc¬ 
tion. 

Sources  q  in  1.8.3  are  the  most  important  in  the  theory  of  radiation,  but  they  do  not  include  all 
possible  sources.  Of  the  latter  the  viscous  sources  have  here  been  neglected. 


VELOCITY  POTENTIAL  GENERATED  BY  VIBRATING  SURFACES 

When  there  are  no  volume  distributed  sources  in  a  region  where  the  surfaces  S',  or  S ",  or  both, 
are  vibrating,  the  potential  field  tf»(r,  t)  in  V,  Fig.  1.8.1,  is  directly  related  to  the  fields  i p(r0,  t„ ),  and 
d\ft(r0,  t0)/dt0,  on  the  surface,  as  required  by  1.7.7: 

ip(r,  t)  =  ...  ? f  dt0  [GV0vj(r0,  to)  ~  yj(r0,  l0)  V0G]'dS(r0 )  (1.8.4) 

4tt  0 


in  which  the  initial  conditions  have  been  suppressed.  It  is  important  to  note  that  this  equation  is  valid 
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only  when  r  is  not  on  surface  S.  For  the  case  where  r  is  allowed  to  approach  r„  on  S,  the  surface  in¬ 
tegral  of  V;(l/e)  is  -2n,  so  that 


V!(  L  )  =  -2rr  d(Q~e) 
v  le-G'l  ) 


=  0  Q  #  Q 


Thus  the  An  in  1 .8.4  is  replaced  by  2 n.  The  agency  causing  potential  field  ip(r0,  l0)  is  the  force  on  the 
medium  delivered  by  the  vibrating  surface.  Since  the  particle  velocity  anywhere  in  the  medium  is  v  = 
-  Vip,  and  since  the  positive  normal  in  Fig.  1.8.1  points  away  from  V,  the  normal  component  of  parti¬ 
cle  velocity  of  fluid  adjacent  to  the  surface  is  equal  to  the  normal  velocity  T  „  of  the  surface: 

dt p/dn  =  v,  (units:ws‘)  (1.8.5) 

Here  v ,  is  positive  when  pointing  into  the  medium.  For  normal  gradients  only,  1 .8.4  simplifies  to: 

ip(,r,  t)  =  JL  f  dt0  f,  f  G(r,  t\r0,  t0 )  \  Au  l0 )  -  H>{r0,  l0)  (r,  t\r0,  /0)1  dS.  (1.8.6) 

4rr  0  L  dn  J 

The  surface  S  includes  S'  and  S" .  In  usual  radiation  problems,  v,  is  finite  only  over  a  small  portion 
of  S',  and  S"  acts  as  a  reflector.  When  S"  is  effectively  at  irrViity  there  is  no  reflection:  thus,  one  re¬ 
quires  i p  to  be  such  that, 


lim  /  \G(r,  t\r0,  ta)  (r0,  t0)  -  H>(r0,  t0)  ^.GA!lr°’  'A 

/?,-*■<»  L  dn  dn 


in  which  R,  =  \r  -  r0\ •  In  this  limit  the  radiation  field  is  spherical. 


(1.8.7) 


lim  4n/??  T  A*L  (Ro  to)  dG  1  =  0.  (1.8.8) 

/? oo  L  3R ,  dn/G  J 

If  G  falls  off  as  and  i fj  falls  off  as  /?  "'  (or  faster),  the  limit  will  be  satisfied.  This  is  actually  the 
case  of  an  unbounded  medium  for  which 


G  =  exp{ikR,)/R,  (1.8.9) 

For  this  special  case  Eq.  1.8.8  then  becomes  the  radiation  condition  at  infinity. 


ANALYTIC  SOLUTIONS  OF  EQ.  1.8.6 

Eq.  1.8.6  is  an  integral  equation  relating  y(r,  t)  in  V  and  tp(r0,  to)  on  S.  Its  solution  in  the  general  case 
requires  application  of  numerical  methods.  These  methods  are  discussed  in  Sect.  1.10.  In  particular  cases, 
which  occur  frequently,  an  analytic  solution  can  be  obtained  by  restricting  the  ratio  A  /A  (radiating  area  to 
wavelength)  to  be  either  very  large,  or  very  small.  First,  when  the  radiated  wavelength  is  small  enough  to 
make  \A/\\>  1,  and  when  every  portion  of  the  radiating  area  is  moving  in  phase,  the  mechanical  resistance 
of  the  medium  (defined  as  the  ratio  of  (Qdip/dt)/-V\fj  averages  over  area  to  the  product  of  mass  density  and 
sound  speed,  pc.  Thus,  over  the  radiating  surface  where  the  instantaneous  velocity  is  vz,  a  local 
velocity  potential  v  is  assumed  to  obey  the  relations, 
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S 


p  =  e  =  qc  v„  or  =  v. 
dt  '  cdt 


(1.8.10) 


Several  simple  formulas  are  obtained  using  this  relation  by  assuming  ip(r,  /)  =  ip(r)  exp(-tcof),  and  by 
further  assuming  that  the  medium  is  unbounded.  Then  1 .8.9  and  1.8.10  may  be  substituted  into  the  ip 
term  of  1.8.6,  yielding: 


1 

tp  dG  =  v" 

-  JL  +  Mrl  EJL  I 

exp  ikR  \ 

,  k  =  « 

(1.8.11) 

N 

3  n  -ik 

.  R  drt  ' 

s  R  J 

C 

At  infinity  | \/R |  «  |*|.  Furthermore,  Fig.  1.8.2  shows  that  when  R  —  dR/drt  decreases  as  R  in¬ 
creases  so  that  dR/dn  =  -cos  y,  provided  the  normal  n  points  into  volume  V.  Since  in  deriving  1 .8.6 

rt  is  taken  to  point  away  from  V,  this  means: 


=  cos  y 


(1.8.12) 


The  velocity  potential  in  the  far  field  (/?  P  r0 
>  A)  then  becomes, 


V(j?)  =  1  f  «pi*|ft-rB| 

4n  \R-r0\ 


x  v„  [1  +cosy]  dS(r0)  (1.8.13) 


The  factor  1  +  cos  y  is  analogous  to 
Kirchoff’s  correction  to  Fresnel  diffraction 
Fig.  t.8.2.  The  angle  y  diminishes  as  R  theory.  In  a  second  case ,  an  opposite  extreme  oc- 

inereases  provided  R  “sees”  r„.  curs  when  the  radiated  wavelength  A  is  very  large 

so  that  \A/ A|  <  1.  In  the  far  field  both  the/?'1  and 
ik  terms  in  1.8.11  are  negligible.  Eq.  1.8.6  then  reduces  in  the  steady  state  to, 


V(«)=  J_  f  '  -  v„(f0)  dS(r0) 

4rt  I R  -  r0 1 


(1.8.14) 


A  third  case  consists  of  a  steady  state  solution  of  1 .8.6  when  G  is  the  free-space  Green’s  function  and 
the  normal  derivative  to  the  vibrating  surface  is  d/dz.  Then, 


1  f  r  e<kR  /  dip  .  j  ekR  ,  ikeikK  \  dR  ']  wc 

[-r{-  ^  +— J^rrs 


Again  dR/dz  =  cos  y  and  -dip/dz  =  v.  .  In  the  far  field  the  term  in  R  2  is  negligible.  Also, 


-ikxp  =  E- 

QC 


\p(i r V  co )  =  i—  /  {  (  v.  (r0)  +  P^  .cos  y  1  t-  dS{r„), 
4n  1  l  qc  J  \r-r0\ 


(1.8.15) 


*.  *  *  \.  %  *.  \  \ , 
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This  is  an  integral  equation  in  the  velocity  potential  tfj  or  acoustic  pressure/?  =  gdy/dt  =  -ikgwyj0- 
In  these  three  cases  the  approach  to  solution  of  the  integral  equation  1.8.6  has  been  the 
modification  of  the  xp  9  G  term  so  as  to  obtain  a  simple  integral.  The  medium  was  taken  to  be  un¬ 
bounded  (i.e.  S"  in  Fig.  1 .8. 1  is  removed  to  infinity).  A  fourth  analytic  solution  is  made  available  by 
bounding  the  medium  with  a  boundary  on  which  the  normal  derivative  of  G  vanishes.  A  simple  pro¬ 
cedure  is  to  define  a  function  F(r|/-0)  which  satisfies  Helmholtz’s  equation  for  steady  waves, 
(V2  +  k!)  F  =  0,  and  which  obeys  the  relations, 

G(r\r0)  =  £(r|r0)  +  F(r\r0) 

dS  =-  dF  (1.8.16) 

dn0  dn0 

An  oft-used  example  is  the  introduction  of  an  infinite  rigid  plane  boundary,  effectively  dividing  the 
medium  in  two.  Then  1.8.16  becomes, 

G(R\R0)  =  exP  ik\Ru  -  R0\  +  exp  ik\R,  -  R0\  (1.8.17) 

Where  Ru,  R,  are  location  vectors  of  points  in  the  upper  and  lower  half-spaces  respectively.  Upon 
forming  dG/drt0  it  is  seen  from  the  definition  of  normal  derivative  na  that  the  second  term  is  the 
negative  of  the  first,  so  that  the  derivative  vanishes  on  the  plane.  When  a  vibrating  surface  S  is  placed 
in  the  plane,  and  radiation  in  one  half-space  is  considered  the  velocity  potential  is  given  by  1.8.6  to 
be. 


y<R)  =  1  f  *xpifctf*-Ko)  y,(Rn)dSiRn)  (1.8.18) 

2n  \R-Ro\ 

This  is  Rayleigh’s  formula  for  radiation  from  a  rigid  plane  in  the  steady  state.  When  the  vibration  is 
transient  the  potential  becomes, 

V?(F,  t)  =  _J_  f  dt0  f  dS( R„)  v„  (R0,  t„)  d[|/?-  Ro\/c  -(t-  /„)]  (1.8.19) 

2n  0 

The  possibility  of  generating  analytic  solutions  of  the  integral  equation  1.8.6  by  constructing  a 
G  such  that  dG/dn  vanishes  on  the  boundary  surface  is  greatly  enhanced  when  the  surface  has 
special  geometric  forms.  These  forms  can  be  thought  of  as  3-dimensional  waves  which  initially  con¬ 
form  to  the  shape  of  the  vibrating  surface  and  the  propagate  out  to  infinity  without  change  of  shape. 
Examples  are  plane  waves,  spherical  waves,  cylindrical  waves,  etc.  They  are  called  separable  wave 
solutions  of  the  Helmholtz  steady  state  wave  equation,  (V2  +  k 2)  =  0.  There  are  1 1  such  separable 
coordinate  systems.  For  them  it  is  always  possible  to  construct  a  Green’s  function  such  that  dG/dna 
vanishes  on  S.  Thus  the  integral  equation  1 .8.6  is  always  analytically  solvable  (at  least  formally)  if  the 
radiation  has  a  waveform  in  steady  state  agreeing  with,  or  conforming  to,  one  of  these  separable 
systems.  The  appropriate  field  equation  is  then 

y(F)=  J_  |  *.)v„  (*.)<«(*.)  (1.8.20) 

4rr 

=  0,  on  S 


dn 
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BOUNDARY  CONDITIONS 


In  Fig.  1.8.1  the  surface  S'  can  be  thought  of  as  dividing  two  regions  of  acoustic  fields:  \p,  inside 
S'  and  ipo  outside.  When  S'  is  the  simple  division  surface  the  particle  velocity  must  be  continuous 
across  it. 


dip,  =  _  dtfj2 
d  n  dn 


(1.8.21) 


When  however  the  radiating  surface  has  a  local  specific  acoustic  admittance  y, ,  defined  here  as 
the  ratio  -Vip/ip  (units:  nr'),  then  the  difference  of  potentials  across  the  surface  is. 


V2  ~  = 


(1.8.22) 


ys  =  gs  +  ibs 


(1.8.23) 


The  symbol  g  is  the  specific  acoustic  conductivity  and  b  is  the  specific  acoustic  susceptance. 
Multiplication  of  ys  by  area  gives  the  acoustic  admittance, 


yA  =  .RrS  (units:  m) 


yA  =  gA  +  ibA 


(1.8.24) 


The  symbol  gA  is  the  acoustic  conductivity  and  bA  is  the  acoustic  susceptance.  A  frequently 
quoted  example  of  yA  is  that  of  a  small  hole  of  diameter  d  much  smaller  than  a  wavelength.  It  is 
nearly  a  pure  conductivity  of  value#*  =  d,  [7J  Rayleigh  “The  Theory  of  Sound”,  Vol.  2,  Sect.  306. 
Dove  Publications,  1945. 

An  alternate  statement  of  boundary  condition  arises  from  the  dynamical  relation  that  the 
negative  gradient  of  pressure  at  the  surface  must  equal  the  mass  acceleration  of  the  fluid  at  the  sur¬ 
face.  Choosing  the  normal  n  to  be  positive  away  from  the  medium  and  the  normal  component  of 
fluid  velocity  to  be  positive  into  the  medium  one  writes  the  boundary  condition  as. 


d-^L  =-C„ 


Because  p  =  q0  ,  it  is  seen  that, 
dt 


by  =  v. 
dn 


Now  -  d/3 n  =  d/dz.  Hence,  the  general  boundary  condition  at  the  surface  is, 


=  v. 
d. 


(1.8.25) 


/v  -‘Nv  >*.’  -v- 

.v  .v’. 


& 
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1.9.  EIGENFUNCTION  SOLUTIONS  OF  THE  DIFFERENTIAL 
EQUATION  OF  THE  SCALAR  VELOCITY  POTENTIAL  FIELD 

The  calculation  of  the  radiated  acoustic  field  is  often  accomplished  by  solving  the  differential 
equation  1.7.3  for  points  in  volume  V,  Fig.  1.8.1,  subject  to  the  boundary  condition  1.8.5  on  surface 
S*  (as  it  is  removed  to  infinity)  and  the  continuity  condition  1.8.7  on  surface  S'.  If  the  field  qj(r,  r)  = 
x v(r)e-lu"  the  solution  of  the  differential  equation  (V!  +  k1 )  qi(r,  /)  =  0  is  directly  obtainable  in 
separated  form  =  *P(4,)  4*(42)  '♦’(Ij).  provided  the  coordinate  system  4,,  /  =  1,  2,  3  is  separable, 
that  is,  it  is  one  of  1 1  known  systems  [8],  Each  *P(4,-)  is  governed  by  an  ordinary  differential  equation 
of  the  form, 


h  -S-] 


+  [<7(4)  +  M4)iV  =  0 


(1-9.1) 


in  which  A  is  a  separation  constant  and  r(4)  is  a  weight  function.  The  solution  V  depends  on  A,  that  is, 
V  =  9*(4 ;  A),  while  A  itself  depends  on  the  boundary  conditions, 


P(4)  ^I  +oa,J(4)=0,  4  =  4.. 4* 
</4 


(1.9.2) 


Here,  u.  is  a  constant  corresponding  to  one  terminus  4.  of  the  range  4.  and  ab  is  a  second  constant  at 
terminus  4»  •  Since  the  solution  9*  is  bounded  in  4.  one  can  expect  solutions  4L  of  1 .9. 1  only  for 
discrete  Am,  m  «  1.2.  •  •  •  .  For  real  p,  q,  r  all  the  eigenvalues  k„  are  real,  and  the  eigen¬ 
functions  (or  modes)  from  an  orthgonal  set,  meaning  that  any  field  variable  /(f)  can  be 
represented  as  a  sum  of  eigenfunctions. 


/(4)  =  2  /.»M4).  fm= 

m  Nm 

Nm  =  f  r(4)  [9»m(4)]J</4. 


(1.9.3) 


in  which  the  range  of  integration  is  over  the  range  of  4  between  its  boundaries.  When  the  range  of  4  is 
infinite  the  eigenvalues  A  and  the  eigenfunction  H,(4 ;  A)  form  continua.  The  solutions  then  for  the  field 
of  velocity  potential  are: 

i ip(r,  w)  =  e-**  X»/(A>)  ^(4 1 :  A,)  V(42 ;  k\  A, )  c/A, ,  2-dimensions 

«o  00 

xt>(r,  w)  =  r“"  £J1/(A,.  A2)  H*(4 i  ;  A,)  W((2;  A,)  H»(43;  k\  A„  A2)  dk,  dk2  3-dimensions  (1.9.4) 

r  =  ^4..4i.4j).  A2  =  k3(k2;  A,,  A2) 

(9).  Here,  /[k, ),  /(A,,  A2)  are  analogous  to  constants  in  expansion  in  Fourier  series.  In  applications 
to  calculation  of  radiation  of  sound  both  model  solutions,  1.9.3  and  continuum  solutions  1.9.4  are 
used,  sometimes  in  the  same  problem.  These  formulas,  when  applied  to  cylindrical,  spherical, 
spheroidal  geometries,  provide  the  following  radiation  models. 
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1.9a.  RADIATION  OF  SOUND  FROM  AN  INFINITELY  LONG  CYLINDER 
OF  CIRCULAR  CROSS  SECTION 

In  cylindrical  coordinates  r,  <|>,  z,  Fig.  1.9.1,  the  Helmholtz  equation  for  steady  waves  has  the 
factored  solution, 


ip(r,  <(>,  z,  l)  =  e-‘“"  R(r )  H*(4>)  Z(z) 
in  which 

1  -  *' 


(1.9.5a) 


dr 


d^V_  =_m!qj  =  v; 
d$2 

-  _  ^xy  =  Vj 

d7J 


7L_  j  R  =  V2 
r  (1.9.5b) 


(1.9.5c) 

(1.9.5d) 


where  Vj,  V^,  V,2  are  connected  to  the  Laplacian 
operator  V2  by 


Fig.  1.9.1.  Cylindrical  Coordinates 
places  a  restriction  on  possible  value  of  kr,  k,  (but  none  on  m) 

k2  =  kl  +  k\ 


V2  =  V‘  +  V2  +  V2 
Substitution  of  1.9.5  into 
(V2  +  *2)tp  =  0 


(1.9.5e) 


(1.9.6) 


(19.7) 


The  problem  of  radiation  of  velocity  potential  from  an  infinitely  long  circular  cylinder  can  be  solved 
in  this  coordinate  system.  First,  since  ^(4)  is  periodic  in  2n  one  takes  m  to  be  an  integer,  and  the 
associated  eigenfunctions  to  be  cos  and  sin  m§.  These  form  a  system  of  modes.  Second  the  solu¬ 
tion  of  1.9.5b  in  outgoing  waves  is  the  Hankel  function  of  the  first  kind  H^\krr).  This  solution 
though  subscripted  m  is  a  continuum  in  k,  =  \J~k.  Third,  the  solution  of  1.9.5d  is  Z(k„  u>),  as  yet 
unspecified.  This  is  a  continuum  both  in  k,  and  in  cu.  Assembling  all  factored  solutions  yields  the 
potential  field  everywhere, 

y(r,  f  k„  co)  =  X  [Cm  cos  m*  +  Dm  sin  m+]  Z{k„  w)  Hi"  (r  s/T^k\  )  (1.9.8) 

m 

Here  Cm,  Dm  are  constants  which  are  to  be  determined  from  boundary  conditions  on  the  radial  com¬ 
ponent  of  surface  velocity  F($,  z,  f) .  The  latter,  because  and  Z(z)  are  separated,  has  the  form, 


K(iz,  0  =  4WZ(z,  t) 
so  that  the  specification  for  Z(Ar,,  co)  is, 

Z(*„  w)  =  jj  Z(z,  t)e,k':  *  '“'dzdt 


(1.9.9) 
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In  these  terms, 


2  [Am  cos  +  Bm  sin  Z(k,,u>)e-'‘ 


(1.9.10) 


Here,  Am,  Bm  are  Fourier  coefficients: 


Am=  cos  d\  ; Bm=  sin 

Jo"  cos2  Jo"  sin2  d\ 

This  is  again  a  representation  which  contains  both  modal  and  continuum  factors.  On  the  surface  of 
the  cylinder  r  =  R0  this  velocity  is  related  to  the  velocity  potential  field  1.9.8  through  the  boundary 
condition  1.8.25: 

-  I  =  V  (1.9.11) 

dr  0 

Substitution  of  1.9.8  and  1.9.10  into  1.9.11  leads  to: 


k1,  HL"' (RoV  k1  -  , 


-  k]  k2  -  k\) 


HL"(q)  =  dH{:\q)/dq 


With  this  result,  and  using  1.9.4  one  arrives  at  the  potential  field  everywhere  in  volume  V  (for 
the  unbounded  domain)  by  integration  of  1.9.8  over  k,  and  a>: 

ao  ao 

if i(r,  t)  =  J  dco  ]  dk,  X  (Am  cos  m\  +  Bm  sin  m$)  Z(kt,  co) 

(2n)2 


*  //l"(iV  k2  -  kl)  e+* 

\/k2-  k\  H'm"'(RoV  k2  -  kj) 


(1.9.13) 


Since  the  integral  contains  singularities  on  the  real  axis  one  must  take  k,  to  be  a  complex  variable  and 
evaluate  the  integral  by  contour  integration  in  the  complex  plane.  This  is  explained  in  Appendix  I  at 
the  end  of  this  chapter.  The  radiated  sound  field  generated  by  the  velocity  distribution  K($,  z,  t) 
(specified  arbitrarily  by  1.9.10);  and  the  particle  velocity  u  everywhere,  are  readily  obtain  from 
1.9.13: 


P(r,  0  =  C  d*Kr’  i  Z,  t )  .  ^  ~  ;)  =  -  Vv(r,  f  z,  t) 

dt 


(1.9.14) 


1.9b.  RADIATION  OF  SOUND  FROM  A  CYLINDER 
OF  ELLIPTICAL  CROSS-SECTION 

An  infinitely  long  cylinder  of  elliptical  cross-section  is  a  good  geometrical  model  for  the  study 
of  radiation  from  a  vibrating  strip  in  an  infinite  medium.  The  coordinate  description  of  the  cross- 
section  is  shown  in  Fig.  1.9.2.  Here  the  coordinate  transformation  from  rectangular  coordinates  x,  y 
to  orthogonal  curvilinear  coordinates  fi,  $  is  conveniently  expressed  in  complex  form, 


fi  +  iff  =  w  =  cosh 
Z  =  x  +  /> 


(1.9.15) 


•.*  *.  s’  o  •  * v  ♦.*  *  •  , 
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0  =  n 


in  which  x  =  ±a/2  are  the  locations  of  the  foci  of 
the  ellipse,  =  const,  form  a  family  of  confocal 
ellipses,  and  i)  =  const,  form  a  family  of  confocal 
hyperbolas.  In  real  terms, 

x  =  JL  cosh  n  cos  d\y  =  !L  sinh  ^  sin  £ 

2  2 

(1.9.16) 

The  scale  factors  h M,  )?,,  needed  to  give  h-  #  the 
dimensions  of  length  are  defined  by, 


Fig.  1.9.2.  Elliptic  coordinates. 


so  that, 


hl={ 

3*  )  +  ( 

0M  /  V 

.  d\i  ) 

h]=( 

2 

3jr  Hi 

2 

i  dy  \ 

\ 

v  33  )  1 

\  30  ) 

\/  cosh’  fj  - 

cos2  6 

(1.9.17) 

2  2 

In  these  elliptic  coordinates  the  Helmholtz  equation  for  steady  state  velocity  potential  reduces  to, 

V*Vtp  +  k2  yj  =  0 
or 


(Vi  +  V'  +  k2hl)  yj  =  0,  yt  =  tpOi,  t5) 
in  which  the  gradient  operation  (needed  later)  in  directions  a„.  a,,  is: 


7tp  =  JL 
ah 


la,  +a„  dV 


»  L  d\x 


do 


(1.9.18) 


(1.9.19) 


Since  the  Helmholtz  equation  is  factorable  in  elliptic  coordinates,  it  separates  into  two  ordinary  dif¬ 
ferential  equations  [9], 


d:&  =  -  {b  -  h-1  cos1  tf)  0  =  V2 


dQ2 

£0.  =  {b  -  h2  cosh1 »)  M  =  V; 
df/2 

yj  =  M{n)  0  (t>) 


(1.9.20) 

(1.9.21) 


in  which  b  is  a  separation  constant.  Substitution  of  1 .9.20  and  1 .9.21  into  1 .9. 18  places  a  restriction  on 
h.  It  must  be  taken  as  ka/2,  which  is  a  measure  of  the  ‘acoustic  size’  of  the  elliptical  cross-section.  Fig. 
1.9.2  shows  that  the  separated  solution  W  can  be  periodic  in  n  or  in  2rr ,  along  an  ellipse  pt  =  const. 


20 


I'"' 

V  - 

*»T 


1.9  Eigenfunction  Solutions  of  the  Differential  Equation 


This  double  periodicity  is  possible  only  if  b  forms  a  family  of  discrt'e  numbers  (that  is,  eigenvalues), 
making  ©  „  a  complete  set  of  eigenfunctions.  The  double  periodicity  is  due  to  the  fact  that  the 
degenerate  ellipse  =  0  lies  in  the  x-axis  and  thus  becomes  a  unique  line  in  the  cross-section  of  the 
strip.  This  is  in  contrast  to  cylinders  of  circular  cross-section  for  which  the  only  degeneracy  is 
the  zero-radius  circle  at  the  origin  in  the  xy  plane. 

There  are  four  types  of  eigenfunction  solutions  (called  angular  Mathien  functions)  of  1.9.20 
which  arise  because  ©  can  be  either  an  even  or  an  odd  function  of  0,  and  can  be  periodic  over  the  n  or 
2n  ranges  noted  above.  These  types  are  designated  by  standard  symbols  S,,  S0  indicating  even  or  odd, 
and  subscripted  by  2m  or  2m  +  1,  indicating  range  of  periodicity.  A  simpler  set  of  symbols,  conve¬ 
nient  for  this  discussion,  is  listed  in  the  following  table.  In  it  there  also  appears  a  list  of  symmetriesof 
0  (tf)  about  ff  =  const. 


Table  1.9.1.  Symbols  of  Angle  Mathieu  Functions 


Standard  symbol 

this  text 

periodicity  angle 

symmetry  of  9  about  i)  =  const. 

Se2„(h,  cos  tf) 

T(2m,  h,  i?) 

TT 

symmetrical  about  ti  =  n/2  and  3tt/2 

Seim.x(h,  cos  V) 

U(2m  +  1,  h,  0) 

2rr 

symmetrical  about  ti  =  n 

S0lJh,  cos  A) 

V(2m,  h,  ff) 

rr 

antisymmetrical  about  0  =  n/2  and  3n/2 

s°> m>Ah>  cos  9) 

W(2m  +  1 

2  n 

antisymmetrical  about  i)  =  n 

The  integer  subscripts  2m,  2m  +  1  designates  the  order  of  the  Mathieu  function.  These  angle  func¬ 
tions  can  be  pictured  roughly  as  single  cycle  or  double  cycle  sines  or  cosines  in  the  range  0  <  ^  2n: 

T:  has  the  symmetry  of  a  single  cycle  cosine. 

U:  has  the  symmetry  of  a  double  cycle  cosine. 

V:  has  the  symmetry  of  a  single  cycle  sine  curve. 

W:  has  the  symmetry  of  a  double  cycle  sine  curve. 

Although  pictured  as  sinusoidal  T,  U,  V,  W  are,  in  general,  complicated  functions  of  angle  which, 
because  they  are  periodic  can  be  expanded  in  Fourier  series: 


oo 

T  =  Z  BT(2m,  h,  2m)  cos  2m  ff, 

m  eO 

V  =  Z  Bu(2m  +  1,  h,  2n  +  1)  cos  (2n  +  l)tf, 

V  =  Z  Bv(2m,  h,  2m)  sin  2m  ff, 

m* 0 
oo 

W  =  X  Bw(2m  +  1,  h,  2m  +  1)  sin  (2n  +  l)i), 

m*0 


Z  Br  =  1 

m 

^  Be  =  1  (1.9.22) 

m 

Z  By  =  1 

m 

Z  Bw  =  1 

m 
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The  integers  2n,  or  In  +  I,  designate  the  order  of  the  sine  or  cosine  function  in  this  expansion. 
AH  T,  U,  V,  W  are  orthogonal  in  the  range  0  <  Q  <  2n.  Their  normalizations  are: 

(1)  f  Tdti  =  MT(2m,  h);  (2)  /  U2d0  =  Mu(2m  +  1,  h)  (3)  J  V2dO  =  Mv(2m,  h) 

~  Q  ~0  ^  0 


(4)  f  -4V2d\)  =  Mw(2m  +  l,h) 
0 


(1.9.23) 


Since  T,  U,  V,  W  can  be  calculated  by  numerical  procedures  it  has  proven  useful  to  tabulate  the  ex¬ 
pansion  coefficients  B  [10].  In  such  tables  it  is  usual  to  find  B  normalized  in  a  manner  to  make  T  =  1 
for  if  =  0  for  all  h.  During  the  calculation  of  B  the  allowed  values  of  the  separation  constants  (i.e.  the 
eigenvalues)  are  also  calculated. 

The  solutions  of  1.9.21  are  radial  Mathieu  functions,  R \ (2m.  h.  y.)  and  Rjdm.  h.  /*). 
They  can  be  represented  by  expansions  in  Bessel  functions  J„  and  Neuman  functions  N„  using 
the  same  expansion  coefficients  BT  from  1.9.22: 


R,(2m,  h,  fx)  =  \/lL  Z  (-l)"'m  Br(2m,  h,  2n)Jln(h  cosh|i) 

2  m*° 
oo 

R1(2m,h,n)  =  y/?L  Z  (-1)"*“  BT(2m,  h,  2n)Nln(h  coshfO 
2  “*° 


(1.9.24) 


(1.9.25) 


R1(2m,  h,  M)  =  _  J _  \fiL  Z  (-1)"""  BT(2m,  h,  2n)Nm(  —  d)jj  A  <T*  ) 

BT(2m,  h,  d)  2  m=0  V  2  J  V  2  / 

Here  again  2m  designates  the  order  of  the  Mathieu  function  and  n  designates  the  order  of  the  sine  or 
cosine  expansion  term.  The  Wronskian  of  these  solutions,  often  used  in  the  calculation  of  radiation 
from  strips,  is  specifically  made  unity  by  proper  choice  of  B: 


A (/?„  R2)  =  =  1 


(1.9.26) 


In  the  problem  of  modeling  the  radiation  of  acoustic  velocity  potential  from  an  infinitely  long 
strip,  width  a,  vibrating  in  an  unbounded  medium,  the  strip  is  taken  to  be  a  degenerate  ellipse,  p  =  0, 

whose  normal  component  of  surface  velocity  is 
distributed  in  the  manner  shown  in  Fig.  1.9.3.  For 
.  Y  .  y  >  0,  0„  points  out  of  the  ellipse;  for  y  <  0  it 

\  /  points  into  the  ellipse.  Thus, 


tf„  =  tfoe~,u"  0<1?<TT 
n  <  it  <  2n 


(1.9.27) 


To  begin  the  analysis  it  is  first  required  to  find  the 
relation  between  specified  and  unknown  veloc¬ 
ity  potential  xy.  At  the  boundary  the  requirement 
posed  by  1.8.25  is: 


V  w  I  =  J_  dJ?  I 
hy  dy 


Fig.  1.9.3.  Model  of  a  vibrating  strip. 


From  1.9.17,  hu  =  h,  =  a/2  sin  t),  so  that 
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f  »»*«. 

2 


(1.9.28) 


This  means  gradient  tp  is  negative  for_v  >  0  and  positive  for>>  <  0.  Since  is  antisymmetric  about 
ff  =  n,  and  periodic  in  period  2n,  1.9.28  can  be  expanded  in  angle  eigenfunctions  W  (see  Table  1.9.1): 

1*L\  £.  v0sini)=  5!  /«„  W(2m  +  \,h,  ff) 

dp  2 

Multiplying  both  sides  by  W,  integrating  $  from  0  to  2n,  and  using  the  orthogonal  properties  of  W, 
1.9.23,  lead  to: 

-  f_v0  I  Bw(2m  +  1,  h,  2m  +  1)  J  sin[(2/t  +  I)#]  sin  ffdff  =  Am  Mw(2m  +  1 ,  h) 

2  m-0  J  0 

Only  n  =  0  is  finite.  Hence, 


*L\  v„  2  B~(2m  +  1 .  h.  n  WVm  +  liA  g) 

-a..  a  m=Q  /a _  ,  , 


dp 


Mw(2m  +  1,  h) 


(1.9.29) 


This  represents  the  normal  derivative  of  the  velocity  potential  on  the  surface  of  the  vibrating  strip 
caused  by  the  assigned  surface  velocity.  The  potential  ip  everywhere  else  must  conform  to  this  re¬ 
quired  condition.  Since  ip  obeys  Helmholtz’s  equation  it  too  can  be  represented  as  a  sum  of  partial 
elliptic  waves  of  the  form  W(2m  +  1,  h,  2m  +  1)  R{'\2m  +  1,  h,  p),  where/? 1,1  =/?,-+-  //?2  is  the 
radial  function  for  outgoing  waves  (time  being  given  by  exp(-/W)).  Thus, 

oo 

xp(p,ff)^  2  Cu,(2m  +  1.  h.  H  W{2m  +  *’  h>  *>  R"'(2m  +  1.  h.  p) 
m=0  Mw(2m  +  1,  h) 

Forming  the  derivative  dtp/ dp |M=0  and  comparing  with  1.9.29  shows  that 


Cw  = 


an 


B„ 


.Rt,y  =  d  R<»lx) 


2  (/?"'  ) dx 

The  velocity  potential  everywhere  caused  by  is  then  expressible  in  elliptic  coordinates: 

oo 

ip(p,  ff)  =  -  .!Lnvne-,u'  2  Bw(2m  +  1,  ft,  1)  W(2m  +  h,  0)  R  (2m  +  1,  /t,  p) 

2  -0  Mw(2m  +  \,h) 

dR (2m  +  1,  h,  0) 


dp 


(1.9.30) 


HereBw,  W,  Mw,  /?“’  are  tabulated  quantities.  Again  the  radiated,  acoustic  pressure  and  par¬ 
ticle  velocity  are  obtained  from  1.9.30  by  use  of  1.9.14. 

Eq.  1.9.30  is  a  modal  sum  of  eigenfunctions  W.  The  modes  are  physically  introduced  by  the 
periodicity  of  the  potential  field  in  angle  i?.  Since  the  distribution  of  radial  velocity  0„  is  here  specified 
independent  of  z  the  radiation  from  the  vibrating  strip  is  2-dimensional.  Thus  the  continuum  solution 
1.9.13  of  the  radiating  circular  cylinder  does  not  have  an  analogue  in  this  case  of  a  vibrating  strip  ex¬ 
cited  by  velocity  distribution  1.9.27. 
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1 ,9c.  RADIATION  OF  SOUND  FROM  A  SPHERE 

In  spherical  coordinates  r,  0,  Fig.  1 .9.4,  x  =  r  sin  9  cos  <t>,  y  =  r  sin  9  sin  z  =  r  cos  9,  and  the 
gradient  operation  is 


VH,  =  dr  +  a*'dV  +  *,  'dV 

dr  rd9  rsintfd^ 


(1.9.31) 


Fig.  1 .9.4.  Spherical  radiator. 


The  Helmholtz  equation  in  these  coordinates  has 
the  factored  solution: 

i)l(rJ,i()  =  r"K(r)0  (tJ)0(<{>)  (1.9.32a) 


in  which 


1  -( 
r2  dr  ' 

r>  3R  )=_ 

,  dr  J 

n(n-  1) 

r2 

1  R  =  V2 
(1.9.32b) 

1  d 

- 

sin  9 

d&  1 

r2  sin  9  d9 

di)  J 

_  _ 

T  rt(n  +  1)  _ 

m2 

1  0 

=  Vj 

L  r2 

r 2  sin 

2  9  J 

(1.9.32c) 

1 

d2<t>  m  - 

m2 

■& 

ll 

< 

(1.9.32d) 

r2  sin  9  d$2  r2  sin  9 


Since  ©  is  periodic  in  n  the  separation  constant  n  is  an  integer.  Similarly  <J>  is  periodic  in  2n,  which 
sets  the  requirement  that  m  also  be  an  integer.  If  0,4*  are  solutions  in  the  real  domain  m  and  n  are 
positive;  if  they  are  complex  solutions,  m  and  n  must  extend  from  to  +°°. 

The  real  solutions  00  constitute  the  angular  functions  for  spherical  coordinates:  0  =  FC(cos 
0),  0  =  cos  rru (>  or  sin  m<| >,  and  the  combination  are  spherical  harmonics  Y,,  Yo,  defined  by: 


n(t>,<|»;  m,  n)  -  cos (m^>)  P"( cos  9) 


Y0{9,  <j =  sin(m<|>)  P7( cos  tf) 


(1.9.33) 


in  which  is  the  associated  Legendre  function. 

The  complex  solutions  are 

*:(**)=<’""♦ /’"(cos  i>)  (1.9.34) 

Since  m,  rt  are  discrete,  the  solutions  T(or  X)  form  a  mutually  orthogonal  set  of  eigenfunctions  over 
a  sphere  of  unit  radius,  whose  normalization  constant  is, 

N(m,w)  =  /  Y2dS=  _ 4n(n  +  m}\  _  ,  c„  =  2,cm#0=l  (1.9.35) 

5  cm{n  -  m)\  (2 n  +  1) 

The  real  radial  solutions  R„  Rz  are  found  by  setting  R  =  J(r)/\/~rXo  be  the  half-order  Bessel 
functions, 


1 .9  Eigenfunction  Solutions  of  the  Differential  Equation 


R,  =  j«(kr)  =  \flL  .  Ri  =  n.(kr)  =  \fl. 

2k  \J~r  2k  \/~2r 

The  complex  radial  solution  (for  time  given  by  exp  -iwl)  is: 


(1.9.36) 


R3  =  h„(kr )  =  R,  +  iRt 


(1.9.37) 


Assembling  all  factors  1.9.32  through  1.9.34  in  1.9.31  leads  to  the  general  time-harmonic  radiated 
velocity  potential, 


“  “  jAkr) 

y(r,  0, 4)  =  r'-"  Z  Z  (/!„„  cos  m\  +  sin  m$)  P”(cos  ti)  n„(kr ) 
n*o  h„(kr) 


(1.9.38) 


Here,  Am„,  Bm„  are  expansion  constants. 

For  radiation  inside  a  sphere  one  chooses  j.  in  this  equation:  qi  then  describes  standing  waves 
inside  the  sphere.  For  radiation  into  a  volume  made  up  of  the  space  between  spherical  shells  one 
chooses  a  linear  combination  of  j„  and  n„  to  describe  the  standing  waves.  For  radiation  outside  the 
sphere  into  an  infinite  medium  one  chooses  h„  to  describe  outgoing  waves. 

We  consider  now  the  exterior  problem  of  the  radiation  of  sound  from  a  sphere  on  whose  sur¬ 
face  there  is  an  arbitrary  distribution  of  radial  velocity,  v„  =  v0(i?,  $).  v„  being  a  smooth  function  of  d, 
$  it  can  be  expanded  in  eigenfunctions  1.9.32c,  d  by  use  of  the  orthogonality  property  1.9.35: 

oo  oo  _2ti  Tl 

v„(d,4)=  Z  Z  J^_(2n  +  1  J  da  J  dff  sin  p  P)  (1.9.39) 

„=°  4n  («  +  m)\  0  0 

X  m>  n)  m,  n)+  T0(t5,4;  m,  «)  V0(a,p;  m,  «)]. 

When  K0(d,  <j>)  is  specified  the  velocity  potential  everywhere  in  the  field  must  satisfy  a  boundary  con¬ 
dition  at  the  surface  r  =  R0.  Using  the  radial  component  Vrif<  of  the  gradient  1.9.31,  the  condition 
posed  by  1.8.25  is; 


dr  r-*° 


(1.9.40) 


Taking  the  radial  derivative  of  1.9.38,  substituting  1 .9.39  in  1 .9.40,  and  comparing  term  by  term  lead 
to  the  general  formula  for  the  radiated  velocity  potential: 

oo  oo  _  2n  n 

w(r,  0,  ♦.  /)  =  -  £0-  Z  Z  _ \ _ h^kr)  J  da  J  dpsinpv0(aj)  (1.9.41) 

k  "*°  N(m,  n)  hm(kR0 )  0 

x  [  <| >;m,  n)  Y.(a,p ;  m,  ri)  +  T0(i),  m,  n)  Y0(a,p;  m,  n)\. 

This  solution  is  completely  modal,  there  is  no  continuum  of  eigenvalues. 

From  it  the  radial  component  of  intensity  of  sound  anywhere  in  the  field  is  easily  derived: 


I,  =  p(r,  I)  ur(r,  t),  4.  0 


/,  =  icoQ0  qj(r,  0,  <j>,  l)  ( r ,  0,^.1) 

dr 


‘.'’v .VvVv\,VVv',.,vV,'  v  vS-S-v 


y-y-  yy-jS-S-  vS-' v v 


*  •»  •  •  *  •  •  *  A- 


*  s'  *.*  V*  \ 

*'j  • 


*  '  ■  ‘  »  '  •  •  .  '»  *  »  “  %  •  «  * 
'.v.v  •.*  ••V'-v*  .v. 
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Thus  the  acoustic  power  n  radiated  to  infinity  is. 


2n  « 

n  =  lim  J  \  itoQo  dv  1  r  sin  Odd. 
r~°°  0  L  3r  J 


(1.9.42) 


Radiated  power  for  explicit  forms  of  tp(or  ultimately  surface  velocity  v„)  are  developed  in  Chap.  VI. 


1.9d.  RADIATION  OF  SOUND  FROM  A  PROLATE  SPHEROID 

A  prolate  spheroid  is  the  3-D  figure  of  an  ellipse  rotated  about  its  major  axis,  Fig.  1.9.5.  Here 
the  foci  are  at  ±a/2  and  a  field  point  r(x,  y,  t)  is  expressed  in  radial  p  and  angles  0,  <f>  by  means  of  the 
coordinate  transformations: 

x  =  sinh  p  sin  0  cos  ^  ;  z  =  cosh  p  cos  0 
y  2  sin  d>  2 

const .  1 

(1.9.43a) 

For  convenience  in  writing  the  following  short¬ 
hand  notation  is  often  used, 

.t. 

^  cosh  p  =  cos  0  =  17;  z  =  £>7  (1.9.43b) 

2 

An  element  of  volume  in  this  coordinate  system  is 

=  amst. 

d^\l  =  dxdydz  =  A,,  djdtidty  ( 1 .9.44) 

in  which  the  scale  factors  h,  are  given  by, 

hM  =  ti0  =  \/  cosh-  p  -  cos-’  t?  (1.9.45a) 

Fig.  1.9.5.  Prolate  spheroidal  radiator.  2 


The  gradient  operation,  needed  for  radiation  problems,  is 


h,do 


/t,  =  E-  sinh  p  sin  0.  (1.9.45b) 

2 


where  the  a’s  are  unit  vectors. 

Helmholtz’s  equation  in  velocity  potential  ip  is  sparable  in  this  elliptical  system  of  coordinates. 


tp  =  S(rj)  fl(4)  4>(<|>)e"' 


(1.9.46) 


In  terms  of  separation  constants  A,  m  the  trio  of  separated  (ordinary  differential)  equations  become, 


(1)  d  |~(l dS  1  =- \a -/»y-  ]s 

dr]  L  dr\  J  L  1  -  rj  ;  J 


(1.9.47a) 


_-**  B  •  a  m  -  •  w  -  M  *  J,  •  a  -  •  -  •  a  m  jm  -»  ~  jm  f  m“  «*  m~  4~  ^  .  «*  «  »  ^  m  _  *  *  _  •  «  * 
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(2)  d  [V-  11  dR  1  =  \a -/i242  +  m 2  1  R  (1.9.47b) 

dl  L  dk  L  V  -  1  J 


(3)  =-  ^  (1.9.47c) 

W  *♦ 

Here, 

h  =  _^_;Ar  =  "  =  J!L 
2  c  A 

Coordinate  ranges  are, 

-i<ri«  +  i;  i<4<°°;  o<4<2n. 

Since  <|>  is  periodic  in  2rr  the  constant  m  is  zero  or  a  positive  integer,  and  the  eigenfunctions  <t>(<tO  are 
cos  sin  m\. 

For  the  condition  m  integer  the  equation  for  S(rj)  1.9.47a  yields  finite  solutions  S(rj;  m,  l)  only 
for  discrete  values  of  A(h;  m,  l ).  To  find  them  one  forms  the  expansion, 

even  solution:  S(h,  rj;  m,  l)  =  2  d(h;  m,  l;  2 n)  P7„(rj),  l  =  m,  m  +  2,  m  +  4,  etc.  (1.9.48a) 

n=Q 

oo 

odd  solution:  S(h,  rj;  m,  l)=  2  d(h;  m,  I;  2 n  +  1)  PZ.ill).  I  =  m  +  1 ,  m  +  3,  etc.  (1 ,9.48b) 

n=  0 

When  these  solutions  are  inserted  in  1.9.47a  two  sets  of  recursion  formulas  in  the  (/-constants  are  ob¬ 
tained.  They  are  solved  simultaneously  for  d  and  A  by  use  of  the  theory  of  continued  fractions. 
Unique  values  are  obtained  by  normalizing  according  to  the  rule, 

oo 

2  '  +  2m>!  d(h;  m,  l;n)=  ^  +  m >!  ( 1 .9.48c) 

"  nl  (/ -  m)\ 

in  which  the  prime  sign  means  summation  is  n  even  if  /-  m  is  even,  or  n  odd,  if  /-  m  is  odd.  All  func¬ 
tions  Sm i  are  orthogonal  to  each  other  in  the  interval  r)  =  ±  1 .  Their  normalization  constant  is, 

M(h;  m,  l)=  [S(A,  cos  tf;  A}2  sin  tidti  =  S2„,{h,  rj)  dr) 

=  2  ’  [d(h;  m,  l;  n)]2  (  2  )  ( n  +  2w)!  (1 ,9.48d) 

"  \2n  +  2m  +  1/  n\ 

In  actual  applications  to  radiation  problem  the  numerical  evaluation  of  S„,(h,  rj)  and  M(h;  ml)  is 
greatly  facilitated  by  published  tables  of  d’s,  P ”,  /4’s  and  M  itself  [11). 

The  radial  solutions  /?(4)  exhibit  a  behaviour  similar  to  S(n)  except  over  a  different  range  of 
variable  4.  When  m  is  an  integer  the  differential  equation  1.9.47b  yields  a  finite  solution  only  for 
discrete  values  of  A(h;  m,  I)  which  are  the  same  as  for  the  angular  solutions  S.  Thus,  when  the 
(/-constants  of  1.9.48a  and  1.9.48b  are  known  one  can  immediately  calculate  two  solutions  R'1’ 
by  expansions  in  spherical  Bessel  functions  1.9.36: 
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(/- 

m)\ 

(|i_1 

r2  I 

rm"  d(h;  m,  /;  n) 

( n  +  2m)] 

y..m(A£ ) 

(/  + 

m)\ 

/ 

n\ 

(1.9.49a) 

(/- 

m)\ 

(£-1 

r,z  I ; 

rm “  d(h;  m,  l;  n) 

(n  +  2  m)\ 

w„,m(A4 ) 

(/  + 

m)\ 

V-  £•'  - 

) 

n\ 

(1.9.49b) 

The  complex  radial  solution,  analogous  to  Hankel  functions,  is  defined  for  time  representation  exp 
-icot, 


R'3'  =  R'"  +  iR  u> 

The  Wronskian  for  R  is  often  needed  in  problem  of  radiation  from  spheroids, 


A (/?"’,  R'1')  =  R"'R»'t-RtRi"  = 


h{?  -  1) 


(1.9.49c) 


(1.9.49d) 


These  radial  functions  are  also  tabulated  [12].  Assembling  all  factors  1.9.48  through  1.9.49  leads  to 
the  general  time-harmonic  radiated  velocity  potential  for  the  prolate  spheroid. 


i p(r,  t)  =  e-,ul  ^  5!  (Am,  cos  m<j>  +  Bm,  sin  m$)  S(r);  m,  I)  R (2)  (/i£;  m,  I) 


(1.9.50) 


in  which  Am,,  B„,  are  expansion  constants  in  the  Fourier  series  for  coordinate  41-  The  symbols  rj,  £  are 
defined  by  1.9.43b.  For  radiation  inside  the  spheroid  one  uses  R{"  to  describe  standing  waves;  for 
radiation  inside  a  ‘‘spheroidal  annulus”,  one  uses  3  linear  combination  of  /?“’  and  Ra' .  For  radia¬ 
tion  external  to  the  spheroid,  one  uses  Rn'  to  describe  outgoing  waves  in  harmonic  time  exp(-/o>(). 

We  consider  next  radiation  into  an  infinite  medium  of  sound  from  a  short  cylinder  modelled  as 
a  zone  on  a  prolate  spheroid,  Fig.  1.9.6.  The  spheroid  is  specified  by  \i  =  fc0  with  foci  at  ±a/2.  Its 
semi-major  axis  is  a/2  cosh  ^0,  and  semi-minor  axis  is  a/2  sinh  jz0.  On  this  surface  let  there  be  a  ring 

extending  from  -rj0(  =  -cos  i?0)  to  +n(  =  cos  tf0), 
and  assume  the  component  of  velocity  normal  to 
the  surface  -  const,  is, 


v„  =  F0|cos/J|  -»7o<  1o 

v„  =  0  elsewhere 


(1.9.51a) 


in  which  ft  is  the  angle  between  the  normal  to  the 
surface  and  the  xy  plane.  It  is  defined  by, 


cos  ft  =  _L  d  r 


(1.9.51b) 


Fig.  1.9.6  Model  of  a  short-cylindcr  radiator. 


K 

Since  r  =  (x:  +  v1)'11  ~  a/2  sinh  ^  sin  this  is, 

cos  p  =  cosh  sin  t? 

\J  cosh2  u„  -  cos1  0 
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Now  the  boundary  condition  1.8.25  for  radiation  of  velocity  potential  \p  is: 

-  1  **L\  =  V„ 

hu  3m 

Since  v„  in  1.9.50a  is  independent  of  <j>  we  set  m  =  0  in  1.9.50,  and  reduce  1.9.52  to, 


(1.9.52) 


S(h,  cos  i?;  0,  /)  dR'  ’(h,  cosh  0,  /) 

\/  cosh2  fi0  -cos2  d  dyi 


V0  cosh  yi„  sin  i? 
I  cosh'  -  cos'  i) 


(1.9.53) 


The  factor  \/  cosh2  uo  -  cos2 1 1  is  independent  of  /  and  can  be  cancelled.  By  use  of  orthogonality  of 
angular  functions  S  ,  1.9.48d,  the  constant  A0i  is  directly  found  by  multiplying  both  sides  of  this 
equation  by  S  sin  and  integrating  over  the  range  0  <  i?  <  2n.  The  radiated  velocity  potential,  1 .9.50 
for  the  short  cylinder  then  becomes, 

S(h,  cos  0,  /)  sin2  \)dd 

v(r,t)  =  -V0  ±  cosher'"'  ^  A/(A;  0,  /)  dR'3>  (h,  cosh  jj;  0  /)|  (1.9.53a) 

2  '  d\i  ^ 

x  S(h,  cos  0;  0,  /)  R ‘ J>  (h,  cosh  /i;  0,  /) 

The  acoustic  pressure  radiated  and  its  associated  particle  velocities  are  obtainable  from  ip  by  use  of 
1.7.2.  In  the  far  field 
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1.9e.  RADIATION  OF  SOUND  FROM  AN  OBLATE  SPHEROID 


An  oblate  sphereoid  is  the  figure  of  a  3-D  ellipsoid  rotated  about  the  minor  axis,  Fig.  1 .9.7.  It  is 

specified  by  the  ellipsoidal  surface  v  =  const,  and 
hyperboloidal  surface  =  const.  Any  field  point  x, 
y,  z  transforms  to  coordinates  v,  0, 


X  cos  • 

=  ft  cosh  v  sin  0  .  J  >  z  =  b  sinh  v  cos  0 
y  sin  ? 


Fig.  1.9.7.  Oblate  spheroid  radiator. 


(1.9.54a) 

in  which  b  is  the  semi-major  axis.  The  volume  ele¬ 
ment  is, 

dxdydz  =  hv  hk  dvdddfy 

h„  =  hn  =  ft  V"shdi*T+cosrir  (1.9.54b) 
ft+  =  ft  cosh  v  sin  ti 


The  gradient  operator  V  needed  for  calcula¬ 
tion  of  radiation  is 


V  =  a 


+  a. 


+  flu 


Jivdu  hsdQ 

On  comparing  1.9.54a  with  1.9.43a  it  is  seen  that  if  the  replacement  is  made, 

H  -*•  v  -  m/2 


then 


1L  “*■  (ft;  h  =  =  ikb 

2  2 


1L  sinh  p  =  ib  sinh(v  -  m/2)  =  ft  cosh  v 
2 

cosh  ft  =  cosh(v  -  m/2)  =  -  sinh  v 


(1.9.54c) 


(1.9.54d) 


that  is,  1.9.54a  is  obtained.  All  radiation  formulas  for  the  oblate  case  are  then  obtainable  from 
those  of  the  prolate  case  by  transformation  1.9.54c.  The  time-harmonic  radiated  velocity  poten¬ 
tial  is  then  directly  derived  from  1.9.50, 

i p(r,  t )  =  e~,wl  2.  2m  (A  m,  cos  m<t>  +  Bm ,  sin  m$)  S  (ikb,  cos  m,  I)  R ll)  (ikb,  -i  sinh  v) 

ml  R*** 


(1.9.55) 


The  choice  of  R  ,  R  ,R  follows  the  same  rules  as  in  the  prolate  case. 
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1.9  Eigenfunction  Solutions  o  f  the  Differential  Equation 


We  consider  next  the  radiation  of  sound  from  a  free  disk  into  an  infinite  medium.  The  disk  is 
modelled  as  an  oblate  ellipse  v  =  0.  The  ideal  velocity  distribution  is 


v„  =  0  <  t?  <  rr/2 

vrt  =  —\Qe~tuit  —  ^  ^  TI 

2 


(1.9.56J 


Since  v„  is  here  specified  to  be  independent  of  <j>  we  set  m  =  0  in  1 .9.55.  Also,  since  the  radiation  is  in 
the  form  of  outgoing  waves  to  infinity  we  choose  Ri3)  as  the  appropriate  radial  function  (for  time 
specified  as  exp  - iwt ): 


tp(r,  I)  =  e-““‘  X  A,  S(ikb,  cos  0;  0,  /)  R  {i\ikb,  -i  sinh  v) 


(1.9.57) 


The  boundary  condition  on  the  surface  of  the  disk  relates  this  velocity  potential  to  the  specified  v„as 
required  by  1.8.25: 


-  _L  _^L=o  =  v„  (1.9.58) 

hv  dv 

Using  1.9.54b  for  calculating  hv  one  forms  dy/dv  at  v  =  0  and  equates  the  result  to  1.9.56, 

-  _L_  I  A.sm.cosf.o.l)  U,v, 

b  cos  '  “v 

To  determine  A,  we  transfer  b  cos  0  to  the  right  hand  side,  multiply  both  sides  by  S  sin  V  and  integrate 
over  0  <  ti  <  rt.  Since  the  angular  function  S  is  orthogonal  in  this  range  we  obtain  from  1.9.48d, 

♦  i 

v„  S(,ikb,  n;  o,  l)  r)dr)  (1_9  5 


M(ikb;  0,  /)  (ikb.  -i  sinh  v) 

dv 

rj  =  COS  0 

Now,  the  angular  functions  S  can  be  expanded  in  series  of  Legendre  functions,  1.9.48, 


oo  / 

b,rr,0,l)=  Z  V 


2m  \  P2m(n):  odd 

d(ikb\  0,  l;  2m  +  1  /  P2mt,(r)):  even 


To  perform  the  integration  in  1 .9.59  one  notes  that  both  v„  and  r;  switch  signs  from  +  to  -  at  =  n/2. 
Thus,  can  be  taken  out  of  the  integration  asv„.  Also,  since  rj  =  P,(rj)  one  finds  by  use  of  the 
orthogonality  of  the  Legendre  functions  in  the  range  -1  <  rj  <  +  1  that, 


^PiM  Pl(r,)dr,  =  0  for  all  v 

*  1 

/  (n)  PAn)dy  =  -|  for  n  =  o 


P,(ri)dy  =  0  for  n  ^  0 


«M 


v  v-  ■:  -_■ 
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The  radiated  velocity  potential  is  then, 


H>(r,  t)  =  -  —  bv0C"“ 


d(ikb;0,l;\)  R  ( ikb ,  -i  sinh  v) 


M(ikb;  0,  /) 


dR<»  (ikb,  -i  sinh  v)  |  ^ 


1  S(ikb,  cos  x>;  0,  /) 


(1.9.60) 


The  radiated  acoustic  pressure  and  associated  particle  velocity  are  obtainable  by  use  of  1.7.2. 
Numerical  calculation  of  these  results  in  materially  aided  by  published  tables  of  oblate  spheroidal 
functions  [11,  12]. 


RADIATION  OF  SOUND  FROM  OTHER  CLASSICAL  FIGURES 


The  Helmholtz  wave  equation  is  separable  in  these  other  systems: 


(1)  parabolic  cylinder  coordinates 

(2)  conical  coordinates 

(3)  rotational  parabolic  coordinates 

(4)  paraboloidal  coordinates 

(5)  ellipsoidal  coordinates. 


These  are  sketched  in  Fig.  1.9.8.  The  method  of  calculating  radiation  from  these  figures  closely 
follows  the  procedures  used  in  the  above  detailed  cases  of  spheres,  cylinders  and  spheroids.  However 
the  numerical  calculation  is  currently  hampered  by  lack  of  published  tables  of  the  special  functions 
that  appear  in  the  radiation  formulas. 


1.10  THE  NUMERICAL  CALCULATION  OF  VELOCITY  POTENTIAL 
ON  A  RADIATING  SURFACE 


In  the  theory  of  acoustic  radiation  it  is  often  necessary  to  determine  the  reaction  of  the  medium 
on  the  sound-generating  surface.  This  requires  one  to  find  the  velocity  potential  on  the  vibrating  sur¬ 
face  itself.  It  was  noted  in  the  discussions  of  Section  1 .8  that  when  the  observation  point  is  on  the  sur¬ 
face  the  factor  4n  must  be  replaced  by  2tr.  Thus,  in  the  steady  state,  the  field  on  S,  when  there  are  no 
volume  sources  and  when  the  medium  is  unbounded,  is  governed  by  the  surface  Helmholtz  integral 
formulation  of  the  form  [15], 


—2" v(d  +Pfs  v(r0)  (r\r0)  dS(f0)=  fs  G(? |?„)  v„(?0)  rfS(r„),  r  on  S 

3  Mo 


G(r\ra)  = 


-*  pin 

m  \  —  K 


(1.10.1) 


The  appearance  of  the  negative  sign  in  the  first  term  and  the  symbol  P  (principal  part)  in  the 
second  term  are  discussed  below.  When  the  observation  point  is  inside  the  (closed)  radiating  surface, 
i p(r)  vanishes.  Eq.  1.10.1  then  becomes  the  interior  Helmholtz  integral  formulation. 


yv«v  jpfv.  -’v 


m 


1.10  Numerical  Calculation  of  Velocity  Potential 


The  numerical  calculation  of  1.10.1  for  the  case  of  r  on  S  or  r  inside  S  can  be  carried  out  ap¬ 
proximately  by  partitioning  the  surface  S  into  N  cells  of  finite  size,  and  converting  the  integral  equa¬ 
tion  into  a  system  of  algebraic  equations  in  N  unknown  t^(x,),  i  =  1,2,  ...  N. 

An  alternative  formulation  which  is  suitable  for  numerical  calculation  is  to  interpret  source  q  in 
1.7.3  as  a  source  strength  per  unit  area  (mJ/s  x  1  /m1  =  ms  ')■  Then  in  the  absence  of  reflecting  sur¬ 
faces,  the  steady  state  velocity  potential  anywhere  is. 


_  C  pik\r^K  I  -  - 

4>(r,  t)  =  e-'"' J  \r-r  \  dS^o) 


(1.10.2) 


The  boundary  condition  on  the  surface  is  1 .7.2b,  in  which  u  and  -V\p  point  in  the  same  direction,  and 
the  V  operation  is  on  the  r  coordinates.  Here,  because  of  the  selection  of  the  sign  of  positive  n  and 
positive  v„  (which  appear  as  (grad0  and  v  in  Fig.  1.11.1), 


dV  I  _  =  v 

dn  r~r' 


(1.10.3) 


The  positive  normal  points  away  from  the  medium,  Fig.  1.8.1,  while  positive  v„  points  into  the 
medium.  Since  1.10.2  is  an  integration  over  r0,  and  since  exp  ik\r-  r0  \  is  not  singular  when  r-*  r0,  one 
can  write 


v(f)  |  T  C  4 ^ 

)n  [  dn  J  lr“ 


(1.10.4) 


As  r  —  r0  the  integer  becomes  a  mathematical  “distribution,” 

—  =  -2n  6{r  -  r„)  e***  +  P  —  7— r  (1.10.5) 

dn  \r-r„ |  dn  \r  -  r0 1 

The  negative  sign  in  the  delta  term  is  due  to  the  choice  of  the  normal  as  positive  when  it  points  away 
from  the  medium  [16].  The  symbol  P  is  the  “principal  part,”  meaning  the  singularity  r  -  r0  is  to  be 
excluded  in  any  subsequent  integration.  Thus, 

vn(r)  = -2nq(r)  +  P  f  A  ["  AAAI  q(r0)dS(r0),  ronS  (1.10.6) 

dn  Llr-''oU 

The  integration  is  performed  by  first  taking  r¥=  r0  (that  is,  r  is  not  on  the  surface)  and  then  taking  the 
limit  of  the  answer  as  r  -*  r0. 

Eq.  1.10.1  and  1.10.6  can  be  put  in  the  following  similar  forms: 


(1)  JDL  (k;  f,  r„)  Mr0))  -A'1  v(r)  =  A'1  _i_  (k;  r,  r0)  |vB(r0)) 
2n  2tt 


(2)  3L  (k;  r,  r„)  | q(r0)\  -A'1  q(r)  =  A~‘ . ^L-(r) 

2n  2n 

where,  A"1  =  +  1;  k  =  k( A)  and,  where  riW,  are  operators, 


(1.10.7a) 


(1.10.7b) 


J  dn  \r-r0\ 


(1.10.7c) 


* 
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Fig.  1.9.8  Four  coordinate  systems  in  which  the 
Helmholtz  wave  equation  is  separable  [14). 


1.10  Numerical  Calculation  of  Velocity  Potential 


=pf 


k-'ol 


dS(r) 


(1.10.7d) 


Eqs.  1.10.7  may  be  solved  by  eigenfunction  expansion.  The  eigenfunctions  of  the  operator 
<t!W  are  solutions  of, 

‘SiiMro)  =  A\„(A)i p„(r), 

r  (1.10.8) 

J  i*/„4 >„dS  =  Nm,  n  -  m 

J  tpmipn  dS  =  0,  n  #  m 
Thus  by  expansion  in  \pm  1.10.7a  becomes, 


X  A  r,  r0)  ji^„(r0)i  _  A_^_(r\  =  r'  ^  (*■' h.  r°)  iv~  (''<>)> 

"  ~  2rr  "  2rt  ~ 


Multiplying  through  by  ip*,  integrating  over  area,  and  using  the  orthogonality  1.10.8  leads  to, 

(1.10.9) 


-r-  r  1(A;  r,r0)  |v„(r0)j 

tp(r)  =  2!  V-.W  J  A  '  v5(fo) 


2n 


From  this  it  is  seen  that  1.10.7a  has  a  solution  for  every  km  ( r )  unless  km  =  A'1.  When  km  =  A1, 
1.10.7a  still  has  a  solution  if, 

A1/  A>(Ar;r,  r0)  v.(rn)  wi(ra)dS(rn)  =  0.  (1.10.10) 

2n 

The  general  solution  of  1.10.6  is  the  sum  of  this  particular  solution  1.10.9  plus  the  complementary 
solution  ip„.  This  means  that  when  k„  =  A'1  and  when  1.10.10  holds  the  solution  is  not  unique 
because  any  multiple  of  ipm  is  also  a  solution. 

A  similar  reasoning  shows  that  a  solution  q(f)  which  satisfies  1 . 10.6  for  all  km  except  km  =  A'1, 
and  is  a  solution  at  km  =  A*1  if  \p„  is  such  that, 

A"  f  (r0)ip*(r0)dS(r0)  =  0  (1.10.11) 

2n 

is  not  unique,  and  therefore  that  the  representation  1.10.2  breaks  down  at  a  sequence  of  values  of  k 
=  km. 

The  interior  Helmholtz  formulation  obtained  from  1.10.1  by  setting  the  term  2n  tp(r)  to  zero 
can  be  solved  directly  by  numerical  means  and  yields  a  unique  solution.  It  does  however  have  com¬ 
putational  difficulties  [17], 

In  view  of  the  theoretical  problems  and  practical  computation  problem  associated  with  solving 
1.10.1  and  1.10.6,  a  new  approach  was  made  (17a,  b].  In  it,  a  field  t^(r),r  on  S,  was  obtained  which 
satisfied  both  1 . 10. 1 ,  including  the  term  2n  ip(r ),  and  simultaneously  with  this  term  excluded.  In  com¬ 
putation  this  means  partitioning  the  surface  S  into  N  cells,  constructing  and  N  *  N  matrix  of 
simultaneous  equations  for  observation  point  r  on  S  as  required  by  1.10  1  when  2n  \p(r)  is  included, 
then  adding  one  or  several  additional  equations  to  this  matrix  by  choosing  r  to  be  interior  so  that  the 
term  2n  tp(r)  vanishes.  The  resultant  non-square  matrix  M  *  N  is  thus  over-determined,  and  is 
solvable  by  a  least-squares  orthonormalizing  procedure  (18).  Solution  gives  \p(r)  for  all  points  r  on  S 
for  all  wavenumbers  k,  including  k„.  The  velocity  potential  so  found  is  substituted  into  1.7.7  in  the 
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l 

steady  state,  and  the  field  y(r,  t)  everywhere  is  obtained  by  simple  integration  of  t p(r)  over  the  sur¬ 
face  in  the  absence  of  volume  sources. 

When  this  technique  was  applied  to  simple  shapes  for  which  closed  form  solutions  are  known 
the  agreement  improved  steadily  with  increased  number  of  auxiliary  equations  contributed  by  the  in¬ 
terior  solution.  This  conclusion  was  borne  out  also  by  physical  experiments  with  odd  shaped  arrays 

[17a]. 

This  technique  is  aptly  suited  to  the  calculation  of  radiation  sound  from  arbitrarily  shaped 
radiators.  A  bibliography  of  this  problem  is  given  at  the  end  of  this  chapter. 


1.11  REACTIVE  POWER 

The  use  of  the  Helmholtz  Equation  for  the  steady  state  as  given  by  1.7.7  requires  a  careful 
definition  of  the  positive  direction  to  be  assigned  to  the  vectors  representing  acoustic  quantities.  Con¬ 
sidering  a  surface  with  a  distribution  of  monopole  sources  only  (i.e.,  V0GK  =  0),  we  write  the  field  at 
r  as 

y(r)  =  _ 1  fy,,G*(r|ro)grad0<t>(r0),dSo  (1.11.1) 

4n 

Let  the  surface  5  consist  of  two  concentric  spheres,  of  which  one  has  an  indefinitely  large  radius.  We 
desire  to  find  the  field  in  the  space  between  the  spherical  surfaces,  assuming  that  the  outer  surface  ex¬ 
tends  to  infinity.  For  time  given  by  exp(-npZ)  we  select  GK  =  exp(i/cr)/r,  because  we  desire  to  build 
up  the  field  at  r  by  means  of  outgoing  spherical  waves.  Now  for  a  monopole  radiator  on  S  we 
desire  the  source  strength  to  be  positive,  that  is,  for  a  velocity  v  we  desire, 

grad0  <t>(r0)*</So  =  vrfS  =  positive  number  (1 .  1 1 .2) 

However  in  deriving  1.11.1  by  means  of  Green’s  theorem  we  took  the  gradient  operator  to  have  a 
positive  direction  when  pointing  away  from  the  volume  between  the  spherical  surface,  i.e..  from  the 
inner  spherical  surface  to  the  origin.  Fig.  1.11.1  shows  the  conventions.  Here  -[grad„  <!>„)„  =  V.  or 
[grad0  <l>0]m  -  V.;  and  3/3,  is  directed  as  shown.  From  1.1.4  we  require  the  positive  v  to  be  given 
by  v.  =  -  d<t>/dz .  Hence  we  must  write 


v.  =  grado  <t>(r0)’dSo  =  -(3  4>/3z)dS.  (1.11.3) 


and  so,  1.11.1  reduces  to 

ip(r)  =  -J_  /,_£?.  dS  (1.11.4) 

4tt  3z  r 


For  a  piston  in  an  infinite  rigid  baffle  the 
righthand  side  of  this  equation  must  be  multiplied 
by  a  factor  of  2, 


2n 


3<t> 

Hz 


gtkr 


r 


Fig,  1 . 1 1 . 1 .  Assignment  of  signs  to  velocities  and  gradients. 


dS 


(1.11.5) 
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Now  Rayleigh’s  formula  1.8.18  for  the  field  in  an  infinite  baffle  has  the  form, 

f(r)  =  -_L  fii  iZ.  dS  (1.11.6a) 

2tt  dn  r 

Here,  time  is  taken  to  be  the  real  part  of  exp(/V/)  and  the  direction  of  positive  n  is  from  the  source 
point  (in  the  piston)  toward  the  field  point.  Since  Rayleigh  takes  v  =  d$/dn,  he  writes 

<t >(r)  =  -  1  f  v  e  '*  dS  (1.11.6b) 

2n  r 


Hence  the  velocity  potential  used  by  Rayleigh  is  the  negative  of  the  velocity  potential  used  by  modern 
authors,  <|>(r)  =  -<l>(r),  with  the  result  that  the  signs  of  1.1.4  and  1.11.5  are  reversed  in  Rayleigh’s 
work.  To  assist  the  reader  in  these  matters  of  signs  we  summarize  the  differences  in  operator  conven¬ 
tions  between  the  older  acoustic  literature  as  represented  by  Rayleigh,  and  the  modern  acoustic 
literature  as  represented  by  ref.  [19). 


Rayleigh  [20]  [Ref.  4  Chap.  7] 


time 

exp(/VO 

exp(-/VO 

pressure 

-Qd^/d  t 

qd<t>/dt 

velocity 

V(|> 

-V«J> 

positive  grad. 

points  into  domain 

points  away  from  domain 

on  S 

where  field  is 

where  field  is 

evaluated 

evaluated 

In  addition  to  the  selection  of  signs  noted  above  we  must  determine  the  sign  to  be  attached  to 
the  imaginary  component  (  =  Q)  of  the  ‘‘vector  power”  given  by  1.3.4d.  This  depends  on  the  choice 
of  representation  of  time  as  the  real  part  of  exp(/i^<)  or  exp(-iipl),  and  on  the  choice  between  PVk* 
and  P*Vk  to  represent  the  complex  acoustic  intensity.  To  have  a  consistent  notation  we  have  adopted 
exp(-iyit)  as  the  most  convenient  representation.  This  adoption  has  the  following  advantages  [21]: 

(1)  the  symbol  exp(ikx)  then  represents  the  phase  of  a  plane  wave  traveling  in  the  positive  x 
direction; 

(2)  the  wave  number  k,  if  complex  (=  k,  +  ik 2),  lies  in  the  first  quadrant  of  the  complex  k 
plane.  As  a  consequence  the  evaluation  of  radiation  integrals  by  contour  integration  may  be  under¬ 
taken  with  confidence  because  of  the  vast  literature  available,  as  exemplified  by  [4], 


In  contrast  the  choice  exp(/VO  leads  to  the  symbol  exp(-y^Ar)  for  the  positive-traveling  plane 
wave,  and  the  wavenumber  k,  if  complex,  lies  in  the  fourth  quadrant  of  the  complex  k  plane.  This 
choice  requires  contours  of  integration  which  are  mirror-images  of  those  that  are  valid  for  exp -iyt. 
The  evaluation  of  radiation  integrals  may  also  be  accomplished  with  this  choice.  However,  the 
literature  of  examples  is  much  less  representative. 
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When  oscillating  sinusoidally  in  time  the  normal  particle  velocity  (as  well  as  the  acoustic 
pressure)  may  be  represented  as  a  phasor,  that  is,  a  radial  vector  rotating  counterclockwise  with 
velocity  tot.  The  two  phasors,  pressure  Pe1*  and  particle  velocity  Ve‘v  have  in  general  an  angular 
separation  (=  If  the  particle  velocity  in  the  complex  phasor  plane  has  a  component  in  time 

quadrature  with  the  phasor  of  pressure,  and  if  this  component  leads  the  pressure  by  n/2  radians  (in 
the  positive  counterclockwise  direction)  then  the  reactive  power  calculated  by  1.3.4d  for  time  given 
by  exp(-/<ur)  will  be  defined  to  be  positive.  If  the  component  lags  the  pressure  then  Q  will  be  given  a 
negative  sign. 

We  summarize  here  in  a  table  the  most  important  consequences  of  the  various  choices  of  com¬ 
plex  representation  for  acoustic  quantities  found  in  the  literature  of  acoustics.  In  the  first  column  of 
this  table  the  acoustic  quantity  to  be  described  is  listed.  In  the  second  and  third  columns  the  conse¬ 
quence  of  selecting  exp  {jut)  or  exp(-/W)  are  given. 


Acoustic  Quantity 


Complex  pressure  1.1.5 
Complex  particle 
velocity  1.1.4 
(Rayleigh’s  choice  of 
Complex  vel.  potential 

(4  =  -*)■ 

/m(l/2  I  PV*dA) 

/„(l/2  /  P*  VdA ) 

Mass  Reactance 
Stiffness  Reactance 
Plane  Wave  Traveling  in 
positive  x  direction 
Complex  k 

Re(l/2  /  PV*  dA) 
Re(l/2  /  P*  VdA) 


expOcot) 


exp(-/W ) 


-jcoQi {>  (Pressure) 
(Velocity) 

-Qav(  =  Reactive  Power) 

+  C?AV 

jcoM 

K/ju 

e-jkx 

4th  Quadrant 
of  fc-plane 

+  fVi(=  real  power) 

+  W. 


+  Qav 

-0AV 

-icoM 

-K/ito 

gikx 

1st  Quadrant 
of  fr-plane 

+  W'f 

+  wt 


1.12.  K1RCHOFF  APPROXIMATION  IN  DIFFRACTION  THEORY 

Consider  a  circular  aperture  in  a  plane  rigid  baffle  and  define  a  positive  Z-direction  extending 
to  the  left  of  the  plane.  A  plane  wave  front  perpendicular  to  Z  and  travelling  to  the  right  falls  upon 
the  baffle.  The  velocity  potential  <b,  and  normal  gradient  for  this  wave  is 

<1.12. la) 

<t>,  =  0, <?"*■,  (la);  (3<J>,/dz),.0  =  -ikB.  (1.12.1b) 

When  the  wave  emerges  from  the  aperture  it  generates  a  diffracted  sound  field  to  the  right  of  the  baf¬ 
fle.  If  the  normal  (  =  «)  is  defined  to  be  positive  when  drawn  from  the  plane  of  the  baffle  into  the  dif¬ 
fracted  region,  the  diffracted  field  4>d  is  given  by  Rayleigh’s  formula 


•‘-5T  A 


(1.12.2) 
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1.12  kin  hot]  Approximation 


Now  the  normal  particle  velocity  in  the  aperture  in  the  plane  of  the  baffle  is  a  complex  number ,  the 
presence  of  whose  real  part  renders  the  calculation  of  the  diffracted  field  very  laborious.  Kirchoff 
made  the  approximation  that  this  real  part  over  most  of  the  aperture  is  small  enough  relative  to  the 
imaginary  part  to  be  neglected.  In  symbols,  for  time  represented  by  e"“\ 

30,  =  dtk  =-/A:B,,(3a);  Re  =0  (1.12.3b) 

dn  dn  13 n  J 

Hence 

<t>d~  J  J^-dA  (1.12.4) 

2rr  J  r 

To  test  this  assumption  we  assume  a  circular  aperture  of  radius  a  and  calculate  the  complex  number 

/?,+  //,  =  _i _ —  J J^i-dA  (1.12.5) 

2n  3  nJ  r 

for  various  ka.  Now  the  Kirchoff  approximation  requires  the  real  part  R,  to  be  zero,  and  a  plot  of  the 
imaginary  part  versus  radial  distance  a  to  be  the  straight  line  /,  =  1 .  Actual  calculations  of  Eq.(5)  for 
small  ka  (ka  <  4)  show  that  /,  #  1,  and  #  0,  that  is,  the  approximation  is  poor.  As  ka  increases  the 
plots  of  /,  vs  a  tend  to  oscillate  about  the  line  /,  =  l ,  and  the  plot  of  /?,  vs  a  tends  to  approach  zero. 
However,  as  a  both  /,  and  R,  become  indefinitely  large.  It  is  more  appropriate  then  to  estimate 
the  validity  of  the  approximation  by  finding  average  values  of  R,  and  /,  over  the  aperture  by  integra¬ 
tion.  For  ka  -  1,5  these  averages  are 

<R ,  +  //,>AV  = -1.2A:  - /0.84A:,  ka  =  1 

=  -0.16*-  i  0.99k,  ka  =  5 

The  general  trend  therefore  appears  to  be  that  Kirchoff’s  approximation  may  be  used  to  calculate  the 
field  near  the  aperture  when  ka  is  sufficiently  large  (i.e.  ka  >5).  If  the  same  approximation  is  used  for 
calculating  the  far  field  the  resultant  plot  of  pressure  versus  polar  angle  gives  good  agreement  with 
exact  theory  up  to  the  angle  of  the  first  null.  At  those  angles  where  Kirchoff’s  approximation  leads  to 
amplitude  nulls  exact  theory  yields  shallow  minima,  the  maximum  difference  between  the  two 
calculations  being  approximately  10%.  Phase  plots  of  far  field  pressure  versus  polar  angle  calculated 
on  the  basis  of  the  approximation  show  considerable  error  of  phase  near  the  nulls.  The  approxima¬ 
tion  points  to  a  sudden  jump  of  n  radians  of  phase  shift  at  the  nulls,  whereas  exact  theory  shows  a 
gradual  variation  of  phase  through  the  angle  of  the  null  position,  with  phase  shifts  much  less  than  n 
radians. 

In  sum:  if  the  mean  radius  of  the  aperture  is  Ik  or  greater  the  Kirchoff  approximation  gives  an 
average  particle  velocity  over  the  aperture  which  is  in  phase  with  the  pressure,  (i.e.,  which  is  purely 
imaginary ).  Similarly,  if  the  radius  is  Ik  or  greater  the  diffraction  pattern  calculated  on  the  Kirchoff 
assumptions  agree  well  with  exact  theory,  at  least  up  to  the  first  null  [22 j. 


1.13.  DEFINITION  OF  FRAUNHOFER  REGION,  FRESNEL  REGION.  NEAR  FIELD 
REGION  IN  THE  SCALAR  FIELD  OF  ACOUSTIC  WAVES 


Let  there  be  a  vibrating  disc,  diameter  D,  in  the  xy  plane  at  the  origin  of  a  Cartesian  system  xyz. 
In  the  plane  of  the  disc  we  select  an  arbitrary  point  Q  whose  polar  coordinates  q.  ft  are  called  the 
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aperture  coordinates  at  chosen  point.  At  point  Q  there  is  a  normal  component  of  harmonic  velocity 
/(g,  (})  at  wavelength  A  which  generates  a  sound  field  at  an  external  point  P  whose  field  coordinates 
are  R,  0,  4-  The  distance  from  source  point  Q  to  field  point  P  is  r. 

Now  the  field  at  P  due  to  a  unit  source  at  Q  is  2e‘*r/r,  which  is  the  Green’s  function  for  the  semi 
infinite  space  above  the  rigid  plane  z  =  0.  If  all  the  sources  in  the  disc  are  summed,  the  total  field  at  P 
can  be  calculated  by  the  modern  version  of  Rayleigh’s  formula, 


«p(P)  =  -_L_  f  JJL  J^-dS  (1.13.1) 

2  n  dn  r 

Here,  the  coordinate  time  is  given  by  the  real  part  of  e  '"'and  the  normal  to  the  plane  z  =  0 
points  in  the  direction  of  positive  z.  Since  the  calculation  of  this  formula  for  arbitrary  r  is  tedious,  it 
is  conventional  to  approximate  r  by  suitable  formulas  designed  to  simplify  the  integration.  To 
understand  these  formulas  we  sketch  below  in  the  (vector)  relations  between  the  aperture  coordinates 
(g,  P)  and  the  field  coordinates  ( R,0 ,  <j>). 


In  this  figure  plane  OPP,  is  perpendicular  to 
the  xy  plane.  The  vector  r  is  seen  to  be  the  sum  of 
the  three  orthogonal  components  in  the  directions 
of  the  unit  spherical  coordinate  vectors.  These 
components  are  labelled  rR ,  re,  and  rt  respectively, 
and  have  the  form 

r„  =  Q,Qi  =  R  -  e  sin  0  cos  (<♦>—/?) 

r„  =  QiP  =  -g  cos  0  cos  ($  -  p)  (1.13.2) 

G  =  QQt  =  e  sin  (4 >-p) 

The  formulas  given  by  1.13.2  have  been  derived 
by  writing  the  vectors  q,  R  in  Cartesian  coor¬ 
dinates,  i.e., 


Fig.  1.13.1.  Geometric  construction  used  to 

define  near  field  regions  of  a  radiating  surface.  q  =  iq  cqs  /)  +  Jq  sin  P 

R  =  iR  sin  0  cos  $  +  jR  sin  0  sin  $  +  kR  cos  0 

and  then  finding  the  components  of  r  which  are  1)  perpendicular  to  the  plane  OPP,,  2)  perpendicular 
to  OP  and  lying  in  the  plane  OPP,  and  3)  parallel  to  OP  and  lying  in  the  plane  OPP,. 

We  note  that  the  angle  y  between  R  and  q  is  given  by 

R’q  =  Rq  cosy  =  Re  sin  0  cos  (4>— /?) 


and  that 


r  =  \/  rH  +  rij  +  r‘  =\/  R!  +  -  2qR  cos  y  (1.13.3) 

=  avn/TTX  =R\/  i  +  x 
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in  which 


X=  ( 

H  ' 

+ 

* 

II 

C 

V-  cosy 

(1.13.4) 

V 

'  rH 

'  v  r„  /  ' 

,  R 

/  R 

To  approximate  r  we  may  assume  in  the  first  instance  that  X 1  <  1  (or  X'1  <  1).  In  particular  if  the 
field  point  is  on  the  z-axis  (where  cos  y  =  0)  and  the  source  point  is  on  the  edge  of  the  disc,  the  re¬ 
quirement  that  A"*  <  1  leads  to  the  assumption  that  R  is  at  least  equal  to  D/2.  With  such  stipulations 
we  expand  the  square  root  \J  1  +  X  in  powers  of  X,  that  is, 


The  result  is 


r  =  rR 


\TT 

rr  =  i+  £  - 

+  _*L 

5  A-4 

2  8 

16 

T32" 

fl+  i[ 

-i[( 

-  ) 

!  +  ( 

L  2  L 

V  r„  )  V  rR  J  J 

8  L' 

s  r„  J 

V  rR  )  . 

'  + 


(1.13.5) 


(1.13.6) 


If  re/rR  and  r4/rR  are  so  small  that  the  second  term  on  the  right  in  this  formula  may  be  neglected,  we 
obtain  the  Fraunhofer  approximation  of  phase  which  is  that  in  the  phase  factor  e‘kr  we  may  write 


r„  =  R  -  e  sin  9  cos  ($-/))  (1.13.7) 

For  the  amplitude  factor  (=  1  /r)  we  use  r  =  /?.  1.13.7  states  that  in  the  “Fraunhofer  approxima¬ 
tion”  the  phase  of  the  elementary  wave  originating  at  Q  and  observed  at  P  is  given  by  khH,  where  r„  is 
the  radial  component  (in  spherical  coordinates)  of  the  vector  QP.  This  formula  is  applicable  only  at 
distances  R  (or  greater)  such  that  the  phase  error  introduced  by  the  first  neglected  term  on  the  right- 
hand  side  of  1.13.6  is  less  than  2n/q,  where  q  is  a  selected  factor.  We  thus  arrive  at  the  condition  that 
the  distance  R  must  be  such  that 


—  A±j*  <  h.  (1.13.8) 

2  r„  q 

By  means  of  1.13.2  we  can  rewrite  this  as 

1  e1  [cos'  9  cos!($  ~  ft)  +  sinH't’  -  /3)j  1 

2A  R  -  q  sin  9  cos($  -  (?)  q 

Let  the  coordinates  of  the  observation  point  be  (0,  0,  R),  i.e.,  let  P  be  on  the  axis,  then  for  the  far 
field  we  require  that 


R>  . 

2A 

For  a  maximum  q  =  D/2,  where  D  is  the  diameter  of  the  disc,  we  then  have, 

R>_H£!  . 

8A 


(1.13.9a) 


(1.13.9b) 
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A  widely  used  value  of  maximum  phase  error  associated  with  radiation  from  the  edge  of  the  disc  is  q 
=  8  [23].  With  this  value,  the  application  of  the  Fraunhofer  formula  ( =  Eq.  (7))  is  valid  for  distances 
R  such  that 


R>°1 


(1.13.9c) 


For  distances  less  than  this  we  may  add  to  the  factors  determining  the  phase  of  an  elementary  wave 
originating  at  Q  the  term  neglected  above;  that  is,  the  second  term  on  the  right-hand  side  of  Eq.  (6). 
In  the  region  R  <  D1/ A  we  therefore  assume  that  a  suitable  value  for  r  in  the  phase  e'k'  is 


r~R  -  s\n  6  cos(<j>  -  /?)  +  £1  H  -  sin*  0  cos*  (♦  ~  P)1  . 

2  {/?  -  q  sin  0  cos(4>  -  [))) 


(1. 13  10) 


For  the  amplitude  factor  l/r  we  again  assume  that  r~R.  With  these  choices  there  is  a  residual 
phase  error  in  the  field  at  point  P  due  to  the  third  and  higher  terms  in  Eq.  (6).  We  now  select  a  factor 
s  and  a  distance  R*  such  that  the  phase  error  due  to  the  third  term  in  Eq.  (6)  is  less  than  2n/s.  The 
distance  R*  is  then  determined  by  the  requirement  that 


|  rj  +  rj  |  <  2 n_ 


s  j  e4[l  -  sin!  0  cos-’  (<|>  -  P)]J 
A8  \  {/?*  -  e  sin  0  cos(4>  —/?),* 


lilLl 

- P V  1 


(113.11a) 


(1  13.11b) 


If  we  observe  the  field  at  point  ( O ,  O,  /?*),  this  inequality  then  appears  as 


For  a  maximum  q  =  D/2  we  have 


R*’>  jL  e‘- 
8A 


1/J  r-»  ^  1/3 

R,>U)  f(l) 


(circular  aperture) 


(1.13.12a) 


(1.13.12b) 


Selecting  s  =  8  once  again  (that  is,  allowing  the  maximum  phase  error  due  to  a  point  on  the  edge  of 
the  disc  to  be  2n/8  radians)  we  find  that  for  a  circular  aperture  the  region  in  which  Eq.  (10)  is  valid  is 


R*>  —  {  —  )  (circular  aperture). 

2  V  2A  7 


(1.13.13) 


We  now  combine  Eqs.  (9c)  and  (13)  and  define  a  region  of  radial  distance  r,  greater  than  R*  but 
less  than  R ,  in  which  Eq  (10)  is  a  satisfactory  representation  of  r  in  the  phase  e‘kr  within  the  allowable 
phase  errors  noted  above.  This  is  the  Fresnel  region  for  a  circular  aperture  and  is  defined  by  the  in¬ 
equality 


D  ,  D  v"J<r#<  TE  _  (14a);  r  >  D 

2  wA  /  A  2 


(1.13.14b) 


*-  A  "•  .**•  A  •- 


•*'  •'*  .*•  -  v"- 

.*  •  *.*  .•  V  V  V V  V  v  V  ‘ a-  .*  *  -  • \ 


.X  .•  A 
1  A 


y-y-y-y.y\y.  y/.xy.y  y.v.-y 
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The  region  of  radial  distance  r„  less  than  R*  is  called  the  near  field,  and  is  given  by  the  formula 

^  £.  J  ,  (circular  aperture).  (1.13.15) 

In  the  “near  field”  no  approximations  in  phase  or  amplitude  of  e‘kr/r  are  made. 

The  regions  defined  above  are  applicable  to  apertures  of  circular  shape.  For  a  square  aperture 
(side  =  D)  Polk  [23]  found  that  for  a  A/8  phase  error  at  the  edge  the  distance  limits  ( =  r,)  of  the 
Fresnel  region  are  given  by 


QLinDl  \  <r,<  101  ,  Fresnel  Region  (1.13.16) 

2  V  A  /  A  (square  aperture) 
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CHAPTER  II 

THREE-DIMENSIONAL  HARMONIC  RADIATION 


2.1  THEORY  OF  THE  SPHERICAL  RADIATOR  [1|,  [21,  [31. 


The  /V’th  Order  Spherical  Radiator 

By  a  spherical  harmonic  radiator  of  order  n  we  shall  mean  a  spherical  surface,  radius  r0 ,  which 
has  a  normal  component  of  surface  velocity  given  by  v„(0, 4)  e'"*1'  '  Qnl,  the  factor  v„  being  a  surface 
spherical  harmonic,  U„(6,  4).  of  order  n.  In  symbols, 

v.  =  t/„(M)  (2.1.1) 

t/„(0,  4)  =  (u„„  cos  sin  n?4)  Pr(cos  0)  (2.1.2) 

**i*0 

Here,  u„„,  u  mm  are  real,  explicitly  specified  numbers  whose  units  are  those  of  velocity  ( ms ').  The 
symbols  P,m  (cos  0)  are  associated  Legendre  functions  of  the  first  type  [4],  Now  an  n’th  order 
spherical  radiator  generates  a  velocity  potential  4>„(r,  0.  4.  t)  at  the  field  point  r  which,  in  the  absence 
of  boundaries,  satisfies  the  Helmholtz  equation  (V2  +  *2)<t>„  =  0  for  outgoing  waves  dissipating  at  in¬ 
finity.  In  particular,  this  equation  separates  in  spherical  coordinates  into  a  product  of  three  factors, 
Y„(0. 4)  hi"  (kr)e1'-' ,  which  together  define  the  spherical  wave  function  at  the  frequency  w  (see  1 .9.33, 
1.9.34).  The  superscript  2  in  hj2)  means  that  time  is  given  by  ejul  instead  of  e~Jul.  The  radial 
function,  /i„(J)Ocr)  will  be  discussed  later  in  detail.  Since  the  pressure  ip)  and  normal  particle 
velocity  (u„)  are  related  by  the  formula  -jkQCU„  —  grad  p,  as  given  by  Eq.  1.1.6,  the  field  pres¬ 
sure  pn  (r.  6  .  <j> .  *)  >s  seen  to  be 

p,(r,  0, 4, r)  =  -jQC  t/„(0, 4)  _ ^"(kr)  (2.1.3) 

[  dhl"(z)  1 
^  dz  ^  '°*ro 

A  collection  of  q  radiators  of  different  orders  n  +  1,  n  +  2,  ...  q  will  produce  a  field  pressure  which 
is  the  superposition  of  the  pressures  due  to  individual  radiators;  that  is, 

p  =  X  p„„,  n  fixed.  (2.1.4) 

r=  1 


Each  spherical  radiator  of  order  n  contributes  a  spatial  distribution  of  pressure  at  any  radius  in  accor¬ 
dance  with  the  spherical  harmonic  Un(6,  4),  weighted  by  the  value  of  the  radial  function  hf"(kr)a\ 
that  radius.  The  difference  between  near-field  and  far-field  pressures  therefore  are  due  to  the  in¬ 
fluence  of  the  radial  functions,  h„il\kr )  only.  In  the  literature  of  classical  times  [5],  the  radial  func¬ 
tions  and  their  derivatives  appeared  as  products  of  finite  polynomials,  f„ijkr),  F„(Jkr),  (the  Stokes 
function  and  the  Rayleigh  function  respectively),  and  the  factor  e'kr/jkr.  Written  in  full  these 
polynomials  were  defined  by  the  formulas, 


V'.' 
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m 

Mjkr)  =1  Z  (7)  <"  + 

n\  ‘*°  2  ‘(jkr)‘ 

m 

Fn(jkr)  =  _!_  X  (7)  < n  +  5>!  (1  +  5  +  jkr). 
n'.  *=0  2‘{jkr)‘ 

Symbols  (;)  are  binomial  coefficients  defined  by, 


(2.1.5) 


(2.1.6) 


s!  ( n  -  s) ! 

The  relation  between  Fn  and  the  spherical  Bessel  functions  hn(2>  defined  by  Morse  [6]  may  be 
written  in  terms  of  a  pair  of  useful  entities  A„,  B„.  In  this  notation  the  radial  function  factor  of 
the  spherical  wave  function  and  its  derivative  have  the  forms. 


h„n\kr)  =  A„(jkr)e~jkr  e'in'2*"" 

I"  dh„li)(z)  ]  =  Bn(jkr0) e-‘k,~ 2> " 

L  *  -L„ 

h[1](z)  =  j  A„(jz) 

f"  dh(„  ’(z)  "1  Bm(jzu) 

L  dz 

z  =  kr,  Zu  =  kr0 


(2.1.7) 


(2.1.8) 


(2.1.9) 


The  symbols  A  Ax),  B„( x)  represent  polynomials  in  the  variable  (l/x).  These  polynomials  were  in¬ 
troduced  by  Brillouin  [7]  who  defined  them  by  the  formulas, 


A.(x)  =  Aft)  =  £ 

X  />• 0 

*»♦  I 

BAx)  =  =  5! 


a-Ax)'^ 


bPAxylpt,> 


(2.1.10a) 


(2.1.10b) 


BAx )  =AAx)  -  d^Ax) 
dx 

a°  =  b°  =  I,«  +  <a£ 


(2.1.10c) 


^  =  [(2n  +  I)’  -I]  l(2n  +  1);  -3;]  ...  [(2n  +  1)’  -  (2p  -  1)’] 

p\  8 p 


(2.1.11) 


Both  A „  and  f?„  are  complex.  Ref.  (8]  therefore  defines  the  radial  functions  in  terms  of  amplitudes 
DAz),  D.  (z)  and  phases  d„(z),  <5„'(z),  such  that. 


hAz)  =  -iD„e''«  -*jD„e 


(2.1.12a) 


From  2.1.7,  it  is  seen  that, 


2 


D.  =  An(jkr)\  d.  =  kr  -  n  ^  n  1  j.  j 


(2.1.12b) 


/  .•  -• 


''  «'•/*  •'*  .  •  .s 
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h„(z)  =  iDne~j6" 

From  2.1.8,  the  amplitudes  and  phases  reduce  to, 
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(2.1.13a) 


D„  =  B„(jkr)\  d '  =  kr-n(^!l  +  1  j 


(2.1.13b) 


as  everywhere,  +j  = 


An  alternative  notation  of  the  radial  function  is  mat  of  Stenzel  [9]  who  defines  two  quan¬ 
tities  S„(kr )  and  C„(kr)  such  that 


f»<jz)  =  [S„(z)  +  jCAz)) 

F„(jz)  =  e>*[U„(z)  +  jV„(z)] 
S„(z)  =  y^.  y„*,/2(z) 
CM)  (=  -1)"| /E  J-.-uM) 

(Note:  the  symbol  j  of  this  chapter  equals  i  of  Stenzel  [9].) 
We  thus  see  that  in  the  notation  of  Stenzel 


(2.1.14) 

(2.1.15) 


(2.1.16a) 


Am(jkr)  =  j  4 nCj 
B„(Jkra)  2  kr 


‘  S«(kr)  +  jC„(kr)  1  ^ 
,U-(kra)  +  jVn(kr0)\ 


(2.1.16b) 


The  variation  of  hj*\kr)  with  distance  r  from  the  origin  may  be  determined  from  the  series 
described  by  2.1.10a,  2.1.10b.  We  have, 


,  kr  -*  °o 


JL _ (1  +  jkr),  kr~*0 

<jkry Ji  =  1.3.5  ...  (2n-l) 


B„—\/jkr,  kr-*°°. 


(2.1.17a) 


(2.1.17b) 


(2.1.17c) 


In  the  near  field  therefore  of  a  collection  of  nth  order  spherical  radiators  2.1.4,  the  magnitude  of 
pressure  is  dominated  by  terms  in  (Arr)''"*11,  and  by  the  source  velocities  U„.  Further  discussions  of 
the  near  field  are  found  in  Sect.  2.5. 

If  the  normal  component  of  surface  velocity  of  a  spherical  radiator  is  a  specified  arbitrary  func¬ 
tion  v(0„,  t„)  we  may  once  again  use  Eq.  2.1.2  this  time  however,  u„„  and  u'„„  are  to  be  determined 
from  the  set  of  equations, 

Ur  )  =  <2”  +  *>  em  (n-  m) !  JA  v(0o,  <f>o)  )  Kicos e0)dA  (2.1.18a) 

Umn  J  4 n  (n  +  m)\  sin  / 


£o  =  1  =  2 


(2.1.18b) 
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The  velocity  potential  0  at  any  point  in  the  field  due  to  this  distribution  of  normal  velocity  on  the  unit 
surface  r  =  r0  =  I  then  becomes. 


<*>(/-,  0,  <j>,  /)  =  e 


X 


X  X  2n  +  1  ( n  ~  m)-  K’fcos  9)  h'2'(kr) 


"=0  "1*0 

4  it  (n  +  m)\  k 

‘  dh:l\z)  ' 

dz  J  *=*™ 

V{d0. 4*0)  cos  m(< }>  — 4>0)  P:(cos  0o)  sin  0O  </©0cf4>o 


(2.1.18c) 


We  have  implied  in  2.1.18  that  v  (0O,  $<>)  is  real,  that  is  all  points  on  the  spherical  surface  move 
in  phase.  However,  in  the  most  general  case  we  must  allow  v  ( 0O ,  <f>0)  to  be  complex,  that  is, 
the  phase  of  the  surface  velocity  at  point  (0O, 4>0  r0)  is  allowed  to  differ  from  the  phase  given  by  the 
time  ( =  exp(/W)).  For  convenience  in  this  case  we  write  the  spherical  wave  function  in  complex  form 
by  introducing  a  complex  surface  spherical  harmonic,  Y7(6,  <|>).  Thus  the  mn' th  spherical  wave  func¬ 
tion  at  field  point  (0,  <f>,  r)  is  written 


YZO.Vh^'Ucr)^1 


where 

K(6.i)  =  e""*P:(  cos  6). 


(2.1.19a) 


(2.1.19b) 


These  functions  form  an  orthogonal  series  in  the  space  of  the  spherical  coordinates  0,  ■)>.  We  can 
therefore  expand  the  velocity  potential  in  an  infinite  series  of  these  complex  functions,  and  write  the 
amplitude  of  0  in  a  series  of  complex  spherical  harmonics  with  amplitude  coefficient  Umn, 

00 

0=  X  X  um. y: hi1'  (2.1.20) 

n=0  ms-n 
00 

=-F(e.*)=*X  Z  um„r:[hn'1]'(z) i  (2.1.2D 

I  dr  I  «*°  r-kr  0 

r~r  0 

By  multiplying  both  sides  of  this  equation  with  the  conjugate  surface  spherical  harmonic  Y™*,  and  by 
using  the  normalization  formula 


y;1 = f  L'«  y:  k*  c/s  =  4ti(w  +  imi)!  (2.1.22) 

(2  n  +  1 )(«  —  |  m  | )! 

where  the  integration  is  performed  over  a  sphere  of  unit  radius,  we  find  the  expansion  constants  Um„ 
to  be 

n  2n 

u  =  /o  du  X  dv  y(“-  v)(e-jmv)*  Pl""( cos  u)  sin  u  (2  ,  23a) 

Here 

C  =  l.m  >0:C  =  r-lV"  ~  I777!)1  m  <  0;  PT  =  CP”  (2.1.23b) 

(n  +  |mj)! 

The  velocity  potential  generated  by  a  sphere  of  radius  r0  whose  surface  is  vibrating  with  a  normal 
component  of  velocity  given  by  K(0,  f)e'"'  has  therefore  the  form 
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x 


0,  f  /)  =  Z 

n  =0 


I 


dv  V(u,  v)  e~jm{*"') 


A„(jkr )  £'[-'-*<'-'■>1 
(jk)  B„(jkr0)  dr  C 

PIT  (cos  u)  PT( cos  0)  sin  u 


or  the  form, 


<D(r,  0,  f  t)  =  I  Z  i4.(/*r) 

*  "=°  m="  (/Ar)  A.(jkr0>  AC 

x  sin  udu  dv  V(u,  v)  PT(cos  u)  PT(cos  9)  [cos  m($  -  v)J 


(2.1.24a) 


(2.1.24b) 


in  which  tm  is  the  Neuman  factor  defined  in  2.1.18b. 

From  the  velocity  potential  given  by  these  equations  we  may  derive  the  complex  acoustic 
pressure  p  and  the  complex  particle  velocities  u,  v ,  w,  at  any  point  (r,  0 ,  $)  in  the  held.  For 
convenience  we  define  a  constant  X  such  that 

n  ,rt 

pitot  C  C  imi 

X=  Jo  du  Jo  dv^u’  v)e>""  P”  (cos  u)  sin  u 

so  that 


I  Z  X  AAjkr)e~^e^  K  g) 

"*o  —  jk  B„(jkr0) 


From  Eq.  1.1.5  and  1.1.6  we  find  that 

p  =  CcZ  Z  X  WkQer^erf*  pr{cosd) 

"  * 0  B„(jkr0) 

u  =  z  Z  x  B^k-r±e—~'e:jm'  PIT (cos 9 ) 

" =  0  m=-"  B„(jkr0) 

oo  *n 


v  —  I 

Z  X  - 

A„(jkr) 

p-jHr-rJ  p-jm*  dFC  ( COS  0) 

naO 

m~-n 

( jkr )  B„(jkr0) 

d9 

oo 

w—  Z 

i  x 

mA„(jkr) 

0-m-rJ0-,n*  OPT  (COS  9) 

(kr  sin  9)  B„{jkr0)  3<(> 


(2.1.24c) 


(2.1.25) 

(2.1.26) 

(2.1.27) 

(2.1.28) 


In  these  formulas  the  integer  m  takes  on  negative  values.  It  is  often  convenient  to  restrict  m  to 
positive  values  (m  >  0).  We  may  then  use  2. 1 ,24b  and  define  even  (subscript  e)  and  odd  (subscript  0) 
constants  W,  such  that. 


l  W0 


(mn)  _ 


e'"'  £„ 


K 


n  In  r  « 

sin  udu  Jo  dvV(u,  v)FC (cost/)  j^™}, 


(2.1.29) 


m  -  0,  1,  2,  _ n 


so  that 


<t>(r,  0,  /)  =  Z  Z  (W,  cos  miji  +  fV0  sin  mi|>)  Am{jkr)  p?(co<;fti 

■*°  «°  ,m”  jk  B„(jkr0) 


(2.1.30) 
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A  further  simplification  of  this  involved  notation  has  been  introduced  by  Reschevkin  [10]  who  made 
W„  W0  non-dimensional  by  dividing  each  by  the  quantity  obtained  from  (29)  by  setting  m  =  0, 
and  then  defined  a  spherical  harmonic  of  order  n,(P  „(8,  <H,  by  the  formula 

P„(0.< j>)  =  Z  (  We(„„,  cos m*  +  ^ sin \PT(cos0)  (2.1.31) 

V  (Fp  H  'p  / 

v  rr*r(oni  rr  c(oni  ' 

The  velocity  potential  of  spherical  radiator  in  this  notation  then  is  written 

Mr,  6,  *,  /)  =  Z  P„(0. 4>)  —A"{Jkr)  - e  'llr  r  )  (2. 1 .32) 

"=0  jk  B„{Jkr0) 

From  1.1.4  and  1.1.5  we  find  again  that  the  amplitudes  of  pressure  and  particle  velocity  are 


P  =  QC  Z  We, . Pm(6.*) 

n~0 

A„(jkr)  p-,ko-r.,\ 

B„  (jk  r0 ) 

(2.1.33) 

u=  Z  We . P„(0,*) 

n=0 

B„(jkr)  p-^r-rj 

B„(jkr0) 

(2.1.34) 

:  Z  RVMl|  A^kr) 

dP„(6,*)  r-,.Sp,nl 

(2.1.35) 

(kr)  B„(jkr0) 

30 

T  we  A„(jkr) 

3P  (0,  4*)  P  iktr-r..  1  pin  2 

(2.1.36) 

(kr  sin  0)  B„(jkr0)  30 

2.2  ACOUSTIC  INTENSITY  AND  ACOUSTIC  POWER  OF  SPHERICAL  RADIATORS 

The  formulas  for  pressure  and  particle  velocity  listed  in  the  previous  section  may  be  used  di¬ 
rectly  to  obtain  the  acoustic  intensities  Iq  in  directions  q  by  use  of  1.3.3a,  that  is,  by  the  formula 

/„  =  \  Re{p  q*  } 

Here  q,  represents  the  component  of  particle  velocity  normal  to  the  vector  area  over  which  the 
acoustic  intensity  is  being  calculated.  The  particle  velocity  vector  q  at  any  point  (r,  0.  <(>)  may  be  writ¬ 
ten  in  terms  of  the  unit  orthogonal  vectors  a„  ag,  at,  in  the  form 

il  =  ua,  +  va„  +  wat 

This  motion  of  the  medium  is  conceived  to  be  generated  by  a  given  normal  component  of  surface 
velocity  V(6,  4)  which  may  be  complex.  In  general  we  set 

F(0,  4>)  =  K">(0, *)  +  i  4>) 

Referring  to  2.1.  29  of  the  previous  section  we  now  append  the  superscripts  (1)  or  (2)  to  the  con¬ 
stants  to  distinguish  the  contribution  of  the  real  and  imaginary  part  of  the  given  sur¬ 

face  velocity.  In  addition  we  write  the  total  acoustical  quantities  at  a  point  in  the  field  as  the  sum  of 
these  contributions,  that  is,  we  write 


2  2  Acoustic  Intensity  and  Rotter  of  Spherical  Radiant's 


p(r,  8,$,t)  =  ptn  +  i pu> 

(2.2.1) 

u(r,  0,  /)  =  n(,)  +  i  w(21 

(2.2.2) 

v(r,  8,  t)  =  vll>  +  /  vl2‘ 

(2.2.3) 

w(r,  6.  <)>,  /)  =  w"1  +  /  vv‘21 

(2.2.4) 

Note  here  that  pU),  n(,),  v1",  w1"  themselves  are  complex  numbers.  From  these  equations  we  can  now 
construct  the  formulas  for  intensity  as  follows. 


riV 

Lvc 

w 


t;- 

* 

■w* 


/,  =  -L  Re{(/>">  +  ipu,)(w<"  +  /w12’*)}  (2.2.5) 

/„  =  \  Re{03'"  +  />'2’)(v,,,  +  /V2>*)}  (2.2.6) 

l,  =  \  Re{(p(,>  +  /p<2>)(w-">  +  /w<2’*)}  (2.2.7) 

The  products  contained  within  the  braces  of  the  above  formulas  reduce  to  double  sums.  To  elucidate 
their  meaning  we  assume  that  V(Q,  4>)  is  real,  that  is,  all  the  quantities  with  superscript  (2)  are  assumed 
to  vanish.  Then  we  may  write  the  intensities  in  the  a„  directions  as  follows, 


oo  oo 

/,  =  -L  qc  Re  I  Z  Z  Wea  We*P,P,  A-Vkr)  Bf(Jkr)  )  {2.2.8} 

2  1  1=0  *  B,(jkr0)  B*(Jkr0)  J 


/„  =  qc  Re  , 

1  I 

1 

We„  We* 

P, 

r 9p- 1 

A,(jkr)  ATijkr) 

| 

f  =0 

(jkr) 

L  de  J 

B,(jkr0)  B*(jkr„) 

/♦  =  -L  qc  Re  , 

II 

l  ,=0 

z 

t=0 

Wen  We* 

a*  or 

jkr  sin  6 

P, 

'BP,  ' 

.  . 

A,  (jkr)  A*(jkr) 

B, (jkr0)  Bf(jkr„) 

Now  if  K(0,  $)  corresponds  to  a  single  spherical  harmonic  of  order  I  then  each  of  the  double  sums  in 
the  above  equations  reduces  to  one  term,  namely,  the  term  arising  from  s  =  /,  1=  I.  This  is  a  result  of 
the  application  of  the  orthogonality  properties  of  the  associated  Legendre  polynomials  in  2.1.22, 
which  states  that 

J  r:  r„*ds  =  0  if  m*q,n  =  p 
f  n  r*  dS  =  N1;"  if  m  =  q,n  =  p 

When  s  =  t  =  t  an  examination  of  2.1  .(33),  (34),  (35)  and  (36)  shows  that  p  is  in  time  quadrature  ( = 
exp(/W2)  factor)  with  v_and  w  over  a  complete  cycle  of  smusoidal  time.  Since  there  is  no 
change  in  phase  between  Pand  BP/BO,  and  between  P  and  BP/B<t> ,  we  see  that  /„  -  /*  -  0.  In 
contrast,  p  and  u  are  not  in  time  quadrature,  i.e.  !,  ^  0.  From  this  comes  the  general  rule  111) 
that  a  spherical  radiator  of  order  n  acting  along  generates  a  flow  of  energy  in  the  radial  direction 
only.  When,  however,  V(0 ,  <t>)  is  an  arbitrary  function  of  the  coordinates  then  all  terms  in  the 
double  sum  are  present  in  2.2(8),  (9),  (10).  Cross-products  of  factors  (such  as  (AS)(A*)  for 
example)  are  no  longer  real  numbers.  Then  /„,  /*  do  not  vanish,  and  energy  flow  tangential  to 
any  spherical  surface  will  be  present. 


\ 


53 
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The  average  power  l"!„  in  the  n  th  order  spherical  radiator  radiated  out  to  infinity  over  a  com¬ 
plete  cycle  of  time  is  an  important  acoustical  parameter.  We  may  obtain  this  quantity  by  integrating 
the  acoustic  intensity  /,  over  the  surface  of  a  sphere  whose  origin  coincides  with  the  origin  of  the 
spherical  radiator.  From  2.2.8  above  we  see  that  both  A,  and  B,  are  complex  functions  of  r. 
However,  from  Eqs.  2.1.17a  and  2.1.17c  it  is  noted  that  both  As  and  B,  approach  M jkr  as 
kr  -*  °° .  For  simplicity  then  we  shall  Tntegrate  lr  over  a  spherical  surface  of  indefinitely  large 
radius.  Thus,  the  average  power  is 


n „  =  / /, phc:  /, dS,  kr-  °° 

2n  n  oo  oo 

=  X  X  si"  ede  iec  Re  {  I  5  "*<-»  We-' 

X  Hi  \ 

ArV  \B(jkra)Y  J 

Noting  that  unless  s  =  t  =  n  the  integrals  vanish,  and  noting  further  that 

f  cos2  "?-} »  f  sin  B(J9  [Pr(cQ s  =  4n (n  +  m )!  _ 

Jo  sin1  mifdo  (2r?  +  l)(/t  -  m)\  im 

we  see  that  2.2.11  reduces  to 

n  4n  gc  ^  <”  +  m^We L  +  ^c-,] 

2k2  \B„(jkra)Y  m*°  (n  -  m)\(2n  +  l)  tm 


(2.2.11a) 


(2.2.11b) 


(2.2.12) 


In  order  to  compare  the  average  power  among  various  orders  (=  n)  of  spherical  radiator  we  need  a 
reference  amplitude  for  the  constants  W„  1V0.  We  shall  adopt  the  scheme  of  rendering  + 

Woimn))  a  maximum  for  any  mn.  From  2.1.  34  at  r  =  r„,  we  note  that  for  V(9,  real 


u=  I 


We ct*  P> 


(2.2.13a) 


in  which. 


u=  t.  I  U, 


(2.2.13b) 


=  V  We\mn)+  fVl(mn)  cos  mQ  -  V)  P7  (cos  6) 


(2.2.13c) 


cos  my  =  We{mn)  /v/  We\mn)  + 


(2.2.13d) 


Now  at  some  point  (4>0,  60)  on  the  surface  r  =  r„  the  amplitude  Umn  is  a  maximum.  By  adjusting  the 
reference  meridian  on  the  sphere  so  that  =  xp,  we  may  write, 


We\mn)  +  Wllmn)  |  =  J  , 

[/^(cos  e„)I2 


(2.2. 1 3e) 


2.3  Radiative  Capacity  of  the  Nth  Order  Radiator 


Hence  in  terms  of  this  reference  maximum  velocity  amplitude  we  can  reformulate  2.2.12  above  to 
read, 

=  i/?„„|UmJiraax  (2.2.14a) 

in  which  the  symbol  Rm„  is  defined  to  be  the  radiation  resistance  in  the  mrt  th  order,  with  the  form 

R„  = _ _  r _ +  w>! _ 1  (2.2.14b) 

(k'rl) \Bn{jkr0)Y  L  £.(«  -  m)\  (2 n  +  l)[PT(cos  0)]L,  J 

Where  (as  before)  e0  =  1,  emt0  =  2 
and  S  =  4nrd 

As  an  example  let  m  =  n  =  2.  Then  [Pr(cos  0)]  max  =  3,  see  ref.  [12]. 

Hence, 

Ri2=  —  QcSlkbrU(ktii-2kara0  +  9k2r20  +  81)]  (2.2.15a) 

15 

Similarly,  when  m  =  n  =  0,  ( P7)m =  1,  £0  =  1.  From  ref.  [13]  we  note  that  \B0(Jkr)\2  =  (1  + 
k1  rl)/k*  r40.  Thus 

R00  =  qcS  (k‘  r„/(\  +  k1  rl))  (2.2.15b) 

For  comparison  among  various  orders  of  spherical  radiators  we  may  write  the  radiation  resistance  in 
the  following  nondimensional  form. 


Rm„  =  1 

xqcS  k2rl  | Bm(jkr0)\2 
(rt  +  m)l 

(n  -  m) !  In  +  l)[pr(cos  0)lf„ax 


(2.2.16a) 

(2.2.16b) 


For  kr„  -*  °°  the  right-hand  side  of  2.2.16a  approaches  unity  for  all  n  and  the  radiation  resistance 
then  equals  x  qcS  with  x  given  by  2.2. 16b. 


2.3.  RADIATIVE  CAPACITY  OF  THE  /V’TH  ORDER  SPHERICAL  RADIATOR 

The  time-invariant  energy  density  (= 'll)  of  linear  acoustic  fields  is  the  sum  of  the  kinetic 
energy  density  1  and  the  potential  energy  density  'll,  where  in  terms  of  the  maximum  ampli¬ 
tude  field  quantities  of  pressure  and  particle  velocity, 

=  ~f  +  11 ,  (a);  'll  - -kp2  /gcJ,  (b);  1  =  Tg  { |w|-’  +|v|;  +|w|;}  (c)  (units:  Nm/m') 

(2.3.1) 

The  factor  —  appears  in  these  equations  during  integration  of  the  momenta  (=  pq/c,  or  =  qu) 

which  are  linear  functions  of  pressure  or  particle  velocity.  For  a  spherical  radiator  of  order  n 
one  finds  from  2.1.33  to  2.1.36  that  the  time  averaged  sinusoidal  energy  densities  are. 
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n 


,  =  _«  I  W'. 

2-2 


\A„(jkr)\2 

\B„(jkr0)\2 


(a) 


= 

j/*2(0.*> 

2-2 

dP„ 

!  \A.ijkr) \2  1 

+  \dJL 

dd 

\B„(jkra)\2  k2r2 

l 

\_B, 
I B, 


,(Jkr)\ 2  1 
,(jkr„)\:  I 


(2.3.2) 


\A.Ukr)  |*’ 


)B„(jkr0)\!  k2r  sin-’  0 


(b) 


(The  additional  factor  of  -L  appears  in  these  equations  because p2  and  \u\ 2  etc.  are  products  of  peak 
amplitude  which  are  averaged  in  time  over  a  cycle.)  Now  A„(jkr)  is  a  polynomial  in  the  variable 
(1  /jkr).  Let  the  sum  of  the  energy  densities  of  1(„,  ~f  „  that  vary  as  l/r2  be  designated  by  a  single 
prime  superscript  (=  7J  ')  and  the  sum  of  those  that  vary  as  l/r4,  l/r6  etc.  be  designated  by  a 

double  primed  superscript  (=  'I").  In  a  physical  sense  the  double  primed  energy  densities 

represent  stagnant  energy  oscillating  with  frequency  2o>  at  a  particular  locality  in  the  sound  field.  The 
single  primed  energy  densities  represent  travelling  energy  diverging  to  infinity.  To  find  the  total  stag¬ 
nant  energy  E"„  in  the  unbounded  space  surrounding  the  n  th  order  radiator  we  integrate 
over  all  space.  The  quantity  E"„  is  important  because  it  designates  the  amount  of  stagnant  sound 
energy  averaged  over  a  cycle  of  time  that  the  radiator  must  supply  to  the  sound  field  to  insure  the 
radiation  of  real  energy  (=  fl„  2n/w)  over  the  same  cycle  out  to  infinity.  Brillouin  (7)  has  proposed 
that  the  ratio  of  total  stagnant  to  radiated  energy  (namely  the  ratio  ce£"/2n  n„)  be  used  to  serve  as  a 
measure  of  the  radiative  capacity  RC  of  the  rr’th  order  radiator.  In  symbols  we  may  define  the 
radiative  capacity  by  the  formula 

(RC)  =  to  Jv  (  ll  ,  +  of „) dV 
27tl 

As  an  example  of  the  calculation  of  (RC),  let  m  -  0,  n  =  2.  Then 

(\/k2r!) 


(2.3.3) 


n  ;=  i.  i  w,ai\2pm 
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T 


S-yw.01vpm 


k!r20  k'r^  k^rt  k 
(3 /ArV)  +  (9//t6r6) 
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9  +  ITT 


k2rl  k4n 


ArVJ 
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k*rl 
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(2.3.4) 


3  ;  =  (Q/4)\1Vem,\2  PUcosd)  [ _ jVk'r4)  +_ 

L  (l/*Vi)-(2/*VS 


(9/*V)  +  (81  /k'r') 


■^L(cose)Vr _ Q/k-n  +  i 

.  d9  J  l(\/k2r20)-(2/k4ri) 


ri)  +  (9 /k*C„)  +  (81  /k 
O/k-r*)  +  (9/k 


TS)  J 


1 

SI/A'VJ)  J 


(d) 


+  (9 /k'r?,)  +  (8L 

Now  the  maximum  value  of  (cos  (?)  is  1.0.  Hence,  using  Eq.  2.2. 13e  we  see  that, 


i  W. 


=  lu. 


021 


(2.3.5) 


Furthermore  we  note  that 


f  PI  (cos  0)  sin  Ode  =  2  ,  f  (  dPmlcosO)  v  sjn  dde  «  2n(r;j-_l) 

2m  +  1  °  V  d9  J  2  n  +  1 
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2.3  Radiative  Capacity  of  the  Sth  Order  Radiator 


Substituting  these  results  into  the  volume  integration  of  K  "2  +  i  l  over  all  space  we  arrive  at  the 
equation 


£,;>  /,<  ii ;+  7  "odv 

2n  n  *» 

7  X  X  (  V  '2  +  7  i)  a2  drety  sin  9dG 


=  6  in  i2  4n  (7/krn)  +  (l2/k'r,])  +  (27/k'r,)) 

-  I  '“-'02 'max  -  - - - — — - - - 

4  5k'  (l/Ar-Vs)  -  (2'k*C0)  +  (9/Ar-rf,)  +  (81  //tVf,) 


(2.3.6a) 


To  calculate  the  energy  radiated  out  to  infinity  in  one  cycle  we  use  2.  .2  14a  and  .  14b.  These  equations 
lead  to  the  formula. 


0)17  _  An  nQ  j  U02  Ima, 

~2^T  [(1  /k'ri)  -  (l/k'ri)  +  (9/*^)  +  (81/AfV,*,)] 

The  radiative  capacity  thus  reduces  to 


(RC  h  = 


-LT-L 

An  L  kr„ 


+  _12_  +  J7_ 

k'rl  k'r'o 


(2.3.6b) 


(2.3.7) 


Similar  calculations  for  spherically  radiators  (i.e.,  for  m  =  0)  of  orders  n  =  0,  n  =  1  lead  to  the 
radiative  capacities 


(RC) o  =  ...  1  ,  (a);  (RC)0I  =  _L_  (  _L_  +  _±__  ) 

An  kr0  An  V  kr0  k'r!,  J 


(2.3.8) 


To  illustrate  the  concept  of  stagnant  energy  we  append  here  a  table  of  radiative  capacities  originally 
computed  by  Brillouin  [7]  for  symmetrical  spherical  radiators  n  =  0,  n  =  1,  n  =  2,  in  the  range  0.01 
«  kra  <  10. 


RC  (Radiative  Capacity) 


kr„ 

n  =  0 

n  =  1 

n  =  2 

0.01 

7.96 

159,174 

21.487  x  |0- 

0.02 

3.98 

19,906 

671,554  x  |()> 

0.05 

1.592 

1,278 

6,883  x  !()' 

0.1 

0.796 

161.5 

215.82  x  10' 

0.2 

0.398 

21.087 

6.837 

0.5 

0.1592 

1.751 

77.508 

1.0 

0.0796 

0.398 

3.661 

2.0 

0.0398 

0. 1 393 

0.465 

5.0 

0.01592 

0.0490 

0.1  197 

10.0 

0.00796 

0.0240 

0.0567 
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From  this  table  we  can  estimate  the  great  importance  of  the  stagnant  energy  in  the  radiation  of  low 
frequency  ( =  long  wavelength)  sound.  Not  only  does  the  stagnant  energy  for  a  given  order  n  required 
to  be  deposited  in  the  acoustic  field  increase  rapidly  as  the  acoustic  dimensions  ( =  kr„ )  decrease,  but 
for  any  given  acoustic  dimension  the  stagnant  energy  increases  very  rapidly  with  increasing  order  (  = 
n)  of  spherical  radiator.  For  example,  if  we  are  required  to  radiate  lO*  watts  out  to  infinity  from  a 
spherical  radiator  whose  acoustic  size  is  kru  =  1,  we  will  be  required  to  deposit  in  the  sound  field 
79600,  398000,  3661000  watts  respectively  for  spherical  radiators  of  order  0  (=  pulsating  sphere), 
order  1  (=  oscillating  sphere),  and  order  2. 

2.4  INCREMENT  OF  MASS  AND  ACCESSION  OF  INERTIA 
FOR  SPHERICAL  RADIATORS  [14] 

The  sinusoidal  displacement  of  the  medium  in  the  near  field  of  a  sound  source  may  generate 
acoustic  pressure  in  time  quadrature  with  the  local  particle  velocity.  This  pressure  originates  at  field 
points  where  the  medium  undergoes  bulk  acceleration,  giving  rise  to  the  phenomenon  of  accession  of 
inertia.  Let  A/(mn)  represenet  this  accession  of  inertia  in  the  mw’th  mode  (that  is,  a  pressure 
field  defined  by  the  mn'l h  spherical  harmonic).  We  define  M(mn)  by  means  of  the  average 
kinetic  energy,  Timn)Av,  in  the  ntn'ih  mode: 

M{mn)  =  (2.4.1) 

in  which  |UmJeff  is  the  square  of  the  absolute  value  of  the  root-mean-square  radial  velocity 
over  the  spherical  surface.  To  find  T(mn >^v  we  recall  [15]  that  in  a  dynamic  system  oscillating 
sinusoidally  in  time  where  there  are  passive  elements  that  may  store  energy  in  potential  form 
(«  V)  or  in  kinetic  form  (=  T )  the  average  (in  time)  reactive  energy  (-  QAv)  at  radian  fre¬ 
quency  o>  is  given  by  the  formula 


QAv  =  2to(VA,.-TAJ  (2.4.2) 

In  linear  acoustic  radiation  problems  the  pressure  reaction  of  the  fluid  medium  in  time  quadrature 
with  particle  velocity  is  inertial  only  (VAv  =  0).  Hence 

QAv  =  -  2oj  Ta,  (for  fluids)  (2.4.3) 

Now  we  may  find  this  reactive  power  by  taking  the  imaginary  part  of  1.3.4d, 

Q  =  ±  ±  1m  jspu*dS  (2.4.4) 

The  choice  of  sign  depends  on  the  choice  of  complex  representation  of  time.  If  we  select  exp(-/coO 
then  from  the  discussion  in  Sect.  1.1.1.  we  must  choose  the  plus  sign.  In  the  present  Chapter  we  take 
exp(/cot)  so  that  in  light  of  that  discussion  we  must  use  the  negative  sign.  Combining  2.4.3  and  2.4.4 
with  proper  choice  of  sign  we  obtain, 

7".,v=_Llm  fxpu*dS  (2.4.5) 

4  to 


Formulas  for  p  and  w  have  already  been  derived  in  2.1.33  and  .34.  Using  them  in  this  equation  we  see 
that 


2.4  Increment  of  Mass  and  Accession  of  Inertia 


T..-VJL  Im  /  I  1  JOl  (Os)  ^g,o„  A,(jkr0) 
2k  \  *=°  ,=0  2  B,(jkr0) 


*fo  d+fo  P,P,sin0dej 


(2.4.6) 


The  evaluation  of  the  double  integral  in  the  above  equation  may  be  performed  by  use  of  2.2.  lib.  If 
we  employ  the  orthogonal  properties  of  the  associated  Legendre  polynomials  we  conclude  that  all 
terms  ins  and  t  of  this  equation  vanish  except  the  diagonal  ones,  i.e.,  terms  havings  =  t  =  n.  Hence, 
2.4.6  reduces  to, 


fAv  =  g/o  ]m  I  J  Am(Jkr0)  j  |  fVeL  +  |4ti(w 


Bm(jkr0) 


2(2 n  +  1  )(n  -  m 


n  +  m)\  \ 


(2.4.7) 


Now  the  constants  that  appear  in  the  summation  on  m  may  be  rewritten  by  use  of  Eq.  2.2. 13e,  from 
which  we  note  that 


\WeUn)  +  WoL  I  =  |U„.|*ff 

2  [Pr(cos  e))^a< 

Substituting  this  into  2.4.7,  and  using  the  result  to  define  T„n  by  the  relation 

t.=  i  i  rmn 


(2.4.8) 


we  return  to  2.4.1  and  finally  obtain  an  explicit  expression  for  the  accession  of  inertia  Mm„.  For  con¬ 
venience  we  replace  Im  IT)  by  Re{  T/j) . 


[P?( cos  6)Vn 


Re  l  A„(jkr0) _ 4n (n  + 

1  (jkr0)  Bm(jkr0)  (2 n  +  l)(n 


w)!  1 

-  m)\tm  ] 


(2.4.9) 


To  apply  this  formula  we  require  explicit  expressions  foiA„,  B„.  These  may  be  obtained  directly  from 
2.1.10a  and  2.1.10b.  To  find  [Pr  (case)]max  we  may  consult  ref.  [4]  or  ref.  [16].  Utilizing  these  sources 
we  construct  below  a  short  table  of  formulas  for  the  accession  of  inertia  in  the  first  few  modes,  n  = 
0,  1,  2;  m  =  0,  1,  2. 


Accession  of  Inertia 


3  M 

1  +  k'rl 


f  2  +  k2rl  \  i_ 

V  4  +  k'ri  )  5 


M  k'rj  +  6  k2rj  +  27 
k^o  -  Ik'rt  +  9klrl  +  81 

(4/3)  M01 

(4/3)  Mol 
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Here  M  =  (4/3)tt r^e,  that  is,  M  is  the  mass  of  fluid  represented  by  the  volume  of  the  static 
sphere.  All  the  formulas  in  this  table  are  functions  of  kr0,  that  is,  functions  of  frequency.  As  the  fre¬ 
quency  approaches  zero  ( kr0  —  0)  there  remains  a  residual  inertial  mass  which  is  designated  in  the 
literature  as  the  increment  of  mass  for  a  body  vibrating  in  an  incompressible  fluid.  A  detailed  discus¬ 
sion  of  this  quantity  may  be  found  in  [17],  We  note  however  that  the  accession  of  inertia  is  an 
acous.ic  quantity  (i.e.  a  quantity  dependent  on  the  compressibility  of  the  medium)  and  this  differs 
markedly  from  the  quantity  of  incremental  mass,  which  is  hydrodynamic  in  nature.  The  two  quan¬ 
tities  merge  into  one  only  when  the  wavelength  of  propagation  of  acoustic  waves  becomes  indefinitely 
large. 


2.5  NEAR  FIELD  AND  FAR  FIELD  OF  SPHERICAL  RADIATORS 

To  study  the  near  field  pressure  and  particle  velocity  of  spherical  radiators  we  need  formulas 
for  the  spherical  radial  functions  and  their  derivatives  that  show  the  relative  importance  of  radial 
distance  in  determining  the  amplitude  and  phase  of  field,  that  is,  formulas  in  ascending  powers  of  r. 
A  typical  example  may  be  obtained  by  rearranging  hi,1'  ( kr )  given  by  Eq.  2.1.7  to  read 


hl"(kr)  =  &)'■*?_  i  UkrV(fp)  C"-PV-  2' 

2"n\(kr)n"  p*°  (2d)\ 


(2.5.1) 


This  formula  may  be  inserted  directly  into  the  equation  for  the  velocity  potential  2. 1 ,24a  and  all  field 
variables  derived  in  the  usual  way.  Instead  of  hi1'  (kr)  it  is  sometimes  more  revealing  to  write  A, (x), 
B„( a)  directly  in  ascending  powers  of  x  ( =  jkr).  Referring  back  to  Eqs.  2. 1 . 10a,  10b,  we  can  rear¬ 
range  terms  so  that  we  obtain  the  following  formulas, 


[i  +  a;-'  x  +  a:-1  , 

l2  +  • 

■  a? 

•  +  —  X 

(2.5.2) 

a 

al  a"„ 

al 

A 

ba a)  =  PtI  [ i  +  x  +  —  x2  + ...  +  —  r*‘l 

y"*2  L  bl"  b V'  bl"  J 


(2.5.3) 


The  ratios  al'/aZ,  bZ/bZ"  etc.  can  be  calculated  directly  by  use  of  2.1 .1 1.  For  the  polynomial  An  let 
r,  q  be  integer  superscripts  on  the  constant  A„m,  and  let  /  =  r  -  q.  Then 


(8‘)  N  (q  +  p) 


(2.5.4) 


n  {(2/7  +  )y  -  (2(r  -  p)  +  1)’J 


As  an  example  of  the  use  of  this  formula  let  n  =  3.  Then 


A ,  =  JI_  [  1  +  jkr  -  L  k:r  -j  !PlL  1 
<Jkr)‘  L  5  15  J 


(2.5.5) 


Here  we  have  set  A"„  =  1.3.5  ...  (2 n  -  1)  =  n. 

For  the  polynomial  B„  let  s,  t  be  integer  superscripts  on  the  constant  AT,  and  let  /  =  t  -  s.  Then 


v. 


•  .  *  .  ...  •  . *. . .  •.  .*  ,•  > 

* -*  %*  %*  Vi***  'w*  nj*  »  *  »  *  .  *  •  ^ 


2.5  Near  Held  and  tar  Field  of  Spherical  Radiators 


bJL 

b' 


(n(n  +  1)  +  s(s 


+  D)(8')  P 


(s  -  1  +  p) 


i 

(n(n  +  1)  +  t(t  +  1))~|  p|  [(2/j  +  1  )2  -  (2(1  -  l  -  p)  +  1 )!) 
It  J 


2s 


(2.5.6) 


As  an  example  we  find  for  n  =  3 

B>(jkr)  =  60  [l  +  jkr  -  k2r2  -  j  _Z_.  k'r1  +  _L_Arv"|  (2.5.7) 

( jkr)'  L  20  20  60  J 

Here  we  have  set  b""  =  n  (n  +  1).  Now  by  application  of  2.1.33,  34,  35,  36  we  can  determine  the 
near  field  pressure  and  particle  velocity  for  spherical  radiators.  These  are 


p  =  QC 


2!  (1  +  jkr  +  ...)e 

"*°  Bn(jkr0)(jkr)" " 


■lklr-r„  | 


(a) 


it  = 


I  fVeIOn>PMn(n  +  \)er*™  (1  +  jlrr  +  bJL(jkry  +  ...) 
"* 0  B„(jkr0)  (jkr)"'2  b;" 


(b) 


v--  I 


9/}„(fl)eyMr  ^  +  j/(r  +  j  (C) 


(jkr)"*2  be  B„(jkr0) 


(2.5.8) 


w  =  -  I  W*(0 _ 5 _  dPM)e**™  (|  +jkr+...)  (d) 


(jkr)"'1  0$  B„(jkr<,) 


We  note  that  as  kr  —  0  the  velocity  components  v  and  w  are  in  phase  quadrature  with  the  pres¬ 
sure.  However  the  radial  particle  velocity  component  u  has  a  in-phase  term  to  the  order  of 
(jkr)~ln+i).  Hence  for  the  nth  order  spherical  radiator  the  ratio  of  the  pressure  to  the  in-phase 
particle  velocity  of  the  radial  component  of  velocity  is 


P^QC  kr^Q 

[Wl.n-phasc  (H  +  J) 


(2.5.9) 


that  is,  the  normal  specific  acoustic  resistance  of  the  n’th  order  radiator  diminishes  as  l/(n  +  1 ) 
for  kr  —  0.  Furthermore,  as  kr  —  0  the  near  field  velocity  potential  (and  therefore  the  near 
field  pressure)  is  dominated  by  the  term  (l//cr)"+1  which  may  be  considerably  larger  than  the 
magnitude  of  the  real  pressure  wave  travelling  out  to  infinity. 

The  radiation  field  at  great  distances  from  the  spherical  radiator  source  may  also  be  studied  by 
allowing  kr  —  °°  so  that  the  polynomials  A„(jkr)  -*  \/jkr.  From  2.1.31,  and  2.1.33  we  see  that  the 
pressure  in  the  far  field  is  given  by 
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_  qc  e-lk[r-r„>  I  Wepp  +  H/e0l/J|(cos  0)  +  H^/Mcos  6)  + 
jkr  I  Bo{jkr0 )  B,(jkr0)  Bl(jkra) 

+  [We{ll)  cos  <|>  +  Wo{ll)  sin  <|>]Pi(cos  6)  +  cos  <j>  +  ,2|  sin  HgKcos  8) 

B,(jkr0)  B2(Jkr0) 


+  [^g(22)  COS  24>  +  IPo<22)  sin  <t>]P|(cos  9)  + 

Bi(jkr0) 

The  absolute  value  of  the  angular  distribution  of  pressure  at  some  fixed  radius  (for  the  condition  r  -» 
°°)  may  be  found  for  the  points  ( r ,  d0,  4o)  etc.  by  finding  the  real  (=  Re)  and  imaginary  (=  1m  ) 
components  of  this  equation  and  writing 


|p(0.  <H|  ~  V  (Re/?(0,  W  +(  1m  p(d.  W  (2.5.11) 

We  note  that  the  angular  distribution  of  radial  sound  intensity  in  the  far  field  (given  by  2.2.8  is  dif¬ 
ferent  from  the  distribution  of  pressure  writtenjn^.5.1 1  above.  The  radial  intensity  is  proportional 
to  the  cross  products  of  spherical  harmonics  P ,  P ,  while  the  pressure  is  proportional  to  a  single 
spherical  harmonic  P  „. 


2.6  ACOUSTIC  POWER  FROM  POINT  SOURCES,  ONE  SPHERICAL  CAP, 

TWO  SPHERICAL  CAPS  OF  OPPOSITE  VELOCITY  AT  THE  POLES  OF 
A  SPHERICAL  RADIATOR 

The  real  power  no  radiated  to  infinity  from  a  point  source,  (that  is,  from  a  source  of  order  n  = 
0  and  kr0  very  small)  is  found  from  2.2.14a  and  2.2.15b  to  be, 


n„o=  QJ^QL,  (kr0  -*  0)  (a) 

8nc 


(2.6.1) 


in  which 


Q.  =  4nri|u00lma,  (b) 


We  desire  now  to  compare  this  power  with  the  power  radiated  from  a  spherical  cap  at  the  pole  of  an 
otherwise  acoustically  rigid  sphere  (radius  r0 ),  assuming  the  cap  to  subtend  a  very  small  angle  6  =  a 
where  a  is  -i  the  angle  of  the  subtending  cone  from  the  center  of  the  sphere  to  the  cap.  For  circular 
symmetry  (i.e.  for  m  =  0)  we  assume  that  the  radial  velocity  v(d)  over  the  cap  is  constant  ( =  v„)  from 
the  center  of  the  cap  to  its  edge,  and  is  zero  over  the  remainder  of  the  sphere.  Substituting  this  veloc¬ 
ity  distribution  into  Eq.  2. 1. 18  and  then  allowing  the  subtended  angle  to  become  very  small  we  find 
the  n  th  spherical  harmonic  velocity  coefficient  to  be 


2.6  Acoustic  Power  from  Point  Sources,  (.aps 


u0„  =  ^  2n  +  1  j  f  Jo  v0  A, (cos  9)  . sin  0d6  (a)  (2.6.2) 

_  2n  +  1  Q.  kr0  —  0  (b) 

4n/"o 

in  which  Q  =  \  V0  \  n(r0a)\  The  average  power  n,  radiated  out  to  infinity  over  one  cycle  from  a  polar 
cap  of  this  type  is  found  from  Eq.  2.1.14b  to  be 

n,=  j[  ec(2/t  +  \)Q2  (2.6.3) 

”°  8nk2ri\B„(jkr0)\2 

If  a  second  cap  with  similar  angular  dimensions  (=  a)  is  located  at  the  opposite  pole  of  the  same 
sphere  (i.e. ,  at  0  =  n),  with  a  velocity  distribution  of  identical  type  as  above,  excepting  that  the  con¬ 
stant  velocity  is  -  v0  rather  than  +  v0,  the  sum  of  the  velocities  of  the  two  caps  (one  with  plus  veloc¬ 
ity,  the  other  with  minus  velocity)  when  substituted  into  Eq.  2. 1.1. (18)  yield  velocity  expansion  coef¬ 
ficients  with  the  form 


U(h.  =  .?.-.-f  1.  (2Q),  (n  odd)  (a) 
4nr20 

=  0 ,  (n  even)  (b) 


(2.6.4) 


We  now  substitute  these  coefficients  into  2. 1 . 14b  and  find  that  the  average  real  power  n  (  +  -)  from 
two  small  caps  with  velocities  ±  v0  at  the  poles  of  an  otherwise  rigid  sphere  of  radius  r„  is 


n,-,  =  2!  qc{2h  +  \)Q2 

”=  '•'•5  2nk2ri\B„(jkr„)\2 


(2.6.5) 


This  may  be  called  the  real  power  from  a  “spherical  dipole”.  We  now  follow  Reschevkin  [18]  and 
compare  the  real  power  from  one  cap  of  this  spherical  dipole  with  that  of  a  point  source  in  an  infinite 
rigid  baffle,  that  is,  we  shall  compare  the  relative  effectiveness  of  a  finite  baffle  to  an  infinite  baffle  in 
raising  the  acoustic  radiation  resistance  of  a  simple  source.  Considering  the  simple  source  first  we 
note  that  an  infinite  rigid  baffle  placed  in  a  medium  doubles  the  resistance  of  the  medium  to  source 
velocity.  Hence  a  source  with  fixed  power  input  when  placed  in  an  infinite  rigid  baffle  will  have  its 
source  strength  reduced  by  a  factor  of  1  /\fl  .  If  the  source  strength  of  the  source  in  the  baffle  is 
raised  to  the  source  strength  originally  generated  in  the  unbounded  medium  then  the  power  must  be 
quadrupled  for  all  space  (or  doubled  for  only  half  space).  Hence  the  real  power  from  a  point  source 
in  an  infinite  rigid  baffle  radiated  into  half  space  at  the  original  source  strength  Q  is 


n„o 


q^q2 

4ttc 


We  now  divide  L  of  2.6.5  above  by  this  half-space  power  to  form  the  comparison  ratio  ft.  This  ratio 
then  reduces  to 
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P  =  — 


(2n  +  1) 

\B„(Jkr0)\! 


(2.6.6) 


A  plot  of  ft  vs  kr0  (see  ref.  (18])  shows  that  when  kr0  =  1,  p  ~  0.6  and  that  a  further  large  increase  in 
kr0  does  not  radically  increase  p.  Now  to  a  first  approximation  the  cap  is  located  in  a  finite  baffle  (  = 
a  hemisphere)  whose  actual  dimension  is  -L  the  circumference  of  the  sphere  ( =  rr  /-„).  Let  us  select  a 
frequency  such  that  kr0  =  1 ,  or  n  r0  =  A/2.  In  making  this  selection  we  wish  to  settle  upon  (j  ~  0.6  as 
an  appropriate  goal  for  the  raised  value  of  resistance  due  to  the  use  of  a  finite  baffle.  If  we  select  this 
baffle  to  be  a  rigid  disc  of  diameter  2 R,  and  set  the  following  condition, 

diameter  of  rigid  finite  baffle  =  -L  circumference  of  rigid  sphere. 


we  obtain. 


2 R  =  A/2  (for  kr.3  =  1) 


R  =  A/4 


(2.6.7) 


This  means  that  in  the  first  approximation  the  addition  of  a  rigid  baffle  of  diameter  k/2  to  a  dipole 
will  raise  its  radiation  resistance  to  6/10  of  the  resistance  of  a  point  source  in  an  infinite  rigid  baffle. 
A  further  increase  in  the  size  of  the  finite  baffle  does  not  proportionately  increase  the  resistance,  that 
is,  the  net  gain  of  further  increase  is  small  unless  the  baffle  size  is  made  very  large. 


2.7  ACOUSTIC  RADIATION  FROM  A  ZONAL  RADIATOR  ON  A  SPHERICAL  BAFFLE  |19| 

By  a  zonal  radiator  we  shall  mean  a  radiating  surface  of  revolution  described  on  a  baffle  of 
revolution  having  the  same  axis,  that  is,  a  coaxial  radiating  band  on  a  spherical,  cylindrical  or 
spheroidal  baffle.  We  shall  consider  here  a  hard  spherical  baffle  (radius  r„)  on  which  there  is  a 
radiating  zone  lying  between  the  angles  60  and  n  -  0o,  i.e. ,  symmetrical  about  the  equator  where  6  is 
the  polar  angle  of  a  spherical  coordinate  system  at  the  center  of  the  sphere.  To  study  the  radiation 
properties  of  such  a  zone  we  select  a  distribution  of  normal  velocity  over  the  spherical  baffle  of  the 
following  form  in  the  constant  v0. 


v(0,  t)  =  v0e/"',  0„  <  0  <  n  —  0o 


elsewhere 


(2.7.1) 


Now,  according  to  2.1.29  the  expansion  of  this  velocity  distribution  in  spherical  harmonics  leads  to 
the  expansion  constants 


We„„  = 


e>w'  2n(2n  +  1 )  v0 


P„(cos  0)  sin  6d6 


(2.7.2a) 


If  subscript  n  is  an  odd  integer  the  function  P„( cos  0)  is  an  odd  function  and  the  integration  over  the 
symmetrical  limits  causes  the  integral  to  vanish.  If  n  is  even  then  (20) 


2.7  Acoustic  Radiation  from  a  Zonal  Radiator 


(2  n  + 


P„(cos0)  sin0c/0  =  [P„.,(cos  0)  -  P„.,(cos0)«  " 


(2.7.2b) 


Two  cases  arise  here.  If  n  is  zero  then  the  right-hand  side  reduces  to 


(P, (cos  0)  -  !](,",  e"  =  2  cos  0O  (a) 


Here  we  have  used  the  well-known  formula  (21] 


P?(-x)  =  (-l)’"”  P:(x)  (b) 


(2.7.3) 


If  n  is  2,  4,  6  ....  etc.  then  the  right-hand  side  of  2.6.2b  reduces  to 


2[P„M(cos0o)-P„-,(cos0o)]  (c) 


The  expansion  coefficients  fVelo„,  are  thus  completely  determined,  i.e. , 


W^oo,  =  Vascos  00  (a) 


(2.7.4) 


Welon)  =  Vo^'  [P„.,(cos  0O)  -  P„-,( cos  0O)],  n  =  2, 4, ...  (b) 


We  may  now  find  the  pressure  at  any  field  point  by  substituting  these  constants  into  Eq.  2. 1 .33.  This 
pressure  is, 


p  =  ecv0e'“' 


{ 


cos  0. 

B0(jkr0 ) 


+  X  ZUjkr)  p^ose)[pn^coseo)_pn_i{cose)]\  (2.7.5) 

"  246  B„ijkr0)  I 

Now  the  mechanical  (radiation)  impedance  of  the  medium  to  the  motion  of  the  zonal  radiator  ( =  ZK) 
is  defined  as  the  ratio  of  the  mechanical  force  F  of  the  reacting  medium  on  the  zone  divided  by  the 
average  normal  component  of  surface  velocity.  We  may  determine  F  by  integrating  the  acoustic 
pressure  over  the  surface  of  the  zone.  Thus, 


7  _  F 
—  - 


JL 


( r„ ,  0.  $ )  dS 
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To  perform  the  integration  of  the  acoustic  pressure  over  the  area  ( =  4nro  cos0o)  of  the  zone  we  again 
employ  2.6.2b  to  2.6.3c  and  obtain, 

Z„  =  I  A0(Jkro)  CQS  Qo+  An(jkr0)[P„,>  (cos  0O)  -  P„-,( cos  0O)]2  1 

4ttr^QC  cos  0O  1  B0(jkr0 )  ""2  J-6  B„(jkr0)(2n  +  l)cos0o  J 

(2.7.7) 

This  is  the  radiation  impedence  density  of  a  symmetrical  zonal  radiator  on  a  hard  spherical  baffle. 
Similarly,  the  angular  distribution  of  radial  acoustic  intensity  per  unit  polar  angle  (=  dP/dd)  which 
contributes  to  the  radiated  power  in  the  far  field  may  be  obtained  from  1.4.2,  2.2.8,  2.7.2a,  2.7.2b, 
and  by  allowing  A„  \/jkr  and  B„  -*■  1  /jkr.  Thus 

dP  _  qcvI  j  cos2  0O  +  [/>„.,(cos  0O)  -  />„_,(COS  0O)]2  P2(cos  0) 

~dQ~  2ip~\  rB~(jkr0)\}  -  \B„(jkr0)\2 

(2.7.8) 

Note  that  all  other  cross-product  components  predicted  by  2.2.8  do  not  ultimately  contribute  to  the 
integrated  radiated  (real)  power  and  hence  have  been  omitted  from  the  above  equation.  This  is  so 
because  of  the  orthogonal  properties  of  the  associated  Legendre  functions,  i.e. 

n 

f  P„  Pm  sin  6d9  =  _ - _ ,n  =  m 

(2  n  +  1) 

=  0  n  4-  m 

Hence  only  the  diagonal  products  of  the  matrix  of  products  pp*  survive  the  integration  of  the 
radial  intensity  over  the  area  of  a  sphere.  The  result  leads  to  2.7.8.  By  plotting  (dP/ dO )  vs.  0 
we  may  also  obtain  the  0-characteristic  of  directive  power  as  defined  by  1.4.2.  This  plot  of 
power  is  in  general  very  different  from  a  plot  of  pressure  constructed  by  using  2.7.5. 


2.8  EMPIRICAL  ANALYSIS  OF  3-DIMENSIONAL  STEADY  STATE  FIELDS 
BY  THE  METHOD  OF  PACHNER  [22] 

We  consider  a  radiating  surface  of  any  shape  at  the  origin  of  a  spherical  coordinate  system  r,  0. 
<t>,  and  surround  the  radiator  with  a  spherical  surface  of  radius  R0  where  R0  is  as  small  as  possible.  In 
the  region  Rn  <  r  <  °°  the  radiated  field  velocity  potential  ( =  <t>)  in  the  steady  state  may  be  developed 
into  a  series  of  complex  spherical  wave  functions  as  follows, 

4>(r,  0,f/)=  i  i.  {2  L\'  +  j£  IV) 

«=0  m=-n 

x  e  P?( cos  9)  h^\kr) e1'-1  (2.8.1) 

A  refined  analysis  by  Bouwkamp  [23]  has  shown  that  when  r  is  less  than  R„  the  real  part  of  2.8.1  is 
not  a  solution  of  the  homogeneous  (Helmholtz)  wave  equation.  Hence  2.8.1  is  not  applicable  inside 
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the  smallest  circumscribing  spherical  surface  surrounding  the  radiator. 

For  convenience  in  writing  we  recast  2.8.1,  in  terms  of  the  following  newly  defined  entities: 


rotation  matrix  = 


[cos  sin  m$  1 

-j  sin  m<f>,  j  cos  mb  I  a 

matrix  =  [  tr,  0  ]  (b) 


(2.8.2) 


column  matrix  = 


a(r,  t)=j„(kr)u(t)  +  n„(kr)v(t)  +  n„(kr)  w(t) -j„(kr) x(t) 


P(r,  t)  =  -n„(kr)  u(t)  +  jn(kr)v(t)  +  jn(kr)w{t )  +  n„(kr)x(i)  (d) 


u(t)  =  9  i,'„’cos  art  (e) 


v(/)  =  9L'„‘si  nwt  (0 


w(t)  =  £lJ„'cosa>/  (g) 


x(t)  =  9  IV  sin  ojl  (h) 


Thus,  2.8.1  reduces  to 


<D(r,  6.  f  /)  =  X  X 


T  .C0SWt-S.inw*  J  [2]  PT(cose)  (2.8.3) 

\-j  sin  mb.  j  cos  mb J  11 


We  assume  now  that  at  some  fixed  radius  r  =  /?,,  and  instantaneous  time  t  =  I,  we  are  able  to 
measure  the  instantaneous  velocity  potential  (i.e. ,  acoustic  pressure)  over  the  entire  surface  r  =  /?,. 
Let  <j>.  R„  /,)  be  this  empirically  determined  potential  which,  for  the  moment,  will  be  considered 
a  continuous  function  of  its  variables.  We  can  expand  this  empirical  function  into  an  infinite  series  of 
surface  spherical  harmonics  which  are  independent  of  the  variable  time.  In  terms  of  the  expansion 
constants  £ i,'„’  +  j  E'Jh  we  have. 


m  f  r „  /,)  =  i  i  r 

„,n  ->•= [_  -J 


cos  mb.  sin  mb 
r  sin  mb.  j  cos  mb 


(2.8.4) 


x  f  Sr!  ,1p:(cos0). 


h 
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The  constants  EUJ,  EUJ  are  computable  complex  numbers  that  can  be  found  b\  applying  the  or¬ 
thogonal  properties  of  spherical  harmonics  according  to  the  classical  method.  1  or  a  discussion  ot  this 
method  and  for  explicit  formulas  of  computation  see  |39]  and  Sect.  2.1.1.  We  now  compare  1  q  (4 ) 
with  Eq.  (3)  and  see  that 


£■:•„>=  «(/?„  /,)  (a) 

EUJ  =  (HR„  /,)  (b)  (2.8.5) 

These  are  a  pair  of  simultaneous  equations  in  the  unknown  amplitudes  EUJ,  EUJ  and  the  unknown 
time,  t„  in  terms  of  the  empirically  found  entities  El,”  and  Ell,!.  Since  there  are  three  unknowns  and 
two  equations  we  find  additional  equations  by  making  a  subsidiary  measurement  over  the  same  sur¬ 
face  (i.e.,  r  =  R,)  at  a  time  t  =  /2,  and  obtain  the  empirical  velocity  potential  'ffO,  <j>.  R  „  t2).  Treating 
this  empirical  quantity  as  a  function  of  coordinates  we  can  compute  the  expansion  constants  GUJ, 
GUJ  by  the  classical  method  used  above  to  obtain  EUJ,  EUJ  and  write 


M»(0.  f  R„  /,)  =  X 

«i=0 


cos  m$,  sin  m$ 

-j  sin  m<j>,  j  cos  nu |> 


x 


PT(cos0), 


(2.8.6) 


Comparing  Eq.  (6)  with  Eq.  (3)  we  thus  find  that 

GUJ  =  a(R„  /2)  (a) 
GUJ  =  p(R„  t,)  (b) 


(2.8.7) 


Here,  as  before,  GUJ,  GUJ  are  known  complex  numbers  in  terms  of  which  9  UJ,  9  UJ,  G  are  to  be 
determined.  Combining  2.8.7  with  2.8.5  we  arrive  at  a  sufficient  number  of  simultaneous  equations 
to  determine  the  expansion  constants  which  are  to  be  ultimately  used  to  calculate  the  field  ot 
2.8.3  at  any  radius  r  >  R0. 

The  use  of  two  complex  expansion  constants  9„„  in  2.8.1  covers  the  general  case  where  the 
source  points  on  the  radiating  surface  move  with  non-uniform  phase.  In  many  applications  the  mo¬ 
tion  of  the  radiating  surface  is  uniform  In  these  cases  we  have 


ft 

tft 


GUJ  =  EUJ  =  0,  w(t)  =  ,v(/)  =  0  (a) 

EUJ  =  a(Ru  /.)  (b) 

GUJ  =  a(R„  t2)  (c) 


(2.8.8) 


2.8.8.b,  c  are  two  simultaneous  equations  in  the  unknown  quantities  9 UJ,  t,  and  1 2.  To  reduce  the 
number  of  unknowns  Pachner  (221  made  the  selection 
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Using  this  we  see  that 

EL'J  =  jn(kR,)  P  IV  cos  w/,  +  n„(kR,)9  sin  a )/,  P  (a) 

GL"  =  jn(kR ,)  P  LVsin  oj/,  -n„(kR>)  9  V-’cos  tor,  (b)  (2.8.10) 


In  these  equations  Gm„,  and  P„,„  are  complex.  However  when  m  =  0,  these  numbers  are  real. 
Solving  these  equations  simultaneously  for  the  case  m  =  0  we  obtain 


tan  oat,  =  GMMkRi)  +  £U.'  n„(kR,)  (2.8.11) 

£9Jjn(kR,)  -  GVJ  n„(kR,) 

It  is  to  be  noted  that  this  equation  must  be  true  for  ail  values  of  n.  Hence  the  ratio  given  by  the  right 
hand  side  must  be  independent  of  n.  Substituting  2.8.11  back  into  2.8.10a  we  obtain  the  real  and 
imaginary  parts  of  P  J Now,  referring  back  to  2.1.29  we  let 

9^'  =  IVe<mm,  +j  (2.8.12) 


Using  the  definition  of  P  „  (0)  given  by  2.1.31  we  cast  the  sum  on  m  into  the  simpler  form, 


X  p(i)  e-i«*P7( cosd)  =  Wea „P„(6), 

m=- h  fwn 

Hence  2.8.1  for  the  case  of  uniform  phase  may  be  written 

OO 

<t>(r,  0, 4>. /)  =  X  We0„P„(B)h9'(kr)e'  \ 


The  real  part  of  the  equation  is  easily  seen  to  be 


Re 


<Dt  =  X 


Wea„  P„(0)  l /„  (kr)  cos  c at 


+  n„  (kr)  sincu/). 


(2.8.13) 


(2.8.14a) 


(2.8.14b) 


We  desire  now  to  find  the  directivity  function  eff  of  the  radiator.  This  is  defined  as  the  square  root 
of  the  time  average  value  of  the  real  part  of  the  velocity  potential  squared  over  a  period  2n/co.  Per¬ 
forming  this  averaging  process  we  find 


<Hr,  0. *) 


cl  I 


WV,,nP„(0)y„(Ar)  j 


+  /  X  We0„PmnAkr)  \  l'" 


(2.8.15) 
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The  directivity  function  finds  immediate  use  in  far  field  measurements  where  it  is  referred  to  as  the 
“pattern  function.”  In  the  far  field  the  asymptotic  value  of  hj2)(kr)  is 


h„i!,(kr) 

r—oo 


e }kr 

17 


g-lkr 

17 


(n  +  1) 


(2.8.16) 


Hence,  in  the  far  field,  the  real  part  of  the  velocity  potential  may  be  approximated  to  within  a  con¬ 
stant  by  the  formula 


Re|<t>)  -*  1  I  We0„  P „ (6) [cos  JL  (n  +  1) cos(a>/ -  kr)  +  sin  _ZL  (n  +  I)  sin(ce/  -  kr)\  (2.8.17) 
kr  "-0  2  2 

On  a  time  average  basis  therefore  the  far  field  pressure  pattern  may  be  approximated  to  within  a  con¬ 
stant  by  the  formula 

0(0.  <►)  ~  {  (  Z  We0n  PM  cos  JL  (n  +  1)  )!  +  /  X  We0„  PM  sin  JL  (n  +  1)  \  \ 

1  V  "=0  2  /  V  "=0  2  /  J  (2.8.18) 

In  a  numerical  example  Pachner  applied  the  above  method  to  obtain  an  empirical  description  of 
the  sound  field  of  a  rigid  piston  in  a  rigid  wall.  He  selected  a  circular  piston  radiator  already 
calculated  by  Backhaus  (24]  who  derived  the  following  formula  for  the  sound  field  at  any  distance  /?, 
( R  >  piston  radius  a), 


0  = 


X  ao  :n  Pln(,c°s  ®  )\j"(kR)  cos  wt  +  u„(*7?)  sin  wf] 


(2.8.19) 


We  note  that  this  formula  may  be  derived  from  (2.8. 14b)  above  for  the  case  m  =  0.  To  obtain  a0  2„ 
we  refer  to  Backhaus’s  formulas  [25]  from  which,  setting  m  =  0  and  ka  =  8  one  obtains  the  follow¬ 
ing  set  of  coefficients, 


=  0.1432 

a02  =  -0.4636 

=  1.6461 

a,,*  =  1.2466 

=  0.4126 

tf.i.iii  =  -0.0771 

(2.8.20) 

Now  to  check  his  procedure  Pachner  assumed  that  the  values  of  0  calculated  by  2.8.19,  2.8.20  at 
distance  kR  =  10  are  a  set  of  measured  instantaneous  values  at  time  col,  =  0,  c ot2  =  -n/2.  Pachner 
then  employed  the  method  detailed  above  to  find  2.8.14b.  In  our  terms  this  reduces  to  substituting 
the  instaneous  values  of  0  into  2.1.18a  and  performing  a  numerical  integration  to  find  u,,„  (  =  H'en„). 
The  final  result  leads  to  the  following  coefficients. 
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a,  M  =  1.66 


aah  =  -1.16 


am  =  0.437 


a,,  ,,,  _  0. 102 


(2.8.21) 


On  comparing  2.8.21  with  2.8.20  we  see  that  the  numerical  procedure  of  Pachner  is  quite  adequate. 
This  is  even  more  apparent  when  the  far  field  is  calculated  by  means  of  2.8.18  using  alternately  2.8.20 
and  2.8.21  for  the  coefficients  Wea„.  A  table  of  the  normalized  far  field  directivity  function  as 
calculated  by  2.8.20  and  2.8.21  for  various  angles  9  is  shown  below. 


<t>ell,  using  2.8.20 

<t\„,  using  2.8.21 

0° 

10°14' 

0.769 

0.768 

23  °22' 

0.172 

0.174 

36°14' 

0.121 

0.105 

48  °32' 

0.092 

0.093 

0.008 

0.018 

70°  15' 

0.038 

0.032 

78°51' 

0.054 

:  ■ 

85°18 

0.058 

89  °05 ' 

0.059 

0.065 

Pachner  estimates  that  for  the  case  m  =  0  the  precision  of  his  numerical  method  is  mainly  contingent 
on  the  refinements  used  in  the  numerical  integrations  for  obtaining  We,,.,.  For  m  *  0  the  precision 
falls  with  increasing  m. 


2.9  LOW  FREQUENCY  RADIATION  OF  MULTIPOLES  IN  THE  FORM 
OF  SPHERICAL  BUBBLES 

The  radiation  of  spherical  bubbles  of  gas  in  free  space  closely  approximates  the  radiation  of 
multipoles  when  the  radius  of  the  bubble  is  small  relative  to  the  wavelength  of  the  radiation.  Since  a 
gaseous  bubble  has  elasticity  and  since  its  motion  generates  inertia  forces  in  the  medium,  its 
dynamical  response  has  features  of  resonance.  This  is  discussed  first. 


2.9a  MECHANICAL  RESONANCE  OF  BUBBLES  AS  MONOPLE  RADIATORS 

Let  the  bubble  be  excited  by  a  harmonic  acoustic  pressure  field,  p  =  |/>|  exp(-to)/).  Assn  ne  (1) 
that  the  radius  of  the  bubble  is  small  relative  to  the  wavelength  of  sound  of  the  incident  ac  rustic 
pressure  (2)  that  the  frequency  of  the  applied  forces  is  not  greater  than  the  lowest  order  resonant  fre¬ 
quency  of  the  bubble  (3)  that  the  polytropic  gas  law  p V  =  const,  is  valid. 

Starting  with  assumption  (3)  it  is  seen  that  an  incremental  gas  pressure  dp  causes  an  incremental 
change  in  radius  6R  over  the  area  4  of  the  bubble: 


b 
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dp  =  -  lEl.  dV  = 
y« 


yp^A^ 


Here  subseript  zero  represents  equilibrium  values.  The  force  dp  accelerates  an  annular  mass  of  fluid 
medium  of  amount  m  —  Mq,„  where  /  is  the  thickness  of  the  mass  (as  yet  unspecified).  The 
dynamic  equation  of  motion  is  then. 


AIq  d  (ft  A" )  =  -  y/,]  fR 
dr  I 


dR  +  yR  =  0,  A  =  4rr R  ,  I  -  *  nR' 

eJRa 

If  dR  is  small  enough  the  bubble  will  oscillate  i t h  a  resonant  frequency  Q 


q-  =  3yp„ 

QllIRl) 


(2.9.2) 


(2.9.3) 


To  find  /  we  resort  to  the  theory  of  radiation  of  sound  of  a  pulsating  sphere.  The  mechanical  im¬ 
pedance  presented  by  the  medium  to  the  motion  of  a  sphere  of  radius  R„  pulsating  in  harmonic  time 
exp(-/ceO  at  low  frequency  is: 


Z  =  -ico{4nR!„)  +  Q„c(4nR'o)(kRlt): ,  k  =  =  c o/c 

A 


(2.9.4) 


[26].  The  first  term  represents  mass  reactance  -iwM  where  M  is  3  *  the  mass  of  fluid  in  the  volume  of 
the  bubble, 


M  =  3  x  4  n R'a  =  (4n/?s)  R„q{I  =  AR^a 


(2.9.5) 


From  this  one  concludes  that  the  equivalent  thickness  /  of  annular  fluid  accelerated  is  equal  to  the 

radius  R0  of  the  equilibrium  sphere.  Hence  the  resonant  frequency  in  the  lowest  (monopole) 
mode  is 


Q:  =  hEl  ,  or /Ro  =  _L_  V  3 yp„ 
QnRii  2nR„  p 


(2.9.6) 


When  the  bubble  radius  is  small,  say  10  'em,  the  gas  compression  and  expansion  come  isother¬ 
mal  (X  =  1),  and  the  surface  tension  o(units:  Nmtn  ‘  =  Nm  ')  exerts  a  significant  pressure  of  amount 
2 o/R„  on  the  gas  [27],  Thus  a  small  increase  dR  in  radius  resit  is  i  t  a  pressure  decrease  dp , 


dp  =  -  20  (  6R  ) 

R»  V  / 


(2.9.7) 


*•  ",  %'  1 %  *.  V 


yy. 


2  9  /Low  frequency  Radiation  of  Spherical  Babbles 


A  sum  of  2.9.7  and  2.9. t  gives  the  total  pressure  change  associated  with  a  change  in  radius, 


dp  =  -  hEl  qdR  f>  =  1  + 

Ro  3/?„P„ 


(2.9.8) 


Surface  tension  therefore  modifies  the  resonant  frequency,  and  2.9.6  becomes. 


/  =  _1 
J  U-s  ~ 


1  j  z  /?„  <  3  x  10' 1  cm 
2 nR„  "V/  e„ 


(2.9.10) 


2.9b  VIBRATION  AND  RESONANCE  OF  A  SPHERICAL  BUBBLE  WITH 
NON-UNIFORM  RADIAL  MOTION 

Let  the  radial  displacement  4  of  the  bubble  be  a  function  of  the  polar  angle  0  and  azimuthal 
angle  4-  It  can  then  be  expanded  in  surface  spherical  harmonic,  y„(0, 4>),  orthogonal  in  the  interval  0 
<  <(>  <  2rr: 


4(6.4)=  1  T„(6,  < 


(2.9.11a) 


n(e,4)  =  /io-n'JW+  ^  +  ys?.’(M). 


(2.9.11b) 


( 1 )  Y&ipi)  =  P„(^).  (2)  y< =  cos  P?(p),  (3)  Lmn’  =  sin  m4  P„m (p). 


(2.9.11c) 


p  =  cos  6 


(2. 9. lid) 


Here  the  superscripts  e,  0  mean  even,  odd  respectively.  The  form  Td^’O-O  =  0  divides  the  spherical  sur¬ 
face  into  zones  of  latitude;  the  forms  cos  m  4,  sin  m  4  divide  the  surface  into  sectors  of  longitude. 
Pr(ji)  are  the  associated  Legendre  functions  of  order  n  and  degree  m. 

The  constants  Am„,  B,„„  can  be  found,  when  the  displacement  is  specified,  by  use  of  or¬ 
thogonality  of  the  T„: 


2n  n 

Am„  =  _L  =  f  dip  f  4(6.  4)  yiTsin  Odd 

\/u>  Ja 

1  *  run 

=  f  rf4  /  l  y^2{^.  4)/'  sin  Ode  = _ 4n _ <w.+.  /w)! 

iSln  +  I)  (n-m)\ 

to  =  1 ,  £n  =  2,  n  =  1,2,3... 


(2.9.12) 


These  mathematical  forms  facilitate  the  calculation  ol  the  resonant  frequency  of  bubbles  in  non- 
uniform  radial  motion. 

Let  the  radial  displacement  be  zonal  (that  is,  in  parallel  bells)  over  the  surface  of  i he  sphere  and 

harmonic  in  time: 
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£(r,  0,  t )  =  £„(/•,  0,  t)  =  Aam(r)  Y&  (p)  cos(c ot  +  a) 


(2.9.14) 


Assume  the  stiffness  of  the  bubble  is  controlled  by  surface  tension  o  so  that  the  difference  between 
the  internal  pressure  pu>  and  the  external  pressure  p(0)  " 


,o_p<o.  =0/  J_  +  _L  \ 
\  Rt  R2  J 


(2.9.15) 


where  R  „  Rt  are  the  principal  radii  of  curvature  of  the  curved  surface  of  the  bubble.  Now  the  radial 
velocity  of  the  surface  is, 


|r,„  =  -A'MRo)  co  Yoi  sin(o it  +  a) 


(2.9.16) 


It  is  required  to  find  A0„  (R o)  such  that  the  velocity  potential  of  the  radial  motion  of  the  gas  in¬ 
side  the  bubble  and  the  potential  \pl0)  outside  the  bubble  yield  the  same  velocity  at  the  surface.  In  ac¬ 
cord  with  2.9.16  let, 


Y>„  =  B0m(r)wY!i"  sin(o>r  +  a) 


(2.9.17) 


Then,  at  the  surface 


_  dipm  _  di, 
dr  dt 


(2.9.18) 


dBo:(r)  L  =/4On(^0) 

dr  0 


(2.9.19) 


Choosing  the  radial  derivative  to  be  positive  outward  from  the  surface  one  can  meet  the  requirement 
by  combining,  2.9.16  through  2.9.19  and  employing  a  continuation  of  radial  coordinate  of  a  com¬ 
patible  type.  One  solution  obtained  by  critical  inspection,  is 


~  r  to  Vo',1  sin  (wf  +  a) 
nRt" 


(2.9.20) 


_  A0„  w  y'oV  sin(cot  +  o) 


(2.9.21) 


(n  +  l)r*‘ 


The  incremental  (acoustic)  pressures  at  r  =  Rv  are  obtained  by  pi,"  =  q1"  dxp'"/dt,  pl0)  =  e(0> 
3 1 v{0)/dt.  Thus  the  left  hand  side  of  2.9.15  can  readily  be  calculated.  To  find  the  right  hand  side  one 
applies  the  geometric  theory  of  surfaces  [28]  in  conjunction  with  2.9.14.  This  leads  to  the  form. 


Ji  —  ■£.«  Bat  m  JL. 


\  -V 
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2.9  Low  Frequency  Radiation  of  Spherical  Bubbles 


_L  +  _L  =  A  +  (”  -  +  2)  An_  n.,  cos(aj/  +  o)  (2.9.22) 

/?,  /?o  Ro 

Because  2.9.15  deals  with  incremental  quantities  the  term  2 / R0  will  be  neglected.  Substituting  2.9.22, 
2.9.21,  2.9.20  into  2.9.15  one  obtains  an  expression  for  the  resonant  frequency  of  a  bubble  radiating 
in  a  zonal  spherical  mode  of  degree  n : 

1/2 

/,„  =  _L  / n(n  +  l)(n -  l)(n  +  2)  £_  - ! - 1  (2.9.23) 

2n  \  R'0  [(n  +  l)e"»  +  /te“»]  J 

For  a  spherical  bubble  of  air  surrounded  by  a  liquid  it  is  seen  that  q  1,1  is  negligible  compared  to  q  (0,  = 
go-  Hence, 

1/2 

/m=  1  /(«  +  l)(n-  1X»  +  2)  l  (2.9.24) 

2n  (  QoR'c  J 

It  is  noted  that  a  zonal  radiator  of  degree  n  =  1,  described  by  P, Qj)  =  cos  6,  is  not  a  free  mode  of 
vibration. 


2.9c  RADIATION  FIELD  OF  A  SPHERICAL  BUBBLE  WITH  HARMONIC  RADIAL  MOTION 
WHICH  IS  A  FUNCTION  OF  POLAR  ANGLE  0  BUT  NOT  OF  AZIMUTHAL  ANGLE  4> 

In  a  zonal  radiator  of  degree  n  the  normal  component  of  surface  velocity  is  given  by  2.9. 16  and 
the  surface  acoustic  pressure  by  p„(R0)  =  -to>e  q>J0i,  where  tgi0>  is  2.9.21 .  It  is  convenient  to  represent 
them  as  functions  of  complex  time: 


v„(R0)  =  Re{-/aj/40n  W (m) exp[-i'(a>/  +  a)] },  (2.9.25) 

p„(R0 )  =  Re  1  -  ^RqAq-  n;>  (m)  exp(-t(a)f  +  a)] )  (2.9.26) 

1  n  +  1 

in  which  fi  —  corf!  and  a  is  an  unspecified  phase.  Now  the  acoustic  radiation  itself  of  a  bubble 
whose  radial  motion  is  an  arbitrary  function  of  9  can  be  represented  as  a  sum  of  products  of 
zonal  harmonics  and  spherical  Bessel  functions, 

p(r|w)=  X  C0„h„(r)  Ffe’Oi)  exp(-/(wf  +  a)]  (2.9.27) 

n 

For  each  n  one  can  equate  2.9.27  for  r  =  R0  to  2.9.26.  This  gives, 

CBn  =  -  u'RqAq*  go  (units:  Nm  ')  (2.9.28) 

(rt  +  \)h„(Ra) 

Thus,  the  radiated  pressure  field  everywhere  in  free  space  is. 
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p(r |  oj )  =  —  _ u2RqA0Qo _ /i„(r)  Y^(pi)exp[-i(cjt  +  a)] 

"°  (n  +  \)hn(R0) 


(2.9.29) 


The  case  n  =  0  is  that  of  a  monopole  because  Y&'ip)  =  1.  Let  Q u  be  its  volume  velocity.  Then,  by 
2.9.25, 


Qu  =  4 nRlv„  =  -  4 nR20  icuA0 


(2.9.30) 


Aoo  =  — iOz —  (2.9.31) 

4n/?oCo 

Because  h0(r)  =  (exp  ikr)/r,  it  is  seen  that  the  radiation  field  of  a  monopole  spherical  bubble  is 


Po(r  |  co)  = 


_  _  /ajpoCL  ^kr'"n 


exp(-ikR„) 


(2.9.32) 


When  the  acoustic  size  kR0  of  the  radiator  is  very  small  and  r  >  R0  the  factor  exp (~ikR0)  can  be 
neglected  relative  to  exp(/A:r).  The  radiator  is  then  a  point  source. 


2.9d  RADIATION  FIELD  OF  A  SPHERICAL  BUBBLE  WITH  HARMONIC  RADIAL  MOTION 
WHICH  IS  AN  ARBITRARY  FUNCTION  OF  SPHERICAL  ANGLES  6 ,  4>. 

Let  the  normal  component  of  surface  velocity  of  the  bubble  be  a  known  function  v  =  V(6 ,  4>)e^'“". 
Because  one  wishes  to  relate  it  to  the  radiated  field  it  is  first  expanded  in  surface  spherical  harmonics, 
defined  in  2.9.11c: 


KM)  =  £  [Amr,nV(p,V  +  Bm„Y<mV(p.W] 

m.n 

to  =  1;  t„  =  2,  n  *  0;  Boo  =  0 

Substituting  2.9.33b  back  into  2.9.33a  and  collecting  terms  one  obtains: 

v  =  v{6,  f)tr'“"  =  ^  PTiiA  Lmn(t He""' 


(2.9.33a) 

(2.9.33b) 


(2.9.33c) 


2.9  Lov.  Frequency  Radiation  of  Spherical  Rubbles 


Lmn($)  =  fo  d$0  V(60,$0)cosm{$  ~$o)  P7(cose0)sin6od60  (2.9.33d) 


2n  +  1  \  (n  -  m)\ 

4n  /  (n  +  m)\ 


(units:  ms  ') 


Now  for  outgoing  spherical  waves  the  velocity  potential  t p  must  contain  the  spherical  Bessel  function 
h„(kr). 

+  X  [CmnY^'(}i.*)  +  Dm„YZ'(ii.$)  h„(kr)e-  (2.9.34a) 


hM~n-'y{-k  )>Vi) 


(2.9.34b) 


The  constants  Cm„,  D„„  are  determined  from  the  boundary  conditions.  At  the  surface  r  =  R0 , 

|  _  =-m< t>k  '‘“'=  ^  [Cm„ Y£>(n, 4>)  +  D„ YIXiii.  ♦) .  T  — -U-)  1  e-’ 
dr  "°  L  dz  J 

Comparison  with  2.9.33c  shows  that, 


C  =—  Amn  .  n  --  omn 

mn  -  »  ISmn  - 

kh(kR0)  kh(kRo) 

Substitution  of  this  result  back  into  2.9.34  give  the  velocity  potential  everywhere, 

ip(r,  0,<Ho>)  =  -  ^  h^kr^  e-*»  (units:  m'-s  ')  (2.9.35) 

kh„(kR0) 

h„(z)  -  dh-(z> 

dz 

Again,  the  case  n  -  0  corresponds  to  that  of  a  monopole,  with  V (6 ,  $ )  —  V0.  Because 


h0(z)  -  -re'Vz,  and  Hq (z)  -  -hx(z) 


e'\  it  is  seen  that  the  monopole  velocity  poten¬ 


tial  is, 


»p,(r|q))  =  iVRg  ^P(ikr)  WL-1KRJ  e  - 
r  (i  +  kR„) 


(2.9.36) 


If,  in  addition  <  I,  the  radiated  field  reduces  to  that  of  a  point  source  with  source  strength  Qu 
=  4  ttR-  Vo. 


I 
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CHAPTER  III 

THE  CALCULATION  OF  ACOUSTIC  RADIATION  FIELDS 
BY  USE  OF  GREEN’S  FUNCTIONS 


3.1  THE  CALCULATION  OF  ACOUSTIC  RADIATION  BASED  ON  GREEN’S  FUNCTIONS 

In  Chap.  I  the  calculation  of  acoustic  radiation  was  done  by  solving  differential  equation  lT2".3, 
subject  to  the  boundary  condition  1.8.25  and  the  condition  at  infinity  1.8.7.  The  solution  took  the 
form  of  a  sum  of  eigenfunctions  in  discrete  modal  form  1.9.3  or  continuum  form  1.9.4.  In  tb:s  sec¬ 
tion  we  use  the  alternative  method  of  calculating  the  acoustic  field  by  solving  the  integral  equation 
1.7.7.  Since  this  method  requires  an  appropriate  Green’s  function  for  the  space  involved  we  consider 
the  properties  of  Green’s  functions. 


3.2  PHYSICAL  MEANING  OF  THE  GREEN’S  FUNCTION 

Green’s  functions  are  intimately  related  to  the  physics  of  point  sources.  In  the  integral 
equation  1.7.7,  we  assume  the  source  distribution  q  is  a  simple  source  (or  "point  source")  in 

steady  state: 

\ 

q  =  Q_  d(r-r0)e-'wl  (units:  s'1)  (3.2.1) 

4rr 

in  which  Q  has  the  units  of  mV.  We  place  this  source  in  an  unbounded  medium  so  that  the  surface 
integral  in  1.7.7  vanishes.  Then  the  velocity  potential  everywhere  is, 

Q  =  e-1"'  f  dVo  ^  ^  d(r-r0 )  (3.2.2) 

Ir-fd  4  n 

When  |r0|  is  very  large,  we  make  the  double  approximation  that, 

in  phase  e*'”*  :  \r-  r0\  =  r- x0  —  -y0  jL 

r  r 

in  amplitude  — - — r  :  \7  -  70|  s  r 
I  r  -  /"  0I 

where  r  =  v?  +  +  z2 

(see  Sect.  1 . 12)  in  which  x0,  y<>  are  the  rectangular  components  of  the  distribution,  and  x,  y,  z  are  the 
rectangular  coordinates  of  the  field  (or  observation  point).  Eq.  3.2.2  then  reduces  to, 

xp{r,t)=  — ekr  (units:  mV) 

4  nr 


(3.2.3) 
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The  quantity  exp (ikr)/r  is  the  far  field  approximation  of  the  Green’s  function  in  unbounded  space.  It 
is  the  field  at  r  due  to  the  point  source  at  f0  of  magnitude  An.  The  inclusion  of  4  rr  in  this  definition  of 
the  point  source  is  discussed  in  Sect.  1.7.  Several  authorities  in  acoustic  theory  define  Green’s  func¬ 
tions  as  fields  due  to  delta  function  sources  of  unit  magnitude.  The  quantity  An  then  disappears  from 
3.2.1  but  reappears  in  3.2.2  as  part  of  the  definition  of  G.  Since  the  two  conventions  are  currently  in 
use  they  are  summarized  here: 

Green's  Function 


Source 


Q-  <S(r-r0) 
An 


(3.2.4) 


Q6(r-r0) 


ptk\r-r,  | 


An  |  r  -  r0  \ 


Now,  in  place  of  volume  distributions  of  sources,  which  we  set  here  to  zero,  we  consider  the  surfaces 
S(S',  S"),  Fig.  1.8.1,  to  have  a  distribution  of  normal  component  of  velocity  v„(ri).  The  field 
anywhere  in  volume  V  according  to  1.7.7  and  boundary  conditions  1.10.3  is, 


V-  1  /  (G(r|rS)  v„(rso)-V<Sso)  2SL  (?\H)]dS(H) 


An 


dna 


(3.2.5) 


Here  (as  everywhere  except  when  otherwise  stated)  the  positive  normal  points  away  from  the  medium 
and  positive  points  into  the  medium.  Since  the  medium  is  bounded  we  can  no  longer  use  3.2.4  for 
G.  However  we  may  be  able  to  construct  a  G  such  that  3 G/dn0  vanishes  on  surfaces  S.  In  that  case, 
the  field  is  determined  solely  by  the  first  term, 


ip  = 


1 

4n 


L 


G(r  |  rj)  vn(r$)dS(rs„), 


3 G 


dn0 


(3.2.6) 


Comparison  of  this  result  with  3.2.2  shows  that  when  velocity  distributions  determine  the  field,  the 
point  source  is  specified  in  terms  of  volume  velocity  Q  and  free  field  G,  while  surface  sources  are 
specified  in  terms  of  normal  component  of  velocity  v„  and  non-free  field  G.  This  distinction  appeared 
in  1.10.1  and  1.10.6  where  the  physical  difference  between  fields  due  to  surface  and  volume  velocities 
is  emphasized. 


3.3  GREEN’S  FUNCTIONS  BASED  ON  1ST  ORDER  ACOUSTIC  FIELD  EQUATIONS 


The  Green’s  functions  defined  by  1.7.4  determine  the  velocity  potential  y  through  1.7.7.  The 
acoustic  field  however  can  also  be  defined  in  terms  of  acoustic  pressure  p  and  particle  velocity  v.  It  is 
useful  to  relate  Green’s  functions  for  \p  to  the  determination  of  p  and  v. 

At  a  point  r,  t  we  imagine  a  small  fixed  volume  AV.  The  Euler  field  equation  of  continuity  of 
mass  through  it  is, 


,  A 
,V.-. 


-»  -» 


v , 

V . 


$ 


S. 
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3.3  Green's  Functions  Based  on  1st  Order  Field  Equations 


dA<  =Q,  2-V‘(erVr)  (3.3.1) 

dt 

e total  mass  density  (Ns2m-4) 

Q  :  scalar  volume  velocity  (m3s-lm-3  =  s-1) 

V,:  total  particle  velocity  (ms-1) 

Here  Q  is  positive  when  the  volume  flow  is  inward  toward  r.  In  the  presence  of  acoustic  fields  g,  v, 
p,  and  equilibrium  e„,  Vo,  P0, 


(a)  Qr  =  eo  +  C  (c)  Pt  =  Pa  +  p 

(b)  VT  =  V0  +  V 


(3.3.2) 


When 


e^eo,|i>l<<|P'o| 


we  can  approximate  the  acoustic  pressure  by 


p  =  QC^C1  -  Po/Qo 


(3.3.3) 


By  retaining  only  first  order  terms  3.3.1  reduces  to. 


JUL  3  Co  2  -  e„(V*  V)  (units:  Nsm-4)  (3.3.4) 

c'-dt 

This  equation  states  that  a  time-increment  of  mass  e<>  flowing  into  A  Fat  r  causes  an  increase 
in  acoustic  pressure  with  time.  Also,  a  positive  value  of  divergence  of  velocity  out  of  the  area 
enclosing  AF  is  accompanied  by  diminution  of  acoustic  pressure  with  time. 

For  the  same  fixed  volume  A  V  we  write  the  l  uler  dynamic  field  equation  for  the  acceleration  of 
mass  due  to  applied  volume  forces  F  , : 


=  F,(r.  t)  Vp,(r.t)  (units:  Nm  ’)  (3.3.5) 

dt 

Here  F,  is  positive  when  it  points  assay  from  r.  When  the  excitation  I  >rce  is  acoustic  we  set  F ,  =-  f 
and  p,F,  =  (q„  +  p)(  V„  +  F)  =  p„F.  Thus,  to  1st  order  in  the  icoustic  approximation  3.3.5 
becomes: 


e..  -  (r.  t)=f(r,t)-  \p(r,  t) 


(3.3.6) 
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This  equation  states  that  a  positive  force  acting  on  the  mass  in  AT  centered  at  /-causes  a  positive  in¬ 
crease  in  particle  velocity  at  r  in  the  same  direction.  Also,  a  positive  gradient  of  acoustic  pressure  in 
any  direction  is  accompanied  by  a  decrease  of  particle  velocity  with  time  in  the  same  direction. 

Let  us  now  take  3  ,/as  causes  (“generators”)  of  the  acoustic  field: 


1 

Po 

dp  +  ^ .  y  -  2 
dt 

!  (units:  s  1 ) 

(3.3.7) 

Qo 

AL+Vp=f 

dt 

(units:  N  m  ’) 

(3.3.8) 

Our  objective  is  to  define  a  set  of  operators  0  which  will  allow  us 
velocity  in  the  following  way: 

to  calculate  pressure  and  particle 

P(r,t)=  <J,3  - 

3  +ov*7 

(3.3.9) 

v(r,  t)  =  0  ,.j 

a+  Of/ 

(3.3.10) 

The  symbolic  operators  (j  are  defined  as, 

0 X  =  _fVg  G{j(r,  1 1 To,  to)  X ( rlh  t0)dV„dt0 

Q.j-  X=  J /„  G„(r,  t\ra,  t0 )•  X(ro,  t0)dV«dt0  (3.3.11) 

Qo  mX=  J /  G„(r,  t\  fo,  f0)'X(rn  t„)  dVodt0. 

Substitution  of  3.3.9,  3.3.10  into  3.3.7,  and  splitting  of  terms  in  3  from  terms  in /lead  to, 

1  _!_(  (j  ,y  3  )  +  V  •  (  O'  3  )  =  (3.3.12) 

Po  dt 

_L  _7L  (  o  >•'  */)  +  v  *  ( 0  :J  •  7  )  =  0  (3.3.13) 

Po  dt 

We  now  make  3  a  delta  source  in  space  and  time: 


3  =  6(r  -  r„)  6(1  -  /„) 


(3.3.14) 


Upon  performing  the  integrations  called  for  in  3.3.11,  one  arrives  at, 

J _ G,.y  +  V  •  GTi  =  6(r  -  r„)  d(t  -  /„) 

Pa  Sr 
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j’'*  7’^  k*‘ 


a  A.  .  A 


(3.3.15) 


3  3  Green's  hunt  lions  Based  on  I  si  Order  Held  Equations 


A  similar  operation  may  be  performed  on  3.3.13.  But  since  this  equation  is  homogeneous  one  can 
dispense  with  volume  integration  and  arrive  immediately  at 


_L  JL<V  +  V0G~7  =  o  (3.3.16) 

Pa  dt 

The  second  equation,  3.3.8,  is  treated  in  the  same  way  through  3.3.9,  3.3.11,  resulting  in  the  pair: 


GoJLOL  2+V  0,'  ^  =0  (3.3.17) 

dt 


0»JL  Oif  •  /  +V(  Op/*  7)=7  (3.3.18) 

dt 


3.3.17  is  homogeneous  and  thus  reduces  to 


In  3.3.18  we  set 


eo  JL  Gri  +  VG,c  =  0 

dt 


7  =  6(r  -  r0)  6{t  -  /„)  =  d(r  -  r  )  d(t-  t')\  d(r'  -  r0)  6{t'  -  t0) 

in  which  1  is  a  unit  dyadic,  and  arrive  at 

Go  JL G  r/+  V  G„/  =  \  d(r'  -  ;„)  6{t  -  t„) 
dt 


(3.3.19) 


(3.3.20) 


The  collection  3.3.15,  3.3.16,  3.3.19  and  3.3.20  are  defining  equations  for  the  Green’s  functions 
G„  ,  G„/,  G~  ,  Gj. 

The  question  now  arises,  what  is  the  relation  of  these  Green's  functions  to  the  conven¬ 
tional  Green’s  function  foMhe  unbounded  domain  where  governing  equation  is  1.7.4?  To  find 
this  relation  we  eliminate  G,  from  3.3.15  and  3.3.19  and  obtain 


(  v,  _  Go  JJ  \G„  ,  =  -g„  JL  6(r  -  r0)  6(t  -  t„) 

V  Pa  dt1  )  dt 

Comparison  with  1.7.4  shows  that 

G„ ,  =  _  JL  g 

4n  d  l 

K  =  LL.tf  =  k'-rnl 
R 


(3.3.21) 


Thus,  if  then:  are  no  body  forces  (i.e./  =  0)  then  the  radiated  acoustic  pressure  due  to  source  -2  in 
3.3.9  is 
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3.3  Green  s  Functions  Based  on  1st  Order  Field  Equations 

f  =  F-  i’V 

so  that  one  can  expand  3.3.26  to  read, 

P(r,  t)  =  -f  dt0  fVg  V  •  F(ro,  t0)  g(r,  t\ro,  /„ )  dV 

+  /  dt0  JVo  (V0-  S  -V)g(f,  t\7»  t0)dV0  (3.3.27) 

Now  the  components  of  V  •  J  •  V  in  rectangular  coordinates  are: 

v  •  i •  v  s  ( t  +/_£_  +£  _JL  \  •  ijf  £Zk  +  +  £Zk  \ 

V  3r  3.y  3z  /  1  V  3*  dy  dz  ) 

+} (  dT>x  +  dr,,  +  ar„  \ 

V  dx  dy  dz  J 


=  +  aan,  + 

3xJ  3*3, 

Upon  two  successive  integration  by  parts, 


+*(  £Zk  +  iZk  +  ZJk  \\ 
V  a>»  dz  J) 


/Vog(v*  *  -v)dK0  =  g(v-2:  )f2-/ vg-  a>v 

-/ Vg-  s  •  V  =  -Vg •  a:  f*  +  / VgV  :  £ 

Since  both  V  •  J  and  St  are  zero  outside  of  the  source  volume  both  first  terms  of  integration  vanish 
and  the  alternative  of  3.3.27,  corresponding  to  3.3.25  becomes. 


P{r,  l)-J  dt0  J^F-Vog  dV0  +  J  dt„  /VoV0gV0  :  X  dV0 
The  meaning  of  the  second  term  is  elucidated  by  expansion  in  rectangular  coordinates: 

VgV  :  Z  =  If  +/  JL  JL  'l  g  /  i  JL  +/  JL  +  £  JL  V  (iiT„  +iy 

VS*  3v  3z  /  V  3Jt  3y  dz  J 


(3.3.28) 


VgV: 

:*  =| 

(/  ^ 

+/- 

3  +£  3  )* 

.  +/  d  +k 

^  dx 

dy  dz  ) 

V  dx 

dy 

VgV  : 

:*  =j 

ill  d‘s 

+*/ 

d*8  +  ...  V 

(iiT„ 

+  1}t„  + ... 

<  dx2 

dxdy  J 

VgV  : 

:X  =| 

(  ^  ) 

r„  + 

(  3’g  )T,r  + 

\  dx2  J 

V  dxdy  ) 

>  *J.t  t.f 
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3.3.28  and  3.3.23  give  the  acoustic  pressure  radiated  by  sources  1.8.3  provided  the  medium  is  un¬ 
bounded,  that  is  there  are  no  reflecting  surfaces.  When  sources  radiate  into  confined  spaces  the 
Green’s  functions  must  be  changed  to  include  the  reflected  fields  as  well  as  the  direct  fields,  1 .7.7.  In 
the  following  sections  we  treat  of  radiation  into  confined  spaces. 


3.4  1-D  GREEN’S  FUNCTIONS  OF  THE  STURM-LIOUVILLE  EQUATION; 

AND  2-D,  3-D  GREEN’S  FUNCTIONS 

In  Sect.  1.9  the  solution  of  the  Sturm-Liouville  equation  1 .9.1  subject  to  boundary  conditions  1.9.2 
was  obtained  in  modal  form  1.9.3  or  continuum  form  1.9.4.  Any  reasonable  field  variable  F  (i) 
could  then  be  represented  as  a  sum  of  eigenfunctions  (or  modes): 


m=  ^  FmVJ.Q 


Fm  =  Nm-'  /  riy)  Hi)  vM)  di  (3.4.1) 


In  particular  a  point  source  with  spatial  dependence  F(i)  =  6(t  -  io),  is  represented  by 

<Hi-io)  =  r(i0)  Z  vM) vZ(io)  4,<*<4>.  (3.4.2) 

m 

in  which  r(£0)  is  the  weight  function: 

Here  we  have  suppressed  the  normalization  N'1  by  rescaling  each  with  Nz'n  so  that  xpm  becomes 
orthonormal.  The  modes  are  the  eigenfunctions  of  the  operator  H  (4),  defined  by  the  rela- 


H(i)  Vm(4)  =  — Am  rii)  vM) 


(3.4.3) 


H(i)=  1  \pii)  -]  +q(i) 

di  L  di  J 

Now  let  the  field  V  in  1.9.1  be  generated  by  a  point  source.  It  then  is  the  Green’s  function  g(|,  i0;  X) 


[H{i)  +  M4)l  g(i<  io;  A)  =  -4nd(|  -  io) 


This  can  be  solved  by  expansion  of  both  g  and  the  delta  function  in  modes: 


(3.4.4) 


Z  [H{i)  +  A(r(|))]  gm(io,  A)  ym{i)  =  -4nr(4o)  Z  vJi)  vtdo) 


Applying  3.4.3  to  each  mode  and  equating  left  and  right  terms  for  each  m  lead  to, 


3.4  l-D,  2-D.  3-D  Green's  functions  of  the  Sturm- Liouville  Equation 


[1J.  Thus, 

(a)  g(4,  4„;  A)  =  -  4n  2  ^to)  (3.4.5) 

A  -  Am 

When  applied  to  the  Helmholtz  equation  in  a  homogeneous  isotropic  medium  of  an  enclosure 
one  sets  A  =  k1,  Am  =  ki,  and  4  is  made  a  vector: 


(b)  G*(r  |  ra)  =  -4n  X 

k'-kl 

In  a  theoretical  application  of  this  result  it  will  be  advantageous  to  consider  A  to  be  a  complex  variable 
A  =  Re  A  +  i  ImA,  and  use  3.4.5  to  obtain  a  representation  of  delta  function  3.4.2  as  a  contour  in¬ 
tegral  in  the  complex  A  plane.  Thus,  if  counterclockwise  contour  C  is  selected  so  as  to  enclose  all  the 
singularities  of  g,  then 

_L  £  g(l  lo!  A)  dX  =  -4j.  I  yM)  vZtto)  _L  §  3. 

Ini  c  "  2m  c  A  -  Am 

By  Cauchy’s  theory  of  residues,  for  each  m  one  has, 

1  <£  dX  m  j 

Ini  Jc  X  -  Xm 

Hence,  using  3.4.2, 

-  J_  §  g(l  4„;  A)  dX  =  4n  ~  .  (3.4.6) 

2m  r{S 0) 

(2j. 

This  is  the  desired  representation.  In  it  the  weight  function  r(4o)  appears  explicitly.  It  is  useful  to  ab¬ 
sorb  it  into  the  definition  of  so  that  3.4.2  becomes 

<5(4  Z  q>mU)  M>Mo)  (3.4.7) 

m 

This  representation  will  find  considerable  use  in  further  development  of  the  properties  of  2-D  and 
3-D  Green’s  functions  which  we  consider  next. 

Acoustic  fields  with  complex  space-time  dependence  can  be  represented  as  sums  of  fields  with 
simpler  space-time  dependence.  The  most  useful  representations  are  listed  below: 

(a)  plane  waves  in  k.  <u  space:  'V(r,  t)  =  J  V(k,  r-w,}  dkdto 

(2  ny 
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inodes  in  k  -  space  “guided”  'P(r)  t)  =  J"  Z  ajjk,  t)  Vm(k)  ek  *  r_ 


(3.4.8) 


(that  is,  oscillatory)  in  time: 

(c)  modes  in  transverse  k,  -  to 
space  guided  along  the  axial 
(z)  direction: 


4kc.  t;  z)  =  /  Z  to;  z)  *?„,(*„  to) 

'  m 


x  eiik‘  *  “0  dk'dio 

(2  n)J 


Since  we  shall  be  concerned  in  this  section  with  radiation  into  confined  spaces  (waveguides)  we 
shall  consider  the  representation  3.4.8C  in  greater  detail.  This  equation  is  interpreted  in  the  context 
of  Fig.  3.4.1  which  shows  free  space  A  (x,y,z)  and  waveguide  space  B(x,y,z).  In  A  the 
transverse  field  is  taken  as  unbounded.  It  can  be  represented  as  a  sum  of  expanding  plane 
waves, 

tiCk,,  c;  to.  /)=»?(*„ to)^-«-">  (3.4.9) 

in  which  V  is  the  acoustic  wavefield  vector,  whose 
components  are  pressure  and  particle  velocity, 


iu  =  /  to)  \ 

(V(k„co)J 


(3.4.10) 


If  the  axial  field  is  also  unbounded  it  can  be 
represented  as  continuum  complex  sinusoids 
exp (ik,z)  in  which  k,  is  the  propagation  constant 
in  the  z-direction.  The  total  field  is  therefore 
representable  as  a  sum  of  elementary  waves, 


^(e,  t;z)=  f  <£(*,,  to)  e**  * ek  t  dk,dw 

(2n)’ 


(3.4.11) 


V? 


Fig.  3.4.1.  Geometry  of  z-guided 
acoustic  wave  fields. 


Because  the  axial  field  is  coupled  to  the  transverse  field  the  axial  wavenumber  k,  is  ajunction  of  the 
transverse  wavenumber  and  frequency  k,  =  k,  (k„  to).  The  question  arises:  for  every  k,,  to  how  many 
discrete  k„,  a  =  1,2  ...  satisfy  the  source-free  field  equations, 


i£Y(e, 


f;z)= 


(3.4.12) 


in  which  is  defined  by  3.3.7  and  3.3.8  for  the  conditions  Q  ,/ are^zero,  and  the  z-dependence  is 
exp  iAr,z?  Writing  V  =  V,  +  d/d zz0,  v  =  v,  +  v7z0,  it  is  seen  that  for  V,  =  ik„  d/dt  =  ico,  3.4.12 
becomes 


.>/• 

•V  A  *  I** 


s'  *.■  *, 
N-.'. 
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-l 


*  (-At,  -  kjo) 

po 

(- k ,  -  k'Zo)‘  (OQ  0 


Q-° 


(3.4.13) 


This  is  satisfied  for  k„  such  that  det  SB*  =  0,  namely. 


k„  =  ±  (toVc5)  -  k) 


(3.4.14) 


Thus  only  for  these  two  values  of  ka  is  V(7;/;z)  other  than  zero.  These  correspond  to  waves  'Va  * 

traveling  in  direction  z  >  0  for  which  the  +  sign  is  valid,  and  waves  traveling  in  the  direction  z  <  0  for 
which  the  —  sign  is  valid.  To  find  we  first  eliminate  7  from  3.3.7  and  3.3.8  and  obtain  (forQ(  /  both 
zero) 


V’  -  _L  =  0 

c2  dt2 
c 2  =  Po/Qo 


(3.4.15) 


In  k„  to  space,  for  p„  =  pa(k„  w),  this  equation  gives  a  relation  for  pQ, 

^  =  0  (3416) 

Since  the  quantity  in  parenthesis  vanishes  we  can  take  p„  to  be  any  constant  other  than  zero.  For  con¬ 
venience  let  p,  =  1.  In  a  similar  way  for  the  case /  =  0  if  3.3.8, 


V,p  +  Q0  =  -ikpio 
dt 


is  transformed  into  k,  -  to  space,  it  reduces  to  a  pair  of  equations,  one  intransverse  space. 


ikj>  -  iwQo  V,  =  0,  or  V,  =  k’P  ; 

and  one  in  z-space, 


-iwQ0v,Zo  =  -ik'PZo,  orv,  =  k°P  . 

Coco 


Thus,  for  the  choice  p  -  1 , 


t 
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and  the  appropriate  is, 


*?„=!  k‘  +  k^°  J  ,  a  —  ±1 


(3.4.17) 


V,  is  an  eigenfunction  in  the  form  of  a  column  matrix.  To  determine  its  normalization  we  note  that 
3.4.13  can  be  written  as  a  characteristic  equation. 


CO  Zo  \ 

J  = 

Zo  0  / 


The  normalization  is  then: 


_  /  0  Zo  _ 

=  (/..(  )  Y* 

v  v  Zo  o  /  /  Goto 


a  “+  1,  -1 


(3.4.18) 


in  which  the  entity  (  ,  )  is  the  inner  (or  dot)  product  described  below,  and  (TV'a  is  the  adjoint  field. 

The  adjoint  field,  by  definition,  satisfies  field  equations  in  which  the  operators  3/3 1  and  V  are 
transformed  to  -  3/3 1,  -  V  respectively. 

The  eigenfunctions  M*,  constitute  a  complete  set  in  a-space.  Any  function  in  k,,  cu  space  can  be 
expanded  in  it.  In  particular  the  Green’s  function  for  z-guided  waves,  whose  form  is, 


G(r,  t\r\  t  )  =  J  G(k„  w;  z,  z  )  *(?'?)  > dk,doi 


(3.4.19) 


may  be  so  expanded  as  follows: 


=  X  a(k„  w;  z,  z  )  M'.C*,,  co) 


Taking  the  inner  product  of  both  sides  with  r<lV;,  and  using  the  orthogonal  property  3.4.18  lead  to  an 
explicit  form  for  expansion  coefficient  A .  Then, 


G(k„  co;  z,  z)  =  2  tJhl w)  (G,  TX) 
-  N. 


(3.4.20) 


In  this  context  the  sum  has  only  two  terms,  a  -  ±  1.  In  each  term  the  inner  product,  which  in 
this  case  is  simply  the  dot  product  of  the  adjoint  field  represented  by  a  column  vector  r*'4J* 
with  a  second  column  G,  may  be  written  as  with  a  second  column  vector  G,  may  be  written 
as  4^G„  where  Ga  is  the  scaler  1-dimensional  Green’s  function  in  z.  Here,  the  dot  (or  scalar) 
product  of  two  vector  functions  fix)  -  {/oOc),/i(*))  and  g  -  >s  defined  as 


I  -1— 
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if,  g)  =  X  l*Vo(x)  gS(x)  +  f,(x)  gf  (*)]  dor  =  {fo,  go)i2(r)  +  «t)i2(D 

It  is  governed  by  a  1st  order  differential  equation  derivable  in  the  following  way:  by  definition  an 
operator  ££  has  an  associated  Green’s  function  G  if  ^  G  =  1.  In  the  case  of  a  linear  acoustic  field, 
the  appropriate  operator  is  obtain  from  the  left  hand  sides  of  3.3.7  and  3.3.8,  which  for  z-guided 
waves  becomes. 


11  v.+  1  *' 

P0  dt  dz 


V,  +  1  Zo  Co  1 


(3.4.21) 


Thus  G(q,  z,  /|c,  z,  l')  is  governed  by  the  3-D  relation, 


^G  =  ld(c-c')d(z-z')d(r-/') 


(3.4.22) 


When  the  expansion  of  G  in  k,  -  co  space  3.4.19  in  substituted  into  3.4.22  it  is  immediately  seen  that 
the  equation  governing  the  l-D  Green’s  function,  here  identifiable  as  G„  is, 


£  1  - ika(k„ w) j  G„(k„ w; z,  z)  =  <J(z - z) 


(3.4.23) 


Since  G„  is  a  physical  wave  field  it  must  vanish  at  great  distances  from  the  source  which  generates  it. 


lim  G„  -*  0  as  \z  -  z  |  -*  00 


(3.4.24) 


This  can  occur  only  if  Im  k„  f  0.  Now  6(z  -  z)  is  a  unit  source  which  generates  waves  in  the  positive 
and  negative  ^-directions  simultaneously.  It  thus  describes  a  discontinuity  in  wave  field  which  must 
be  shared  by  G.  This  is  seen  by  first  allowing  z  to  be  greater  than  z.  Then,  symbolically,  d(z  -  z) 
vanishes  and  the  solution  of  3.4.24  together  with  3.4.14  is, 


+/<*-*’) 


G.,«  e 


Z-V  -  k? 


=  eikM,z>z- 


(3.4.25) 


Im  k+ 1  >  0 


Similarly,  when  z  <  z  the  waves  travel  in  the  negative  direction  and  for  time  given  by  exp  -iwt  G  must 
have  the  form 


G  oc  '  k'  =  eik  ,u-z'\  z<  i 


(3.4.26) 


• .  . -V 


.  V  -v 
.V.--'  a’. 
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Thus  the  z-derivative  across  the  source  at  z  undergoes  a  discontinuity  of  unit  magnitude  and  negative 
sign.  This  discontinuity  is  a  characteristic  property  of  Green’s  functions  in  general. 

By  combining  3.4.19,  3.4.20,  3.4.25,  3.4.26  the  dyadic  representation  of  the  Green’s  function 
for  z-guided  waves  is, 

G(r,  t\r',  f)  =  {G,j\  =  (  J"  )  =  /  Z  co)  V'Jk,,  w)  gill  i 

°2‘  _  NM.u) 


ttju-zt  dk.doj 


(3.4.27) 


in  which  the  subscriptive  i  j  refers  (schematically)  to  the  components  of  ***„: 


m 


(!,)„  =  ('.);  (a)  V.J.,-  (T)  (T) 


(b)  f.,*rt-<T) 


(3.4.28) 


(C)  V.jV.,4  (T) 

\  Cow  J 

(d)  V.J  *i»a2  =  (fr,  +  *-,Zo)  (*.  +  k-iZo) 

Since  3.4.18  gives  the  value  of  the  explicit  formula  for  the  Green’s  function  G„2  in  the  form  of 
z-guided  waves  defined  by  3.3.21  in  a  transverse  unbounded,  homogeneous  stationary  medium  is, 


G„ 2  (r,  t\f',  t)  =  / 


2  n/w2  -  k) 


•If-  g 


dk<du>  (3.4.29) 
(2n)} 


in  which  the  +  sign  is  valid  for  a  >  z ,  and  the  -  sign  for  z  <  z . 

This  completes  the  formulation  of  3-D  Green’s  functions  in  q,  z  space  for  the  case  where  the 
transverse  field  (in  q)  is  unbounded.  We  now  turn  to  the  case  where  the  transverse  field  is  bounded. 

In  B,  Fig.  3.4.1  a  bounded  field,  say  a  2-D  point  source,  can  be  expanded  (formally)  in  2-D 
eigenfunction  <tKe),  here  taken  to  form  a  complete  set: 


<*(c  —  e' )  =  ^  <£(<?)<£*(<?  ) 


(3.4.30) 


In  many  applications  <!>(c)  is  separable  into  products  of  I-D  eigenfunctions  4>(w)  <J>(v)  which  are  also 
assumed  to  form  complete  sets  in  curvelinear  coordinates  u,  v: 

(a)  6(u-u')  =  hu  Z  <!>,(«) <&?(«’ ),  (b)  d(v-v’)  =  Z  <t>,(v)  (b^v)  (3.4.31) 


VO, 


v.v.v. 


V  ••  V  V  V 

-  .  •  .■«  .  •  .N  • 
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The  symbols  hu,  h „  are  scale  factors  for  curvelinear  coordinates  u,  v,  defined  by  an  element  of  area  dS 
=  huu  hvv.  It  was  shown  in  3.4.6  that  each  such  series  can  be  represented  as  the  result  of  a  contour  in¬ 
tegration  of  a  l-D  Green’s  function  in  the  complex  A-plane: 

Z  <Mw)0*(h')=  =-  _L  /c  gu(u,  u'-\u)d\u 

'  K  2  m  “ 

Z  <D,(v)  4>*(v')=  v')  =  -  _L  X  *.(v,  V;  A.)  dkv  (3.4.32) 

»  h „  2m  y 

Z  <t>,(z)<t>,*(z')  =  ~  2  1  =-  1  X  g,(z,  z'\K)dK 

h,  2n/  ’ 

The  contour  Cu  encloses  only  the  singularities  of  g„,  and  the  contour  C,  only  those  of  g,.  In  the 
transverse-axial  system  discussed  here  the  3-D  Green’s  function  is  simply  the  product  of  the 
2-D  function  and  the  Green’s  function  g2(z,  z’;X2)  for  the  axial  component.  Since  the  axial 
field  is  coupled  to  the  transverse  field  one  has  in  general  X2  =  X2(\„,  A„).  Thus  the  3-D 
Green’s  function  is  representable  as  a  sequence  of  contour  integrations: 

G(r\r')  =  t  _J_  \  X  Xc  S„(w.  u';ku)gv(v,  p',k„)gz(z,  z'\kz)d\ud\v.  (3.4.33) 

V  -2 ni  J  "  v 

in  which  Cu,  Cv  have  already  been  defined. 

Assume  next  that  in  waveguide  propagation  in  the  ^-coordinate  the  waveguide  is  bounded  be¬ 
tween  Zi,  Zi.  Then  A,  takes  on  discrete  values,  A„,  in  which  the  subscript  i  means  the  /th  eigenvalue 
correspond  to  the  /th  transverse  mode  4>.(c).  The  3-D  Green’s  function  is 


G<;|r')=  Z  4>,(c)4>?(c)ftUzUa)  (3.4.34) 

i 

This  case  is  sketched  in  Fig.  3.4.2.  A  second 
case  is  a  field  consisting  of  transverse  waves  in 
plane  vz  guided  along  the  //-direction.  One  can 
evaluate  this  case  by  deforming  the  contour  C„ 
away  from  the  singularities  of  gu  in  the  A„  plane  in¬ 
to  contour  CJ  which  encloses  the  singularities  of 
g,  in  the  same  plane.  Then, 


fcu  g2  (z,  z;  A, )  dK  =  Z  Oy(z)  <t>*(z) 


Thus  the  3-D  Green’s  function  3.4.33  is  evaluated  to  be.  Fig.  3.4.2.  Finite  length  waveguide 
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G(r\r')=  X  <Mv)<t>*(v)  X  <J>,(z)4*f(z')  gu («,«';  (3.4.35) 

*  i 

in  which  \uij  is  the  discrete  eigenvalue  corresponding  to  the  ij  transverse  mode  (in  plane  vz)  and  gu(u, 
u;  X uij )  is  the  1-D  Green’s  function  in  the  w-coordinate.  In  a  similar  way  transverse  waves  in  the  uz 
plane  guided  along  v  can  form  a  basis  for  Representing  a  3-D  Green’s  function.  This  case  is  handled 
by  deforming  the  contour  C,  in  the  X,  plane  away  from  the  singularities  of  g,  into  contour  Cl  enclos¬ 
ing  the  singularities  of  g ,  in  the  same  plane.  The  result  is  3.4.35  again,  this  time  with  v,  v'  replaced  by 
u,  u  respectively,  and  \uiJ  replaced  by  kviJ. 

3.5  CHARACTERISTIC  GREEN’S  FUNCTIONS  g(4,  4';  A)  [4] 

In  the  derivation  of  3.4.5,  3.4.6  it  was  shown  that  the  completeness  relation  of  1-D  eigenfunc¬ 
tions  0(£)  is, 

6(4-4')  =  X  4>,(£)0?(n  (3.5.1) 


in  which  index  i  is  the  index  of  eigenvalues  associated  with  d>(£).  When  the  space  of  0(4)  is  bounded, 
index  i  is  discrete;  but  when  it  is  unbounded  index  i  is  continuous,  and  the  sum  3.5. 1  is  replaced  by  an 
integral.  For  the  case  of  discrete  eigenvalues  the  property  of  orthogonality  over  interval  A  of  4  is 

/4*,(4)  *,«)  dh  =  <Jy=l  /  =  j  (3.5.2) 

0  l+j 

while  for  the  case  of  continuous  eigenvalues  rj  orthogonality  is  expressed  as  an  integral, 

J  <&(£;  h)  4K4.  n)  dh'  =  d(»7  -  n')  (3.5.2) 

Now  3.4.6  expresses  a  relation  between  the  delta  function  3.5.1  and  the  1-D  characteristic  Green’s 
function  g(4,  4';  A).  The  construction  of  g  is  therefore  important,  particularly  in  view  of  3.4.33.  To 
find  g  we  consider  two  solutions  xfi  j  _  2  (^ )  of  the  Sturm-Liouviile  equation  1.9.1:  iM4)  valid  for 
waves  traveling  in  the  negative  4  direction,  and  the  second  t f>2(0  traveling  in  the  positive  ( 
direction.  These  solution  satisfy  boundary  conditions  1.9.2.  The  characteristic  g,  being  of  func¬ 
tion  over  all,  is  therefore  a  function  of  both  solutions, 

g(4, 4’;  A)  =  AVl(4<)  Vl(4>)  =  AVl(4)  q/a(4' ),  4  <  4' 

g(4, 4';  A)  =  A  y,(4<)  Vl(4>)  =  AVt(4)  ya(4).  4  >  4'  (3.5.3) 

in  which  subscript  symbols  <  and  >  express  the  two  forms  on  the  right-hand-side.  The  constant  A 
must  be  determined  so  as  to  satisfy  the  ju  np  condition  for  Green’s  functions, 
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from  which 


pW(ipt,  tp2) 


(3.5.4) 


where  tV(ip2,  tp2)  is  the  Wronskian  of  solutions  tp„  tp2.  Thus,  in  general,  the  1-D  characteristic 
Green’s  function  is: 


g( 4' ;  A)  = 

[ -pfV(tp„  Vi)]lH 


(3.5.5) 


It  is  understood  that  t^(|)  means  ip(£,  A).  This  form  repeated  three  times  makes  up  the  integrand  of 
3.4.33. 


3.6  ACOUSTIC  RADIATION  INTO  WAVEGUIDES  I 

In  Sect.  3.4  the  calculation  of  acoustic  fields  by  use  of  Green’s  functions  was  seen  to  lead  in  a 
natural  way  to  a  representation  of  delta  sources  as  contour  integrals,  3.4.32.  We  now  take  up  the 
problem  of  calculating  the  radiation  of  such 
sources  into  waveguides.  This  problem  can  be  ap¬ 
proached  by  first  defining  angular,  radial  and  ax¬ 
ial  transmission.  Characteristic  functions  play  an  / 

important  role  in  the  theory  of  open  and  closed 
waveguides.  In  angular  transmission.  Fig.  3.6.1,  a 
(line)  source  at  q',  creates  a  field  which  is  yC 

described  by  the  characteristic  Green’s  function  y'  A  <<>  > 

g+,  governed  by  the  equation,  /  \ 


(^JL  +  k)  gfi.  f;A)  =  -6(*-f)  (3.6.1) 


For  walls  with  reflection  coefficients  f,.  f2 


respectively. 


Fig.  3.6.1.  Angular  transmission  in  a  wedge  waveguide. 


=  (g-*<  +  r,  +  r2  e‘^>) 

*  ’  ’  -2i>(ew  -  r,r2e  +  ,w) 


(3.6.2) 


where  p  =  \/T 


If  the  walls  are  pressure  release  we  take  f,  =  f2  =  -  1  and  find, 


sin  sin  rfv  ~  ♦>) 

*  p  sin  pup 


(3.6.3) 
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If  the  walls  are  rigid,  take  I",  =  r2  =  1;  then 


gM.  f ;  A)  -  _cos^cos^-*>>  (3.6.4) 

T  -pi  sin  pi tp 

If  cp  is  2 n  there  are  no  walls.  Then 

**(♦. f ;  V  «  -  cggMt"- (3.6.5) 
T  2p i  sin  pin 

[51- 

In  radial  transmission  Fig.  3.6.2  the  parameters  in  the  Sturm-Liouville  equation  1 .9.1  have  the 
form,  p(£)  -*  q,  <7(|)  -*  rg,  Arf|)  -*■  -  A /g.  The  characteristic  Green’s  function  then  satisfies  the  equa¬ 
tion, 


Fig.  3.6.2.  Radial  transmission  in  a  wedge  waveguide. 


{  —  e  —  +Te-A/e  W  (e,e’;r,A)  =  -()(e-e') 

\dQ  dQ  ) 

(3.6.6) 

When  the  waveguide  is  unbounded  in  the 
radial  domain  one  has  0  <  ®  <  °°,  and 

«„(<?. c';t,  A)  =  ~  JX\TtQ<)HI"  {\ZVq>),v  =  vT 

(3.6.7) 

in  which  Jv,  Hy  are  Bessel  and  Hankel  functions 
respectively.  Here,  for  convergence  at  e  -*■  00  it  is 
required  that  Im  \/t>  0  provided  time  is  given  by 
exp-/co/. 

In  axial  transmission  the  characteristic 
Green’s  function  is  g,(z,  z'\  A).  A  discussion  of  its 
form  is  given  in  Section  3.4. 


SOURCE  DESCRIPTION 

Acoustic  radiation  into  a  waveguide  is  eminently  describable  by  the  theory  of  mode  functions. 
Let  there  be  first  a  point  source  4rr  6(r  -  /■<>),  with  harmonic  time-dependence  exp(-/w/)  located  at  r„ 
inside  the  waveguide,  or  on  its  walls.  The  linear  small  amplitude  field  G(r,  r0)  at  r  then  satisfies  1.7.4 
in  the  steady  state 


(V!  +  k1)G(?\?„)  =  -4nd(?-?0),  ;=U„ 


(3.6.8) 


(Helmholtz’s  equation).  A  natural  representation  of  r  in  this  waveguide  is  vector  with  two  com¬ 
ponents,  transverse  q  =  (4,,  £2)  and  axial  z  =  42.  In  this  coordinate  system  the  Laplace  operator  also 
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has  transverse  and  axial  components,  V2  =  V,2  +  3  2/3  2.  Such  decomposition  allows  the  field  to  be 
expressed  as  a  product  of  a  transverse  field  4>(e,  oj)  and  an  axial  field  Z(z,  w).  The  transverse  field  at 
any  cross  section  z  =  Const.,  created  by  a  point  source  at  q,  z  is  governed  by  the  equations: 


(V,2  +  k!)  <J>(e,  oj)  =  -4nd(e  -  (?  )  k ,2  =  k2  -  kl 


At  the  walls  of  the  waveguide  the  field  satisfies  boundary  conditions  of  the  form 

a<t>  +  f)  =0 


(3.6.9) 


(3.6.10) 


in  which  a.  p  are  constants,  or  general  functions  of  frequency,  and  3/3 n  is  the  normal  derivative. 
Upon  choosing  particular  values  ot  a,  p  one  may  reduce  3.6.9  to  homogeneous  form  (no  delta  sources 
present),  and  obtain  solutions  in  terms  of  orthogonal  modes  <t>,(e,  co)  i  =  1,2...,  which  satify  both 
3.6.9  and  3.6.10.  Orthogonality  is  defined  by  the  integral, 


Ja  w(g)  <t>,(e)  rf<?  =  6tJ 


(3.6.11) 


The  symbol  »v(e)  is  a  weighting  function,  generally  the  scale  factor  h  of  curvilinear  coordinates  (see 
3.4  31)  and  the  symbol  A  represents  the  interval  of  orthogonality,  in  this  case  the  separation  distance 
of  the  walls.  The  set  of  4>,(e)  is  infinite  in  number  and  is  complete,  meaning  that  it  can  be  used  to 
represent  the  2-D  point  source  in  3.6.8.  By  using  3.6.11  it  is  easily  seen  that. 


d(c  -  q  )  =  w(e')  Z  <V(e) 


(3.6.12) 


In  numerical  work  one  can  assign  the  units  of  \/  ffXe  )  <t>.-(c)  to  be  meter1. 

With  3.6.8  through  3.6.12  in  mind  we  turn  to  various  simple-shaped  waveguides  and  list  the  ap¬ 
propriate  description  of  2-D  sources  in  the  plane  z  =  const.  In  each  case  we  consider  two  types  of 
boundary  conditions  at  the  walls.  In  the  first  we  set  a  =  0  in  3.6.10:  this  condition  states  that 
=  0,  which,  because  <!>  represents  acoustic  velocity  potential,  means  the  wall  is  rigid.  The 
characteristic  functions  (eigenfunctions)  are  given  the  special  symbol  1°  the  second  we  set  |3  = 
0:  then  <t>  (acoustic  pressure  in  the  steady  state)  vanishes,  meaning  the  wall  is  “pressure  release”.  The 
characteristic  functions  are  then  <t>,(e).  The  cases  are: 


A.  SOURCE  DESCRIPTION  IN  RECTANGULAR  COORDINATES 

I.  finite  rectangular  cross-section,  side  a  (x  coordinate),  side  b  (j  coordinate) 


pressure  release  wall: 


d(c  - <?')  = 


Z  <M(?)<D,(c),  0<X,<a,0<y,<b, 

•  x  y 

1  Z  Z  sin  ^  sin  sin  sin 

ab  a  b  a  b 


(3.6.13) 


>  -V  .  '.VS-,'.  ;.  ,*•'  ".N  . 

-■  v  •  v  ,*  v  .*  v  *.*  *.•  *,» 


>  V  *  V  V-  -a  •  ■  *  •  *  *  *  •  v  *»  % 


_ »  ■  •  *  t  •  ’  • >  » 


VV V V V V 
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rigid  wall: 

f  2  v.(c)v.(c).  0<*,<a,  0<y  <  b,  (3  ( 

d(e  -  c )  =  ~  » 

±  Z  Z  emL»  cos  ^  cos  cos  ^  cos  W  . 
^ab  m*°  ”°°  a  b  a  b 

e0  “  1,  t„  =  2,  m>  1,  m  =  0,1,2... 

II.  semi-infinite  rectangular  cross-section,  side  a  -*■  °°  (*  coordinate),  side  b(y  coordinate) 
pressure  release  wall: 

[Z  4>,(e)<t»,(e).  0<x  <oo,0<>',  <6, 

I  ■  x  y 

d(c-c)=  "S  r"  (3.< 

1  I  ^4  Z  sin  4*  sin  sin  4*  sin  WTt-^  , 

nb  0  b  b 


(3.6.14) 


(3.6.15) 


rigid  wall: 


Z  «Me)v.(e).  o<  *<°°o<-£,<fc, 

d(e '<?')  =  ^  -  r”  V-  -  (3-6- 16) 

1  I  r/4  Z.  £„  cos  £x  cos  cos  lx’  cos  nny  , 

0  6  6 

III.  quarter-space  rectangular  cross-section,  side  a  -*  °°  (x  coordinate),  side  b  -*  °°  (y  coor¬ 
dinate) 

pressure  release  wall: 

r*- 


'  (y  coor- 


d(o  -  c)  = 


I  Hq)Hq)  °<y  <“>  0<y  <°0- 

OO  OD 

_  J  </4  I  rfr]  sin  Kx  sin  rjy  sin  t.x  sin 
n2  J0  Jo 


(3.6.17) 


rigid  wall: 


jZ  V.©V,(e).  0<*<°°,0<£<oo, 

rf(C"C)=  1  4  f”  f"  , 

_  J  c(4  I  dn  cos  ir  cos  ov  co*  4*  cos  t]y  , 

O  ■'0 


IV.  half-space  rectangular  cross-section,  x  -*  °°,  ^  -*  ±  °° 


(3.6.18) 


pressure  release  at  *  =  0: 


d(e  -q  )  = 


Z  0,  (e)  <J>*(e'),  0  >  *  <  o°.  -oo  <  y,  <  oo, 

*  x  y 

1.  Jo  c/4  dr]  sin  4*  e  n'  sin  4*  e'n' , 


(3.6.19) 
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rigid  wall  at  x  =  0: 


d(e  -  q)  = 


^  V.(C)V.*(C)  0<  *<*>,  -co<y  <oo, 

i  ■*  y 

OD  OO 

JL  /  dl  jQ,  dr]  cos  lx  e-jv  cos  lx'  e*™ , 


(3.6.20) 


V.  parallel  plate,  thickness  a  ( x  direction),  y  -*■  ±  00  (y  direction) 


pressure-release  walls  at  x  =  0,  x  =  </: 


<5(C-C)  = 


rigid  walls  at  x  =  0,  x  =  a: 


‘Kti  ~  Q ) : 


2!  a>,(e)  4>f (e').  o  <  x .  <  a,  <  y,  < 

•  x  y 

OO  « 

_L  S  J  w  dr)  sin  mnx  e~™  sin  mnx  e™ , 


2  v,®  ip?  (<?'),  0<X,<a,  -°°<y,<°o, 
i  x  y 

^  Z  f  dr)  e„  cos  mnx  e-™  cos  ! 
2nd  -°  a 


(3.6.21) 


(3.6.22) 


€0-l.  £m  =  2,  m^l,  m  =  0,1,2... 


VI  free  space. 

A  free  space  “waveguide”  can  be  thought  of  as  a  waveguide  with  walls  in  the  xy  plane  at  very 
great  distances  from  the  waveguide  axis,  and  with  the  waves  traveling  in  the  z  direction.  Since  <t>,,  ip, 
are  the  same  one  has: 

- c)  =  2  <t>,(p) <t>, *(<>’)  =  2  tp,(e)v?(e), 


—  OO  <  7 1  <  OO 

y 

oo  oo 

=-i-  £.<*£.  dr)  g-Mx* 

4rr2 

4>,(c)  =  vXc)  =  —  -«>  <  4  <  °°,  -°°  <  n  <  °°;  =  42  +  n2. 

2n 


(3.6.23) 


B.  SOURCE  DESCRIPTION  IN  CYLINDRICAL  COORDINATES 

In  polar  coordinates  q,  $  an  annulus  inner  radius  a,  outer  radius  b,  may  be  complete,  0  <  4  <  2n, 
or  incomplete,  0  <  4  <  <p.  The  incomplete  (sector)  case  is  different  from  the  complete  (annulus)  case. 
These  are  treated  in  turn . 


99 


A  Treatise  on  Acoustic  Radiation 


I.  sector 

pressure  release  at  f  =  0  and  =  cp: 


d(4-f)=  Z 

=  2 

00 

z 

sin 

sin  mTr+'  . 

0<*  <cp. 

V 

»*=1 

<P 

(3.6.24) 

<*».(♦)  =  n/T  sin  9<j>.  9  = 

mti 

m  = 

1,2 . 

rigid  walls  at  $  =  0,  $  =  cp: 


°°  , 

<K*-f)=  Z  V,(4)  «P.(f )  =  —  2  Cm  cos  cos  ,  0<J,<cp. 


cp 


cp 


!#/,(<(•)  =  \/5.  coscyf  q  =  mrt  ,  m  -  0,  1,2, ,  c„  = 
cp  cp 


V 

1,  m  =  0, 

2,  m  >  1. 


f 

(3.6.25) 


II.  annulus 

In  this  case  there  are  no  walls  in  the  ^-domain.  Since  the  field  is  periodic  in  2n  the  form  of  the 
modal  functions  are  unrestricted  except  for  this  requirement  of  periodicity.  An  angular  source 
therefore  has  the  alternate  forms: 

sin  sin  , 

(3.6.26) 


III.  finite  angular  sector,  sides  q  =  b,  included  angle  cp. 

Here  the  2-D  delta  source  is  the  product  of  two  1-D  deltas:  d(e  -  e  )  =  d(e  -  C  )<M  -  ♦Ve’-  The 
radial  modal  function  is  proportional  to  the  Bessel  function  J,.  The  2-D  cases  are: 

pressure  release  walls:  for  0  <  $  <  cp,  0  <  q  <  b, 


1 


2  n 


Z  Cm  cos  cos  mY  +  _L 


d(4-f)=  ^ 


*  Z  Cm  cos  m(4  -  4  )• 
2n  m'° 


1 


2n 


Z  \  0  <  f  <  2n. 


d(e  -  Q  )  ~  ^  0>,(c)  <*>.(«') 

I 

oo  oo 

=  4  2  Z  sin  g+7,(pe)  sin  gf  J,(pq  )  a  =  xn,  (3.6.27) 
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The  roots  x„,  are  defined  by  Jq(xn,)  =  0,  n  =  1,  2,  3  ...  q  fixed, 
rigid  walls: 


6(q 


-q')=  2  v>,(c)  v.(g  X  o  <  8  <  b,  o  <  *  <  <p. 


CO  co 


=  A  I  I 


p 2 


<p 


m*0  «*1 


l(pb)2  -  q2]Jl(pb) 


cos  q$J,(pe)  cos  (?f  J,(pc  ), 


q  =  _^L,p  = 


cp  b 

The  roots  .rl,  are  defined  by  )  =  0,  n  =  1,  2  ...  e0  =  1,  £„  =  2,  m  >  1 
The  1-D  cases  are: 
pressure  release  at  q  -  b: 


<Kg  ~  c  )  =  3E  <b,(e)  <t>r(g  )  =  A  Z  A^g)  J'Ub') 

e'  '  b2  -  Mb) 

l  =  *2  ;  J,( JfM)  =  0,  n  =  1, 2,  3  ...  q  fixed. 
b 


0<Q<b 


♦/(g) 


_  n/T  -1 


•M'g) 


b  •/,♦.(*-«) 

(in  conjunction  with  d($  —  $')  the  symbol  q  =  mn/tp) 


rigid  wall  at  q  =  b: 


Vi(g)  =  I  \/  2  ~ 

</b)2  -  <72 


/,(/g) 

/,(/b) 


/  =  :  f,(x'„,)  =  0,  rt  =  I,  2,  3.  ... 

b 


IV.  open  angular  sector,  included  angle  cp 
pressure  release  walls: 


«K5  -  g ) 


Z  <b,(g) «*<(<?). 0<  8  <co,0<*<cp, 

'  fi  ♦ 

00  00 

A  I  J  4  sin  ^  Z,(4g)  sin  flrf  7,teg')rf|. 

m-1 


(3.6.28) 


(3.6.29) 


(3.6.30) 


(3.6.31) 


101 


4  Treatise  on  Acoustic  Radiation 


<t>,(e)=|/4 


sin  J,Uq),  q  =  mu  ,  m  =  1, 2, ....  0<  4  <  °°; 
V 

k'.i  =  V. 


rigid  walls: 


<*(o  ~  c)  =  ^  v.(c)  V.(c  ).  0  <  f,  <  cp,  0  <  < 

9  e 


=  —  ^  X  4£-»cos<7<t>y,(ie)cos^rf  y,(4e)r/|, 

<p  "-°  0 

<p,(e)  =  -1 /tjni  COS  qj>  y,(4 c),  q  =  mn  ,  m  =  0,  1,  2, ....  0  <  4  <  °°; 


[sn  2  _«  f  =  |  1 1  /W  -  0, 

"  4,m  ( 2,  m>l. 


V.  Circular  waveguide 


pressure  release  walls: 


«Kc  ~  C )  = 


(  JL  <D,(e)  4>?(g).  o  <  t,  <  2n,  o  <  e,  <  oo, 

i  .  9  e 

j  j  00  00 

J  1  2  2  J~(PQ)  g/mf  Jm(PQ) 

(  nb2 

P  =  ^  =  =  1,2, ... 

b 

•Mo)  =  - ! -  e-jm*Jm(p<}),  m  =  0,  ±  1,  ±2, 

6\ZrT Jm.t(pb) 

n  =  1,2,  ^  xjr  ^  . 


rigid  walls: 


d(G-o)-  2!  ip,(o)  V*(g) 


v.(c)  = 


~  ^  - — - e-Jm*  Jm{pq)  Jm(PQ  ) 

n  m=-  -  [(pb)1  -  m2)  Jiipb) 

P  =  ;  J'MD  =  0,  n  =  1,2, ... 

b 

p— - e>mS  JJjjq),  m  =  0,  ±1,  ±2 . 

\f  -  W!] 


n  =  1,2,  ...;£?  =  J 


In  3.6.33  and  3.6.34  the  symbol  p  is  the  radial  wavenumber. 


'  r\ 


I 


3.7  Acoustic  Radiation  Into  W  a  vet;  aides.  Green's  t  unctions 


3.7  ACOUSTIC  RADIATION  INTO  WAVEGUIDES  II 

The  representation  of  point  sources  and  line  sources  in  expansions  of  modal  functions  4>,  or  i p, 
characteristic  of  the  waveguide  permits  one  to  readily  construct  the  Green’s  functions  for  the 
Helmholtz  wave  equation  needed  for  the  calculation  of  the  radiation  field.  In  the  classical  theory  of 
modes  the  3-D  Green’s  function  in  Helmholtz  separable  orthogonal  curvilinear  coordinates  4i.  4j, 
for  each  selection  of  separation  constants  k(ku  ku  k3)  is, 


Gk(r\r')  =  -  (  Z  IF,(4i.  U  Wf&Q  n 

\  h2h3  J  «  N, 


1<  )  y2q{£  I>) 

A 


(3.7.1) 


[6],  Here,  A,  are  scale  factors,  w  is  the  orthogonality  weight  factor,  N,  is  the  normalization,  IV,  are 
the  eigenfunctions;  yu  >^.are  the  two  independent  solutions  in  the  4,  coordinate,  and  A  is  their  Wron- 
skian.  The  overbar  on  W„  indicates  the  adjoint  (see3.4.18).  Thus  corresponds  to  4),  or  i+>, 

listed  above.  It  is  therefore  seen  that  the  completeness  relations  in  which  6(x  -  x)  is  expanded  in 
eigenfunctions  serves  to  specify  them.  In  general  Wq,  y\q,  y2q  are  functions  of  separation  constants 

ki. 

The  selection  of  which  of  the  physical  coordinates  represents  the  direction  of  propagation  of  the 
wavequide  characterizes  the  transmission.  For  example,  in  cylindrical  coordinates  g,  z,  if  e  is  taken 
to  be  4,  the  transmission  is  radial;  if  4  is  taken  to  be  4 1  the  transmission  is  angular.  In  rectangular 
coordinates  x,  y,  z  the  transmission  is  transverse  if  g  =  \/  x2  +  y1  =  4.  and  is  axial  if  z  =  4i.  Ex¬ 
amples  are  treated  in  the  next  section. 


3.7a  RADIATION  OF  A  HARMONIC  POINT  SOURCE  INTO  A  WEDGE  WAVEGUIDE 

An  open  (sector)  cylinder  -  <»  <  z  <  +  00  Fig.  3.6.1  whose  cross-section  is  a  wedge  (angle  <p)  is 
excited  by  a  harmonic  point  source  at  r'  =  (g\  z  ).  The  2-D  Green’s  function  is  taken  in  radial 
transmission  form,  that  is,  the  eigenfunctions  are  functions  of  angle  <t>,  while  the  radial  function  is  a 
1-D  Green’s  function  in  g: 


G*(ele)=  ^  *>,($) <J>„(f)ss(p-e';M.T) 


(3.7.2) 


The  form  of  ge  is  given  by  3.5.2.  In  three  dimensions,  for  each  separation  constant  4  belonging  to  the 
z-coordinate. 


Gfr\r  )  =  eiUz-z)  I  4>M(<|»)  )  gc(g,  g';  M-  t) 


(3.7.3) 


Now  the  acoustic  field  propagates  in  both  the  radial  and  axial  directions.  There  are  therefore  two 
propagation  constants,  k #  k,.  These  must  be  coupled  because  their  corresponding  fields  both  obey 


Helmholtz’s  equation  in  three  dimensions.  The  coupling  is:  k‘  +  k.2  =  |  — J  .  When  the  field 
is  bounded  in  both  the  g  and  z  coordinate,  or  in  either,  only  discrete  values  of  ke  and  k.  are 
permitted:  (ka)l„  -I-  ( k2)2mn  =  .  When  the  field  is  unbounded  in  both  the  g  and  z  coordi¬ 

nates  the  wavenumbers  form  a  continuum.  In  the  discrete  case  the  field  is  found  by  sum¬ 
ming  over  all  modal  numbers  mn.  In  the  continuum  case  the  field  is  found  by  integration  over 
k„  or  kz. 


y*>:\ 


•  .*A‘-  ' 

A  V.V.'J-.V.  ...V. 
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The  wedge  waveguide  is  an  example  of  a  continuous  set  of  wavenumbers.  Substitution  of  plane 
wave  solutions  into  Helmholtz’s  equation  leads  to  the  coupling  statement  that  x  =  k‘  -  4*.  The  func¬ 
tions  $„($)  are  specified  by  the  nature  of  the  walls:  for  pressure  release  walls  one  uses  3.6.24,  while 
for  rigid  walls  one  uses  3.6.25.  The  complete  3-D  Green’s  function  is  finally  found  by  integration 
/(  )  dt>/ 2tt  of  3.7.3  if  the  eigenfunctions  are  the  normalized  forms  given  in  this  chapter.  [7].  Two 
forms  are: 

pressure  release  walls: 


—  ” 

G(r\r;k)  =  _L  f  dt,  Z  -  4J  -  V  Q, 

2  cp 


x  sin  ^4  sin 


(3.7.4) 


rigid  walls: 


—  _ 

G(r\r;  k)  =  __L  J,m  dt,  Z  c<)  //<•'  (n/F^F 

4cp  "”° 


e>)  e1^-* 1 


x  COS  cos 


(3.7.5) 


£0  =  1 ,  £„  =  2,  m  >  l,n~  mn/ip 

For  definition  of  subscripts  <  ,  >  see  3.5.3. 

Since  the  integrand  is  complex  and  contains 
branch  singularities  the  path  of  integration  must 
be  specified.  Fig.  3.7.1.  Here  \/  k1  -  4!  »  0. 
Discussion  of  integration  paths  is  taken  up  in 
Appendix  3.1. 

The  physical  acoustic  velocity  potential 
radiated  by  a  point  source  q  =  Qi(r  -  r  )  where  Q 
is  the  source  strength  (m'/s)  is  given  by  1.7.8, 

t R  =  J  G{r\r';k)Q6(r')dV(r)e-lwl  (3.7.6) 


3.7b  RADIATION  FIELD  OF  A  POINT  SOURCE  IN  A  CIRCULAR  WAVEGUIDE 

A  circular  cylinder  -  <»  <  p  <  +  °°  is  excited  by  a  point  source  at  r  (p  ,  f ,  z ).  There  are  standing 
waves  in  the  p-coordinate  and  propagation  in  the  z-coordinate.  The  3-D  Green’s  function  is  therefore 
a  product  of  eigenfunctions  in  the  p-coordinate  and  a  1-D  Green’s  functions  in  the  z-coordinate: 


G(r\r  )  =  Z  p)  p  )g.(z,  z  ;k.) 


(3.7.7) 


3.7  Acoustic  Radiation  Into  Waveguides,  Green  s  Functions 


For  a  circular  waveguide  the  eigenfunctions  in  the  ^-coordinate  are  required  to  satisfy  only  periodic¬ 
ity,  3.6.26.  The  eigenfunctions  in  the  g-coordinate  are  given  by  3.6.29  or  3.6.30;  alternatively,  3.6.33, 
3.6.34.  The  1-D  Green’s  function  in  the  unbounded  z  coordinate  is, 


g.  =  1  exP  ‘kz\z  -  z  |  (3.7.8) 

2k, 

Because  kQ  is  discrete,  they  are  indexed  by  subscripts  mn, 

(xYmn  +  (k.y  =(m/c)2,  X  =  ke  (3.7.9) 


In  modal  description  the  transverse  field  shows  a  lattice  of  circular  nodes  in  the  g-coordinate  and 
radial  nodes  in  the  4  coordinate.  Hence  the  use  of  two  modal  numbers  mn.  The  radiated  field  is 
therefore  found  by  double  summation  over  all  modes.  Two  useful  cases  are  obtained  from  boundary 
conditions  3.6.10.  "rhese  are: 

pressure  release  wall  at  g  =  b: 


G(?\ ?')  -  III  £«"<♦-♦)  2_  /.(x--g)  )  j  exp  / \J  jw/c)2  ~  \z-z\ 


2rr  m  b2  JR*. ,(x*">b)  2  \/  (io/c)2  -  xL 

Jm(Xm»b)  =  0,  n  =  1, 2,  3, ...  for  m  fixed. 


(3.7.10) 


rigid  wall  at  g  =  b: 


G(jr\r' )=  J  _j_  2  )  2 _ X"1”  *1  Jmix-'-Q  )  (3.7.11) 

2rr  m’-~  L  X~«b2  -  m2  J 

x  /  exp  i  V  (co  Vc3)  -  x^~  j  z  -  z  | 

2  V  («/c)*  ~  Xi- 


=  o,  n  =  1, 2,  3  ...  for  m  fixed 

fm(u)  =  . 

du 


3.7c  RADIATION  FIELD  OF  A  POINT  SOURCE  IN  A  RECTANGULAR 
SEMI-INFINITE  OPEN  WAVEGUIDE  OR  IN  A  RECTANGULAR  BOUNDED  WAVEGUIDE 

A  waveguide  -  °°  <  z  <  °°  whose  cross-section  is  a  semi-infinite  rectangle,  0<>’<b0<jr<oo,is 
excited  by  a  point  source  at  r'(x,  y,  z  ).  There  is  a  standing  wave  in  the  ^-coordinate.  Thus  the  3-D 
Green’s  function  is  constructed  of  a  product  of  eigenfunctions  in  the  xy  plane  and  a  1-D  Green’s 
function  in  the  z-coordinates 
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G(r\r')  =  Z  ky;  q)  k,\  q)  gx(z,  z;k,),Q  =  (x,  y)  (3.7.12) 


The  wavenumbers  in  the  z  and  ^-coordinates  are  continuous  while  those  in  the  y  direction  are 
discrete.  The  coupling  statement  is  thus, 


k2  =  $2  +  k2y  +  i2,  £  = 


(3.7.13) 


The  eigenfunctions  in  the  transverse  plane  are  obtained  from  3.6.15  or  3.6.16,  and  g,  for  the  un¬ 
bounded  z-domain  is  obtained  from  3.7.8.  Because  £,  £  are  continuous  the  radiation  field  is  obtained 
by  both  summation  and  integration.  From  3.6.10  two  cases  can  be  immediately  obtained: 


pressure  release  at  x  =  0,  y  =  0,  y  =  b: 


_  00  oo 

G(F\r')  =  Jo  dk  Z  _1_  sin  £x  sin  JW_  sin  £*'  sin  i  i  \/  k2  -  V  -  (nn/b)2  |z-£| 

nb  b  b  2  V  k2  -  V  -  (nn/b)2 


(3.7.14) 


When  the  cross-section  of  the  waveguide  is  bounded  both  in  y  and  x,  0  <  x  <  a, 


oo  oo 


G(? |?')=  Z  Z  1  sin  ^  sin  sin 

ab  a  b  a  b 


sin 


nny 


i  exp  /  \J  k2  -  (mn/a)2  -  (nn/b)2  \  z  -  z  I 


2  \/  k2  -  ( mn/a Y  -  (nn/b)2 


(3.7.15) 


rigid  wall  at  x  =  0,  y  =  0,  y  =  b: 


-  ”  » 

G(r\r')  —  J  dK  Z  e„  cos  £*  cos  Cos  £*'  cos  '  exP  ‘  V  k2  -  £2  -  (nn/b)2  |z-z| 
nb  b  b  2  \J  k1  -V  -  (nn/b)2 


€o~  1  ,  £n  —  2,  n  ^  1 


(3.7.16) 


When  the  cross-section  of  the  waveguide  is  bounded  both  in  y  and  x,  0  <  x  <  a. 


oo  oo 


G(r\r  )  =  Z  Z  _L  £„£,cos  mnx  cos  nny  cos 
mm0  ~°  ab  a 


COS  COS  "*"•»  COS  nny 


i  exp  i  >/  ArJ  -  (mn/a)2  -  (nn/b)2  \z-  z 


2  ^  A:2  -  (mn/a)2  -  (nn/b)2 


(3.7.17) 
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3.7  Acoustic  Radiation  into  W a ve guides.  Green  s  r  unctions 


3.7d  RADIATION  FIELD  FROM  A  HARMONIC  POINT  SOURCE  ABOVE  A  PLANE. 

The  theory  of  acoustic  fields  in  waveguides  can  be  applied  to  solve  this  problem.  A  free  plane  in 
two  dimensions  is  specified  by  cylindrical  coordinates  0  <  q  <  0  <  ^  <  2n.  Because  of  periodicity  2rr 

of  <)>,  the  field  can  be  described  in  modes, 


<t>,(e)  =JTr*  JMq).  ™  =  o,  ±1,  ±2 . 

V  2tt 


(3.7.18) 


Thus  the  3-D  Green’s  function  is  a  product  of  modes  in  the  q,  ^  plane  and  a  1-D  Green’s  function  in 
the  z-coordinate. 


G(r\r  )  =  5!  4)  <D.(c  ;  4)  g.(z,  z;  kz) 


Now  g,  can  be  constructed  of  various  independent  solutions  and  their  Wronskians, 


exp //c,z>  i  i  exp ifc,z>  i  i  exp ik,z>  . 

i-ik,z<  i ’ ' * cos  Ar,z<  (’'xsmfr^  u'Ul  u'Ul 


(3.7.19) 


(3.7.20) 


in  which  the  subscript  symbols  <,  >  indicate  two  choices:  if  z  >  z  ,  use  exp  ikz(z—z')\  if  0  <  z  <  z',  use 
exp  ikt(z  -  z).  Because  the  plane  is  a  boundary  of  the  z  domain  one  must  specify  a  boundary  condi¬ 
tion.  Two  simple  conditions  lead  to  the  forms: 


pressure  release  boundary:  g.  =  exp  ik.z>  sin  Ar,z< /k. 


rigid  boundary:  g,  =  exp  Mr,z>  cos  k,z<  /(-ik, ) 


(3.7.21) 


(3.7.22) 


Thus  bounded  z-domains  have  different  Wronskians  from  unbounded  domains.  The  Wronskians  in 
3.7.21  and  3.7.22  are  defined  as 

„,j  ..  sin/c,z  i 


This  choice  agrees  with  [8].  Since  the  radial  and  axial  fields  are  coupled  the  coupling  statement  is. 


k2  =  42  +  k] 


(3.7.23) 


The  corresponding  3-D  Green’s  functions  can  immediately  be  obtained  from  these  equations  by  in¬ 
tegration  over  4: 


T 
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pressure  release  boundary  at  z  =  0: 


G(?\?')  =  f  dk 

0 


e-*JMQ)JTe-UMQ') 

'  2n 


x  1  exp  i  \/k2  - z>  sin  k,z< 

s/p-^V 


(3.7.24) 


The  summation  on  $  can  be  made  for  m  positive  only: 


_1_  2  emi 1  =  JL  X  cos  m($  -  4') 

2n  2n  "=0 

to=  l,£m  =  2,  m  >  1 


rigid  boundary  at  z  =  0: 


G(?|r)=  f  </( 
0 


oo 

I 


,/F  e‘"‘>JMe)JTem'JMe') 

»  2n  r  2n 


x  ‘  _  exp  t  \/  k2  ~  t,2  z>  cos  \/  k1  - 1,2  z< 

\fF^V 


(3.7.25) 


3.7e  RADIATION  FIELD  OF  A  HARMONIC  POINT  SOURCE 
IN  A  PARALLEL  PLATE  WAVEGUIDE 

A  2-D  parallel  plate  waveguide,  0  <  X  <  a,  -  00  <  >>  <  00  is  excited  by  a  harmonic  point  source  at 
x',  y  .  There  are  standing  waves  in  the  Ar-direction  and  progressive  waves  in  the  ±  y  direction.  The 
eigenfunctions  for  pressure-release  walls  at  x  =  0,  x  =  a  are  given  by  3.6.21,  and  for  rigid  walls  by 
3.6.22.  The  3-D  Green’s  function  for  each  set  of  wavenumbers  is  obtained  from  3.7.1: 


G(r\r') 


=  I 


y;  k„  ky)  <t>  ,(x',  y;  k„  ky )  g,(z,  z;  k, ) 


(3.7.26) 


Because  the  fields  in  all  three  directions  are  coupled  the  coupling  statement  is, 

k,  =  \/  k2  -  7  rrn  »»  _  n2 

'  a  ' 

If  the  z-domain  is  unbounded  the  1-D  Green’s  function  is  given  by  3.7.8;  if  bounded,  by  3.7.21, 
3.7.22.  We  consider  the  bounded  cases  first. 


3.7  Acoustic  Radiation  Into  W aveguides,  Green's  hunctions 


pressure  release  at  x  =  0,  x  =  a  and  z  =  0: 


G(r\r  )  =  jf  dn  Z  ‘ 

"’-0  \/™  fl 


sin  m7Uf  1  sin  mnx  e-lriv 


\Jn a 


exp  i  \J  k1  -  i  mn  Z<  sin  sfk^ 


^  mn  y  -  rj‘  z<  sin  y  K‘  -  ^  mn  j 


mn  \2  -  rf  z> 


(-)  \/  k1  -  ^  mn  \-  r)2 
rigid  boundary  at  x  =  0,  x  =  a  and  z  =  0: 


*>  oo 

G(r|f')  =  J  dr)  Z  £7  cos  mnx  einy~Jc^  cos  mnx  g-w 
'2rr a  a  '  7™ 


2na 


/  exp  i  \J  k2  -  ^  mn  j2  -  n2  z<  cos  \/  k1  -  ^  mn  y  -  r)2  Z> 


\/  fr2  -  ^  mn  j2  -  r)2 


When  the  field  is  unbounded  in  the  z  coordinate,  the  two  cases  are: 
pressure  release  at  x  =  0,  x  =  a: 


Jr  °° 

[  jrj  Z  j_  e™  sin  mnx  *  e sin  mnx 

0  _.n 


\/na  a  \/na 


i  exp  i  \J  k2  -  ^  mn  j2  -  n2  \  z  -  z' 


2  \J  k2  -  ^  mn  y  -  r;~ 


rigid  boundary  at  x  =  0,  x  =  a: 


I 


oo  » 

G(f|r  )  =  Jo  drj  Z  ,/C  cos  max  yC 
'2na  l  '2na 


g-"v  cos  mnx 


a 


i  exp  i  k2  -  i  mn  \2  -  rj2  |  z  -  z  \ 


(3.7.28) 


(3.7.29) 


(3.7.30; 


fc- 

im 
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t* 
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3.7f  ALTERNATE  ("BIORTHOGONAL")  FORM  OF  RADIAL  DEPENDENCE 
OF  FIELDS  IN  CYLINDRICAL  COORDINATES 

In  dealing  with  cylindrical  coordinates  an  alternate  form  of  the  integrand  has  proven  advan¬ 
tageous.  We  describe  this  form  next.  In  3.7.24,  3.7.25  the  integral  has  the  form, 


=  Jo  dUUte)JMe) 


(3.7.32) 


The  evaluation  of  this  integral  is  often  facilited  by  extending  the  range  of  integration  to  -  00  <  4  >  °°, 
and  then  continuing  4  into  the  complex-4  plane.  Because, 


A 


Uke)  =  ±[HL''tte)  +  HL2'tie)] 


(3.7.33) 


and  because 


X  dt,  4  HL2)  (4c)  SMel  =  /_  dk  4  HU  >  (4p)  K  Up'  ) 


one  can  rewrite  3.7.32  in  two  alternative  forms  by  interchanging  p,  p': 

<30  ce> 

/  =  ±  X.  dk  4  HL" (4e)  JMe')  {  }  -  \  X~rf^  H-" tteV.ttc)  {  }  (3.7.34) 

In  the  complex-4  plane  H(m"  is  multiple-valued  on  the  negative  real  axis.  One  must  therefore  make  a 
branch  cut  there,  and  deform  the  contour  of  integration  C,  to  pass  above  the  negative  real  axis,  and 
above  4  =  0.  The  contour  is  completed  by  a  great  semicircle  in  the  upper-half  of  the  4  plane.  The  con¬ 
tribution  of  this  semi-circle  to  the  value  of  I  depends  on  the  asymptotic  form. 


Itf^ttp) /.(&') I  ~ ' _ exp[-(  Im  4)  (p  ~  p')]  (3.7.35) 

"Vee  14 1 

When  p  >  p'  the  contribution  of  the  first  integral  in  3.7.34  vanishes.  Because  p  and  p'  are  inter¬ 
changeable  in  3.7.35  the  contribution  of  the  second  integral  vanishes  on  the  great  semi-circle  when  p 
<  p'.  The  two  regimes  (p  5  p)  are  put  in  one  formula  by  use  of  “greater  than”  (>)  and  “less  than”  (<) 
signs  in  the  arguments  of  the  Bessel  and  Hankel  functions, 

/=  )WUc-){  }  (3.7.36) 

The  symbol  -  00  (C,)  means  contour  integration  in  the  complex-4  plane  as  discussed  above. 

The  product  of  Bessel  and  Hankel  transforms  in  3.7.36  is  called  “biorthogonal”  in  this  context, 
in  contrast  to  the  product  of  two  Bessel  functions  in  3.7.32  which  is  called  “Hcrmitian”. 


110 


li 


V.  r  t , 
V  V 


,  S  .--S  . 


i  »-s 


W--.V.V 


v.s'.V.' 


3.7  Acoustic  Radiation  Into  W aveguides.  Green's  Functions 


3.7g  RADIATION  OF  A  HARMONIC  POINT  SOURCE  IN  FREE  SPACE 

The  3-D  Green’s  function  of  a  harmonic  point  source  in  cylindrical  coordinates  g,  4.  z  is  3.7. 19. 
In  free  space  the  2-D  acoustic  field  in  the  plane  z  =  0  is  unbounded  in  the  p-coordinate,  and  periodic 
in  the  $  coordinate.  The  modal  description  follows  from  3.7.36  and  3.7.18: 


(3.7.37) 


(3.7.38) 


Here,  as  before,  <t> ,  is  the  adjoint  modal  function,  or  simple  conjugate  for  time-harmonic  excitation. 
Again,  the  I  D  Green’s  function  g .  for  the  case  z-unbounded  is  3.7.8.  Using  the  coupling  statement 
3.7.23  one  then  obtains, 


C?(r| #*';  k)  =  Jl|r)rf|  Z.  ‘  -  ^  ,/TJMq-)  -  ‘  W(4e,) 

V2rr  \  2  V2"  f  2 

x  j_  exP'Vfr2  -V  \z-z\  (3,7  39) 

2  k2  -42 

The  notation  |*  -  z  I  could  equally  well  have  been  written  (z<  -  z>).  If  the  point  source  is  placed  at  t’ie 
origin  the  acoustic  field  becomes  independent  of  coordinate  <j>.  This  means  one  must  set  m  =  t?  3s 
well  as  q,  z  .  Then, 


<7(T|0)=  ±  / . i  k’-V  \z\di  (3.7.40) 

8n  <r,)  V  k2  -  V 

In  lieu  of  integrating  over  ^  one  may  choose  to  integrate  over  kt  =  \/  k2  -  42  .  Because 

Wj  =-  dk.  (3.7.41) 

V  k2  -V 

it  appears  that  3.7.40  is  easily  transformable  to  k,  dependence.  However,  by  deforming  the  contour 
C,  so  that  4  runs  from  +  i  °°  to  the  left  of  the  branch  cut  of  the  integrand  of  3.7.40,  then  around 
branch  point  k,  then  to  +  /  00  to  the  right  of  the  branch  cut,  it  will  be  seen  that  as  4  varies  from  - 
°°(C,)  to  +  k,  varies  from  +  00  to  -  °°.  The  minus  is  cancelled  and  3.7.40  is  replaced  by  an  in¬ 
tegral  over  the  real  k,  domain: 


G(r\ 0)  =  f  iHi>"  (\/  k2  -  k\'  q)  e‘k  z  dJi.‘  ,z'  =  0 
'  2n 


(3.7.42) 


The  radiation  of  a  harmonic  point  source  in  free  space  can  also  be  expressed  in  rectangular 
coordinates.  The  3-D  Green’s  function  is. 
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G(r\r  ;  kx,  ky)  =  X  <t>.(x,  y;  kx,  ky)<t>,(x,  y  ;  kxky)gx(z,  z;  kx) 


The  modes  <D,  are  obtained  from  3.6.23  and  g,  is  obtained  from  3.7.8.  The  coupling  statement  is, 


k2  =  i2  +  n2  +  *.J,  i  =  kx,r1  =  ky 


G(r\r';k)=  f  di  f  dr\  _L  e,Ux*'lv)  _L  i  '  exP  >  \/  k2  C  T  k  z\ 

"  “  2n  2n  2  \f  k2  -  i2  -  n1 


(3.7.43) 


AH  formulas  3.7.39,  3.7.40,  3.4.42,  3.7.43  have  the  same  closed  form  solution, 


G(r\r  ;  k)  =  _L_  ,  R  =  \r-  r'  \ 
4  nR 


3.7h  RADIATION  OF  A  HARMONIC  POINT-SOURCE  IN  SEMI-INFINITE  QUARTER  SPACE 

A  semi-infinite  quarter  space,  0  <  *  <  °°,  0<j<°°,0<z<oois  excited  by  a  point  source  at  x', 
y' ,  z  ■  Because  the  2-D  acoustic  field  in  plane  z  -  0  is  bounded  by  the  walls  x  =  0,  y  =  0,  it  can  be 
described  as  a  sum  of  modes:  3.6.17  for  pressure-release  walls,  or  3.6.18  for  rigid  walls.  Also, 
because  the  field  is  bounded  in  the  z-coordinate  the  1-D  Green’s  function  g,  in  3.7.19  is  given  by 
3.7.21  for  a  pressure-release  boundary,  or  by  3.7.22  for  a  rigid  boundary.  In  the  region  z(or  z  )  >  0 
the  radial  field  is  coupled  to  the  axial  field.  The  coupling  of  the  wavenumbers  takes  the  form. 


k\  =  k1  -  i J  -  r)2,  i  =  kx,  rj  =  ky 


Because  k„  ky  are  continuous  the  3-D  field  3.7.19  is  obtained  by  a  double  integration.  From  bound¬ 
ary  conditions  3.6.10  two  cases  are  immediately  formulated, 

pressure  release  at  wall  x  =  0,  wall  y  =  0,  and  wall  z  =  0: 

G{r\r';k)  =  Jo  di  drj  A.  sin  £* sin  r).y  A  sin  ix',  sin  qy' 


exp  i  \/  k1  -  i2  -  rj1'  z.  sin  \/  k2  -  i2  -  rj1'  z . 
-  \J  k2  -  V  -  r)! 


(3.7.44) 


• .  *v<  » •  .  <•. 

,S  v .V.V#  • .  -  - 


v  '.vVVA'V*  *\ 
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rigid  wall  at  wall  x  =  0,  wall  y  =  0  and  wall  z  -  0: 

G(r\r';k)  =  j  di,  j  dn  A  cos 4* cos ny  A  cos  4x1  cos  ny' 
*'°  _  _ 
n  n 

x  exp  /  \/  ArJ  -  4J  - 12'  z<  cos  \/  k2  -  £2  -  n2'  z, 

-/  v  A:2  -  42  - 

When  the  quarter  space  is  infinite  g.  in  3.7.19  takes  on  the  form  3.7.8. 


(3.7.45) 


3.7i  GENERAL  RULE  FOR  INTERCONVERTING  3-D  AND  2-D  GREEN’S  FUNCTIONS 

The  examples  cited  in  3.7a  through  3.7h  allow  one  to  construct  a  general  rule  for  relating  2-D 
and  3-D  Green’s  functions.  Eq.  3.7.42  is  a  Fourier  transform  with  respect  to  z  of  the  2-D  Green’s 

function  ~  //0<n  (kg)  -J x1  -  k22  q).  The  conversion  is  easily  generalized  in  two  rules: 

Rule  #/:  A  2-D  Green’s  function  G(g.  k ,)  or  G(x,y,kx,  kv)  can  be  converted  into  a 
3-D  Green’s  function  by  inverse  Fourier  transformation  with  respect  to  the  axial  coordinate, 
provided  the  transverse  wavenumbers  (k,  or  kx,  kv)  are  made  to  couple  with  the  axial 
wavenumber. 


or 


G(r\r';  k)  =  f  «*■•«»  G(q,  *  |C’.  f;  \fF^kf  )  (3.7.46) 

2n 

oo  oo 

G(r|r';  k)  =  J  L  e'/t  4  *  UZ)G(X,  y\x,  y;  V  k}  -  kl  -  k!  )  dk'dk'  (3.7.47) 

(2n)» 


Rule  #2:  A  3-D  Green’s  function  G(r\r';  k)  can  be  converted  into  a  2-D  Green’s  function  by 
direct  Fourier  transformation  with  respect  to  the  axial  coordinate  z, 

G(qA  le'.f;  *,*.)  =  J..e*M-aG(r\?;k)dz'  (3.7.48) 

or 

G(x,  y\x',  y;  k,  k„  ky)  =  f  ^  J  e'^k  ('  ' G(r\r' ;  k) dz  (3.7.49) 

Each  of  these  integrals  is  evaluated  in  the  real  domain  in  which  Fourier  transformation  requires  a  fac¬ 
tor  of  l/2n  when  the  inverse  transformation  (that  is,  integration  over  wavenumber)  is  being  made. 
This  differs  from  formulas,  like  3.7.39,  in  which  integration  over  wavenumber  is  a  contour  integral 
and  not  a  Fourier  transformation.  The  factor  l/2n  does  not  explicitly  appear  in  this  case. 


3.8  RADIATION  IN  THE  PRESENCE  OF  SCATTERING  BAFFLES 

Radiation  theory  describes  the  acoustic  field  generated  by  acoustic  sources  in  bounded  or 
unbounded  space.  Section  3.7  treated  the  case  of  internal  radiation  in  the  guise  of  a  harmonic  point 
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source  in  waveguides.  In  this  Section  we  consider  the  acoustic  field  radiated  by  a  harmonic  source  exterior 
(but  adjacent)  to  a  scattering  baffle.  Only  baffles  having  simple  shapes  will  be  discussed  in  detail. 

Fig.  3.8.1  shows  the  general  physical  prob¬ 
lem.  A  harmonic  point  source  at  S  radiates  an 
p  acoustic  field  to  a  point  P  exterior  to  the  convex 

baffle  B.  The  effect  of  the  baffle  on  the  radiated 
/  -  field  is  accounted  for  by  placing  an  image  I  of  the 

.  /  •  y  source  S  inside  the  baffle.  The  radiation  field  at  P 

\  '  /  is  then  the  sum  of  the  freefield  G„(r\r  )  from  S  and 

1  - -f- - s  the  image  field  F(r\r")  from  /. 


G(r\r)  =  Go(rV')  +  F(r'|r" ).  (3.8.1) 

While  G0  is  discontinuous  when  the  observa¬ 
tion  point  P  coincides  with  S,  the  field  F  is  always 
continuous  because  P  cannot  be  inside  B.  Thus  F 
obeys  the  source-free  Helmholtz  equation. 


Fig.  3.8.1.  Point  source  adjacent  to  a  baffle. 


(V2  +  *2)F  =  0 


(3.8.2) 


From  the  infinity  of  solutions  of  this  equation  one  must  be  selected  which  also  satisfies  the  boundary 
condition  on  B: 


oG  +  /3V„G  =  0,  on  B 


(3.8.3) 


in  which  V„  is  the  normal  gradient  (3/3  „)  and  a,  p  are  general  functions  of  space  and  (harmonic) 
time. 

Eq.  3.8.1  has  a  different  interpretation:  it  is  the  incident  field  p'  at  r  described  by  G0  plus  the 
field  p’  ( =  F)  scattered  by  the  baffle, 


G(r|r)  =  p‘{r\r)  +  p'(r\r ) 


(3.8.4) 


It  is  thus  seen  that  the  theory  which  describes  the  scattering  by  a  convex  baffle  of  the  field  radiated  by 
a  harmonic  point  source  also  describes  the  radiation  problem  of  this  section.  This  rule  will  be  used  to 
help  formulate  several  important  problems  in  external  radiation. 


3.8a  RADIATION  OF  A  HARMONIC  POINT  SOURCE  ADJACENT  TO  A 
CIRCULAR  CYLINDRICAL  BAFFLE 

The  3-D  Green’s  function  in  cylindrical  coordinates  q,  <(>.  z  of  a  point  source  in  free  space  is  ex¬ 
pressed  by  3.7.39  as  a  contour  integral  over  the  radial  wavenumber  4.  By  transforming  variables 
3.7.41  the  integration  domain  becomes  k,  which  is  a  real  variable: 


*  *  •  •  v  *’  .’v*  A*’  ’  •.*  *  •  V 

’  •  /  '  *  *  •  *  ■*  '  a 


/  *  . 


****&?% 


3  8  Radiation  in  the  Presence  of  Scattering  Ba  ffles 

G(r\r  ;  k)  =  f  dk,  Z  _L  e"">*  * '  ±  J„{e<  V  k2  -  )  //«.'* (e>  'J  k1  -  k\  )  _L  «<*■«•"=• 

2n  2  2 

(3.8.5) 

When  time  is  specified  as  exp  -/a>/  the  Bessel  function  J„  represents  standing  (converging  plus  diverg¬ 
ing)  waves,  while  the  Hankel  function  //J,"  represents  diverging  waves.  This  means  an 
observer  at  a  distance  from  a  point  source  sees  part  of  the  field  receding  from  him  and  part  of  it 
approaching  him. 

In  contrast  to  this  situation  described  by  the  product  J„  HL"  the  field  scattered  by  the  cylin¬ 
drical  baffle  always  appears  diverging  to  this  observer,  at  least  insofar  as  it  is  “visible”  to  him.  Thus 
the  radial  dependence  of  the  scattered  field  has  the  form  WUeJ  H"'Uq  •)■  When  the  free  field  and 
the  scattered  field  are  superimposed  the  radial  dependence  becomes, 


lUte<)  +  e<)l  Wtte  >).  4  -  s/T^k2 


(3.8.6) 


in  which  B„  is  a  factor  which  is  to  be  adjusted  to  match  boundary  conditions  on  surface  q  =  a.  Two 
simply  matched  boundary  conditions  are  pressure-release  surface  and  rigid  surface.  The  3-D  Green’s 
function  in  these  cases  are: 

pressure  release  surface  at  q  =  a: 

G(r\r’;  k)  =  e~lwl  f  „  dk Z  J_  e"**  '♦ 1  4  I"  ■/».(<?<  V  k2  -  kl  )  -  _ -/-(a  \/  k2  -  k]  ) 

"  2n  2L  Til! '(a  \7  k2  -  ki  ) 

x  \/k2-  kl  )J  HL'Kq.S/  k>-k>,  )  J_  (3.8.7) 


rigid  surface  at  q  =  a: 
G(r\r';  k)  =  e”“" 


dk 4 


1  gimH-t ) 

2n  2  . 


IU4  V  k‘  -  kl)  - 


Jm(a  \/  k2  -  k !  ) 
HI"' (a  \/  k1  -  kl) 


x  HL"(q<  V  ~k2  -  k2.  )J  HL"(q>  V  k>  -  kl  )  L  e •*■«« 
Jm(x)  =  —  JM) 


(3.8.8) 


In  applications  one  can  often  simplify  the  above  formulas  and  their  derivatives  by  use  of  the 
Wronskian  identities. 

W{J„(z),H'"{z)}  =  Mz)H'~"(z)-JM)HL"{z) 


,  z  =  a\J  k2  -  kl 


mH"'(z),H'"{z)\  =  -  ™ 


(3.8.9) 


(3.8.10) 
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In  radiation  problems  the  source  point  is  often  on  the  baffle.  When  the  baffle  surface  is  pressure- 
release  the  normal  derivative  of  the  Green’s  function  is  proportional  to  the  normal  component  of  sur¬ 
face  velocity.  Taking  the  derivative  of  3.8.7  with  respect  to  q  <  and  using  3.8.9  it  is  seen  that  the  part 
of  the  integrand  in  brackets  becomes, 

-2/ 

n  aHL'>(a  \/  k1  -  k;  ) 


Hence  for  the  source  on  the  baffle  at  q'  =  a, 


dG(r\i';k) 


t  f  -2/  1  HL"(o  ,\J  k2  -  k]  ) 


3  8  Radiation  in  the  Presence  ot  Sea  tier  ink  Hatties 


The  baffle  itself,  which  can  have  any  local  surface  acoustic  impedance  Z(ka),  introduces  a  scat¬ 
tered  field  F(r),  3.8.1.  Two  cases  of  ideal  impedance  are: 

baffle  is  pressure  release  at  q  =  a: 

G(cle)=  J-  X  cos[/w(+  -  f)]  r.U*(>  )-  J^L  H!,"{kQ  )1  H'."lke  )  (3.8.16) 

4  m  ■  "  L  HL"(ka)  J 

When  the  line  source  is  on  the  surface  q  =  a  the  field  everywhere  vanishes.  The  normal  derivative  of 
the  field  is  however  finite  everywhere.  By  use  of  3.8.9  one  arrives  at: 

I  =  _L  X  cosjm(4>  -  4>'))  [  zlL  1  j  (3.8.17) 

dQ.  "  4  ’  L  nka  J  H'm"(ka ) 

in  which  q  <  is  any  radius  q  >  a.  The  farfield  of  3.8.16  is  obtained  by  use  of  the  asymptotic  form  of 
the  Hankel  function. 


lim  Hlm"(kQ)  ~  J 

2  exp  i 

\kQ~  V  ) 

,]  Hr 

(3.8.18) 

*e-°°  rn 

ko 

V  4  / 

- 

and  by  noting  that 

QD 

Z_  i'm  cos(w(4  -  4  )1  J~.(kQ)  =  e1^  * 1  (3.8.19) 


it  is. 


G(ele) 


7  [‘ 


-ike  ct>M*  ♦  ) 


cos  -  V)(~0" 


J~(ka)  H'm''(ke ) 
HL"(ka) 


X 


(3.8.20) 


The  first  term  in  the  brackets  is  the  free  field  farfield  planewave  due  to  the  line  source;  the  second 
term  is  the  scattered  field. 


baffle  is  rigid  at  q  =  a: 


G(ele)  =  _L 

4 


X  cos  m($  -  f )  Jm(kQ. )-  J^ka^  Hl"(ke.)  Hl,"(ke .) 
”  L  HL'fka) 


On  the  surface  q  <  —  a,  the  field  is  simplified 


HfVcQ_) 

Hl"{ka) 


(3.8.21) 
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G(c|fl)  = 


I 


(3.8.22) 
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The  farfield  of  3.8.21  is  again  obtained  by  3.8.18  and  3.8.19: 


G(ek')  =  _L_  exp(-//(re  cos($  -  $  )  ~  ^  cos HL"{ke  ) 

4  L  m  ~  HL"'(ka) 


*  l/X  exPl'(*e  ~  n/4)]. 


(3.8.23) 


In  all  choices  of  baffle  impedance  if  the  field  is  caused  by  a  distribution  'Vie  )  (units:  s  ‘)of  line 
sources  over  a  surface  S(g '),  the  radiated  velocity  potential  is, 


tp(c)  ~  Js  G(cle ’)4>(g  )dS(e )  (units:  m2s  ') 


(3.8.24) 


3.8c  RADIATION  FIELD  OF  A  POINT  SOURCE  ADJACENT  TO  AN  ELLIPTIC  CYLINDER 

An  elliptic  cylinder  Fig.  3.8.2  in  elliptic  coordinates  u,  v,  z,  is  related  to  the  rectangular  coor¬ 
dinate  x,  y,  z  by  the  transformation: 


Fig.  3.8.2.  Geometry  of  an  elliptic  cylinder. 


x  =  4n.‘ y  =  \/  1  -V  s/T-r)2  ;z  =  z 

2  2 

4  =  cosh  u;  rj  =  cos  v  (3.8.25) 


0  **  u  <  °°,  0  ^  v  2n;  -°°  <  z  <  00 


The  surfaces  4  =  const,  are  confocal  ellipses;  d  is 
the  interfocal  distance;  4'  is  the  eccentricity;  the 
surfaces  n  =  const,  are  confocal  hyperbolic 
cylinders  of  two  sheets  at  interfocal  distance  d. 

The  separation  of  Helmholtz’s  equation  (V2 
+  kl)xy(r)  =  0  in  elliptic  cylinder  coordinates 
leads  to  a  description  of  the  fields  in  terms  of 
radial  and  angular  functions, 


even  radial  (Mathieu)  functions:  Re'„ "  <2)  (c,  4) 

odd  radial  (Mathieu)  functions:  RoL"  122  '  ”  (c,  4) 
even  (odd)  angular  Mathieu  functions  Sem(c,  rj),  Som{c,  tj). 


in  which  c  =  kd/2,  and  Re^11  +  /' Re^,2’.  A  brief  description  of  Mathieu  functions  is  given  in 
Sect.  1.9b  and  reference  (10).  Now  the  2-D  Green’s  function  in  elliptic  coordinates  is: 


3  8  Radiation  in  the  Presence  at  Scattering  Baffles 


G(Q\Q';k,)=  _L  Hi,"(k,Q),  e  =  le_e'l 

4 

G(q | q  ;  k.)=  ±  I  4  I'  ReL"(c,  4)  ReL"(c.  4  )Sem(c,  n  )Sem{c,  h)*  _L  (3.8.26) 
4  1  QiT’ 

+  4  Z  RoL' ' (f,  i. )  «oi,” (c,  i  ,)  Som(c,  n’ )  Som(c,  r, )  x  J_  \ 

Q,o,  f 


[11].  Here  Qi'1,  Qi,01  are  the  normalization  of  even  and  odd  angle  functions  discussed  in  Sect.  1.9b, 
Eq.  1.9.23  etc.  The  conversion  to  a  3-D  Green’s  function  follows  the  rule  given  in  3.7.46.  When  the 
baffle  is  taken  into  account  the  3-D  Green’s  function  must  be  modified  because  of  the  scattering 
term,  3.8.1.  Two  useful  cases  are: 

pressure  release  at  surface  4  =  4,:  Source  point  is  at  (4  0,  ho,  z0),  observation  point  is  at  (4  >.  4<;  hi 

z). 

G(l  *7,  z\U  ho,  Zo»  k)  -if  «*•«-«  x  Z  (  _L  ReL'‘(y.U 

J  2n  ",=0  I  Qir> 

X  r*ei'>(y.4<)  -  — /?ei,J>(r,  4<)1  Sem(y.  rj„)  &„(y.  rj)  + 
L  /?ei,3>(y,  4.)  J 

x  _L  tfoi,J>(y,  4>)  f  RoL'^Y.  4<)  ~  "(y.  4<)1  So„(y.  ho)  So.(y.  h)\  , 

Qi.01  L  /?oi,J'(y.4.)  J  / 


in  which 


y  =  £  V/ 
2 


(3.8.27) 


When  the  point  source  is  on  the  baffle  the  velocity  potential  field  is  everywhere  zero.  The  normal 
derivative  with  respect  to  u,  on  the  surface  |  =  4,  is,  however,  finite  everywhere.  Since  the 
Wronskian  of  the  Mathieu  radial  function  is 


/?“>(c,  $)R(3,  (c,  4)-/?<l>  (c,  $)R{3'(c,  4)  =  / 


(3.8.28) 


in  which  the  derivatives  are  taken  with  respect  to  u  [12]  it  follows  that  for  source  point(40.  ho,  z0)  and 
observation  point  (4t;  h.  z). 


3G(r|ro,'  k) 


—  _  r  dju  gik.iz- 

Us  =  U , 


X  Z 


.  I  1  ^’(y.  4o)  5em(y.  ho)  Sem(y.  h)  +  (3.8.29) 

0  1  Sir1  /te<,3>(y,4.) 


+  —I—  '(y.  4o)  So„(y,  ho)  So„(y,  h)\  . 

Qi0)  *o£«(y,  4.)  | 


A  Treatise  on  Acoustic  Radiation 


In  the  farfield,  for  source  point  at  (4o.  ho.  o)  and  observation  point  at  (r,  0,  h)>  r  being  the 
radial  distance  from  the  origin  of  coordinates  to  the  observation  point,  and  0  the  polar  angle 
measured  from  the  r-axis,  the  field  is: 

G(r,  0.  nlio.  ho,  0;  k)  =  e£  %  (-/)"  j  J-  [**l*'(c  sin  M.)  - 

-  — f”  ’^c  s‘n  il  1  sin  0,  4o)l  Se„(c  sin  6,  hi)  Sem(c  sin  8,  h)+ 

Reif’fc  sin  6,  4, )  J 

+  J—  I" /Jo*,1  * (c  sin  0. 4o)~  /?Q”“(C  sin  ILili  Ro'„"(c  sin  0, 4o)"|  (3.8.30) 
fir  L  Ro'J'ic  sin  0.4,)  J 

x  So„(c  sin  0,  ho)  Som(c  sin  0,  h)| . 


where 


Q(r).(0)  =  I  0<*'  ><0)  ) 

m  [  if=CMnO 


(3.8.31) 


In  the  derivation  of  this  formula  one  uses 

Re'm"(y.$)  f\j 

*oo 


^—j)me-iir/4eiy  f 


(3.8.32) 


This  formula  is  valid  when  y  is  replaced  by  c(  =  kd/2). 

baffle  is  rigid  at  4  =  4 Source  point  is  at  (40,  ho,  Zo);  observation  point  is  at  (4<,  4  >;  h;  z): 

oo 

G(4.  h.  z|4o.  ho,  zo)  =  /  (—  x  ^  |  —  Re~"(r-U  (3.8.33) 

J  2n  m‘°  1  QL'< 

X  r/?ei,"(y.  4<)  -  Rem  1  ^  Rel"(y.  4.)1  Sem(y.  ho)  Sem(y.  h) + 

L  ReL"\y.  4.)  J 

+  _L  Ro'm"(y.  4>)  /?oi,l>(y.  4<)  ~  /?0"  ,'^4l)  /?o:‘'(y.4.)1  So,(y,ho)So„(y.h)l , 

or  L  RoL"  (y.  4.)  J  1 

The  subscripts  of  4<,  4 ^  are  defined  in  3.5.3.  When  the  observation  point  (4,.  h.  z)  is  on  the  baffle  but 
the  source  point  (4o,  ho.  Zo)  is  off  the  baffle  the  calculation  of  the  field  is  simplified  by  use  3.8.28, 


G(4„  h,  zUo.  ho,  Zo,'  k)  = 


-  f  e,k  u" 

J  ~  2n 


x  2!  1  *  ^  Sem(y.  ho)  Se„,(y.  h)+ 

~°  \  or  (a/aw,)/?^"^,) 

+  *  /?Om  ’(y.  4o)  So_(y.  h-.)  So.fy.  h)\  - 

Qt’  (d/du,)RoL"(y.  4,)  J 


(3.8.34) 


*.  v  •  *  >  <•  .  .  ,  k 

»-•  ■■ '  .  •  o  . •  <-  . ■  .  r.  ,\ 


V  '  ‘  *»  *  »  ' 

,•  V  •«*  k  ‘  « 


3.8  Radiation  in  the  Presence  of  Scattering  Ba  ffles 


The  farfield  of  3.8.32  generated  by  a  source  point  at  (40.  no,  0)  can  be  written  in  terms  of  spherical 
coordinates  r,  6  as  measured  from  the  origin  of  coordinates: 

G(r,  6,  r)|4o.  n«,  0)  =  -^L  *  ^  (->)”  j  |W*(c  sin  M0) - 

-  — s‘n  il 2  Re'J'^c  sin  0,  40)1  Se„(c  sin  9,  r}0)  Se„,(c  sin  6,  rj)+ 

ReL"  (c  sin  0.  4,)  J 

+  =j_  [~ RoL,"(c  sin  0.  4o)  ~  R°L"  (c  Sin  6'^')  Kol,J|(f  sin  0.  |ff)l 
O',0’  L  Ro'J'  ic  sin  0,  4, )  J 


x  Som(c  sin  6,n0)Som(c  sin  6,n)\,  (3.8.35) 


Here,  Q  i'M01  is  defined  by  3.8.31. 

When  the  source  point  is  on  the  rigid  baffle  4  =  4,  the  field  generated  anywhere  is, 

G(l  n,  zl4„  no,  Zo)  =  -  L  —  e*-*» 

2n 

x  I  i_L  _ ReL'^y'  V _  SeJy,no)SeJy.n)+  (3.8.36) 

mI°  1  Q<f>  (d/d  u,)ReL3,(y.i,) 

+  — - - Som(y,  no)  Som(y,  17)  \  , 

QL0)  (d/du,)RoL3'{yA,)  I 

in  which  y  is  given  by  3.8.27.  Placing  the  source  on  the  baffle  at  z0  =  0  allows  one  to  find  the  farfield 
of  3.8.36  in  a  direct  way: 


G(r, 


9,  0,  =  -4  *-£-  l  (-0- 

+  So„(c  sin  0,  no)  Som(c  sin  0,  rj) 
Qtf’(d/du,)RoL3>(c  sin  0,  £,) 


{- 

}■ 


Sem(c  sin  0,  no)  Sem(c  sin  0.  rj, ) 
QH,(d/du,)Re„(c  sin  0,  £,) 


+ 

(3.8.37) 


q^).(o)  js  defjned  jn  3.8.31. 


RADIATION  FIELD  OF  A  LINE  SOURCE  ADJACENT  TO, 
AND  PARALLEL  WITH,  AN  ELLIPTIC  CYLINDER 

This  line  source,  of  radiation  velocity  potential  given  by, 


<t>(rb)  =  <*>c)(c  -  Co)  e-"“'  Za  (units:  m2s  'm  2) 
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is  associated  with  a  Green’s  function  for  free  space. 


G(ele0;*,)=  —  //iM(Ar,|e-e<.l) 

4 

The  expansion  of  q)  in  elliptic  coordinates  is  given  in  3.8.26.  The  radiated  velocity  potential 

field  of  a  continuum  of  line  sources  on  a  surface  S(q)  coaxial  with  the  z-axis,  is. 


=  fs  G(e  I  e 


W  k,)  V(e0)  dS(Qo) 


The  2-D  fields  for  the  cases  of  a  pressure-release  baffle  and  rigid  baffle  are  listed  here  for  two 
choices  of  source  points  and  observation  points. 

pressure  release  at  surface  4  =  4 

(1)  line  source  at  (40.  ho);  observation  point  at  (4.  h)- 

G(i.  rjl4o,  ^o;  k,)  =  i.  {4  Z  J  _L  \Re:V(c,  4<)  -  R^"(c,  4.)  Re!:HCt  4)1 

4  1  -°  1  Q«r»  L  Relf'ic.  4.)  J 

x  ReL"(c,  f,)  Sem{c,  r/0)  Se,„(c,  n)  + 

+  _L  4<)  -  /?°">(c’  M  Ro'„"(c,  4  )1 

Si,0’  L  Ro'J'ic,  4 1)  J 

X  Ro'J'ic,  4>)So„(c,  r\o)Som(c,  h)j  .  (3.8.3 

The  subscripts  in  4<,  4>  are  defined  in  3.5.3. 

(2)  line  source  at  (4 o.  ho);  observation  point  in  the  farfield  at  (4.  h  )■  The  asymptotic  points  ob¬ 
tained  by  use  of  3.8.32  and  3.8.26, 


lim  G(4,  hUo.  n<h  k,) 


/  1  ^  4 (-/)’"  e'“ 

T  1  \/cT 


x  J  _L  Relt}{c,  4o)  -  ReL"{c>  4l)  ReL"(c,  4«) 

1  Sir'  l.  4.)  J 


x  Sem(c,  r]„)Sem(.c,  h)  + 


_L  4«)  -  /?oi'l(c’  4|)  /?o‘,1,(c,  4o)l  Som(c,  h«)So„(c,  rj)l  •  (3.8.39) 

Qi.0’  L  RoLHc,  4.)  J  / 
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3.8  Radiation  in  the  Presence  of  Scattering  Raffles 


baffle  is  rigid  at  £  =  4 , 

(1)  line  source  at  (40.  rj0);  observation  point  at  (4,  n)' 

G(4,  r)|4o.  rj0;  k,)  =  x4  Z  J  _L_  [/?<&"(<■,  4<)  -  Re (c-  M  Re'Jfc,  £.) 
4  m=0  1  Qlr>  L  Re'f'ic,  4,) 

x  ReL'fe,  £  ,)  Sejc,  n0)  Sem(c,  rj )  + 


+  _ L  [ Ro'JKc,  4<)  -  „Ro”"'(c’  *■>  Ko  <,"(<:,  4.  )1 

Qi.01  L  Ro<,J'  (c,  4.)  J 

x  /?oi3|(c,  4>)Som(c,  r]0)Som(c,  n)|  •  (3.8.40) 

(2)  line  source  at  (40.  no);  observation  point  in  the  farfield  at  (4,  n): 


lim  CU.riUo.>v*,)-  -L  I  Z  - 1  tTe^1" 4 

4  \  »=o 


\fc£ 

*  I  —  [" ReL"{c,  4o)  -  _ Re!„"(c,  4„)1 

1  QiT’  L  Re'J'  {c,  4.)  J 

x  Sem(c,  no)  Se„(c,  n)  + 


—  \ro"'(c,  4o)  -  /?oi,J’(c,  4o)l  Som(c,  r/o)Som(C,  n)l  ■  (3.8.41) 

Qi,01  L  «oi,”'(c,  4.)  J  J 


3.8d  RADIATION  FIELDS  OF  POINT  SOURCES  AND  LINE  SOURCES 
ADJACENT  TO  A  STRIP 


In  Fig.  3.8.2  the  surface  u  =  0  defines  a  strip.  All  formulas  derived  in  3.8.25  through  3.8.39  are 
applicable  to  strip  if  4i  (wherever  it  occurs)  is  replaced  by  1. 


3.8e  RADIATION  FIELD  OF  A  POINT  SOURCE  ADJACENT  TO  A  SPHERE 


In  Fig.  3.8.3  a  point  source  S  at  (r„,  6„,  $„)  is  placed  adjacent  to  a  sphere,  radius  a,  centered  at 
the  origin  of  coordinates*,  y,  z.  The  surface  of  the  sphere  may  have  differing  local  (or  point)  acoustic 
impedance.  Several  cases  of  acoustic  radiation  may  readily  be  formulated. 
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First,  in  free  space,  the  radiated  field  is. 


G(r,  Mko.  0o,  4>0;  k)  =  e-*R/4n/? 


G(r,  0,  <Hr0,  0o.  k)  = 


jk_ 

4n 


X  (2 n  + 


1)  I 


Sa - mJ\  COS[/7?(<t>  -  <(>«)]  P?( COS  00 ) 

(n  +  m)! 


x  PT  (cos  0 )  j„  (kr< )  h„  ( kr> ) . 


(3.8.42) 


t!3). 

Here,  k  =  cu/c;  R  =  |r  -  r0|;  to  =  1,  cm  =  2  for  m  >  1;  P”  (cos  0)  is  the  associated  Legendre 
polynomial;  j„  h„  are  spherical  Bessel  and  spherical  Hankel  functions  respectively. 


in  which 


When  the  point  source  is  adjacent  to  the 
sphere  this  field  must  be  modified.  We  consider 
two  types  of  spherical  surface  impedance 

surface  r  =  a  is  pressure-released : 

G(r,  0,  $  ko.  0o,  <f>o;  k)  =  k  x 

4tt 

oo  n 

i  X  X  (2 n  +  \)[i„(kr<)-a„hi„')(kr. )]W’(Arr>) 

n=0  /=  l 

X  i  P„(cos  0O)  P„(cos  0)  +  2  ~  /)! 

1  («  +  /)! 

•  P'  (cos  0„)  P' (cos  0)  cos [/($  -  $„)]  l .  (3.8.43a) 


hi"(ka) 

The  factor  2  in  the  braces  arises  from  t,  =  2  for  /  ?  1. 

When  S  is  on  the  surface  the  field  everywhere  vanishes.  However  the  radial  derivative  (with 
respect  to  r.)  is  finite.  For  a  source  at  r0  =  a,  8„  =  0,  $0  =  0,  the  terms  in  /  disappear.  Because  P„(l) 
=  1  it  follows  that  the  derivative  field  is, 


a  Or,  0.  ♦ko,  0, 0) 

1  =  ki 

ik  ‘ 

X  ( 2rt  +  1)  P„(cos  0) 

h'„"{kr„ ) 

dr< 

'■  “  4n 

L  (ka)2  J 

n=0 

h:,"(ka) 

(3.8.43b) 


This  formula  is  derived  by  use  of  the  Wronskian  identity, 


3.8  Radiation  in  the  Presence  of  Scattering  Baffles 


W{j„(z),hl"(z)}  =j„h'n-j„hn  =  i/(zY 


(3.8.44) 


J„  =  dj"(z)  ;  dJ"(kr)  =  kj'„ 
dz  dr 


The  far  field  for  a  source  at  (r0,  0,  0)  is  obtained  from  3.8.42  by  use  the  asymptotic  form, 


h!,"(z)  =  -i  J—  (-/)" 


(3.8.45) 


it  is: 


lim  G(r,  0|r„,  0,  0)  =  _k'_  Z  (2/i  +  1)  [/„(Ato)  -  aM"(kr0 )](-/)  (-/)" 

,—  <*>  4n  "=0  At/- 


x  P„(cos  9) 


(3.8.46) 


surface  r  =  a  is  rigid:  For  a  source  at  r0,  60 .  the  field  is, 


G(r,  0.  0„,  $„;*)=  .  .  i  Z  2  (2w  +  Ol/nfArJ  -  aM'^kr^hi,1 '(kr^ 


4tt 


x  1  P„(cos6o)/,„(cos0)  +  2  (n  ~  P!,(cos  0O)  <P!,(cos  6)  cos[/(4>  -  4>0)] \  . 
I  (n  +  IV-  J 


(3.8.47) 


a„  =  j'„(z)/h'n"\z ) 


When  the  point  source  is  situated  on  the  sphere  at  location  (a,  0,  0)  the  field  is  obtained  by  setting  r < 
=  a,  using  3.8.44,  and  neglecting  all  terms  in  /: 

G(r,  B\a,  0,0)  =  J±_  Z  (2n  +  1)  \  _L_  1  (3.8.48) 

4n  "-0  L  (kaY  J  h'„"  (ka) 

In  the  farfield,  for  a  source  at  (r0,  0, 0),  the  field  is  constructed  from  3.8.47,  3.8.49  and  from  the  sym¬ 

metry  in  coordinate  $  which  requires  all  terms  in  /  to  vanish: 


lim  G{r,  0|r,„  0,  0;  k)  = 


AL  Z  (2 n  +  !){/.,  (Arr0)  -  a‘„hY'{krn)]  f-r  (-/)"]  P„( cos  6) 
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3.8f  RADIATION  FIELD  OF  A  HARMONIC  POINT  SOURCE  ADJACENT 
TO  A  PROLATE  SPHEROID 


Prolate  spheroidal  geometry  is  shown  in  Fig. 
3.8.4.  The  axis  of  rotational  symmetry  is  z-  A 
brief  review  of  this  geometry  has  been  made  in 
Sect.  1.9.  A  point  source  at  r0  =  (4«,  no,  io) 
generates  a  field  in  free  space  given  by 

G(r\r0\k)= 

4n  R 

R  =  |  r  -  r„  | 


which  can  be  expressed  in  spheroidal  coordinates 
by 


G(4.  n<  4>  1 4o.  no.  ta;  *)  = 


ik_ 

2n 


i  1 

m=0  ft  —  0 


•  tm  cos  m(<j>  -  <|>0)  S’-’fc*  Hq)  S~*(c.  n) 
Nm„(c) 


Fig.  3.8.4  Prolate  spheroidal  geometry. 


*RU1(C,  4<)/?L’„'(C,  (3.8.51) 


Here,  S„„(c,  n)  is  the  prolate  angular  spheroidal  wave  function;  R'J*  (c,  4)  is  the  prolate  radial 
spheroidal  wave  function  of  kind  j  =  1,  2,  3,  k  =  t o/c;  Nm„(c)  is  the  normalization  of  the  angular 
functions;  c  =  kd/2;  i„  is  the  Neumann  factor,  c0  =  1,  e„;  =  2  for  m  >  1;  and  the  subscripting  in  4<. 
4>  is  defined  in  3.5.3.  A  full  discussion  (but  with  different  notation)  of  these  wave  functions  can  be 
found  in  [14].  In  the  presence  of  a  prolate  spheroid  this  field  may  be  modified.  Two  cases  can  be 
directly  formulated: 


Surface  4  =  const,  is  pressure  release : 
G(4,0.*  |4o.0o.<t>„;A:)=  —  i  Z 

2  n 


The  field  at  r  =  (4,  rj.  $)  due  to  a  source  at  r0  =  (4o.  ho.  K)  is, 


x  \rmc,  4<)  -  *■>  R'"(c,  4<)1  /?"»(<•.*>) 

L  R'JUc,  4.)  J 

X  S„„(c,  no)S„„(c,  n)  cos  m(< t>  -  4>o)-  (3.8.52) 


The  normal  derivative  of  the  field  on  the  surface  4  =  4 1  due  to  a  point  source  at  r0  =  (4„.  ho.  lo)  is  ob¬ 
tained  from  3.8.52  by  use  of  the  Wronskian 
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y*\,v .•■ 


3.8  Radiation  in  the  Presence  ol  S<  alienin’  Rattles 


3f'{ 4),  /?!»V(c,  4)}  =  _ l- _  =  RL'JRL'.!'  -  R'1'.Rl 

c(V  -  1) 


RUc,  4)=  JL  Rl, 
dt, 


(3.8.53) 


12.  (4,.  9.  <t> 1 4o.  no.  <♦>«;  k)  =  JL  x  t.  f.  -L  *  [  — 1 — 1  LUJl 

di.  In  —  Nm„(c)  Lc(4-;-1)J  RL'.!(c,  4.) 


X  S,„„(c,  >1 )  S . (c,  n«)  cos  m(j>  -  4>o) 


(3.8.54) 


The  farfield  due  to  a  point  source  at  ra  =  (40.  no.  $,,)  is  obtained  by  noting  that. 


Rmi(c,  4)  "*  (-/)(-/)•" 


(3.8.55) 


lim  G(4. 1.  ^|4o.»lo.  <t>o;  k)  = 


2L  (-,)  ^  I 

2n  c4  m=0  ”=”  N„„ 


[ «'J.:(e,  4„)  -  /L"L1±)  Rl'JXc,  4„)1 

L  RL'iic,  4,)  J 


x  Sm„(C  no)  Sm„(c,  r?)  cos  m(4>  -  $0). 


(3.8.56) 


surface  £  =  $,  is  rigid:  The  field  at  r  -  (4.  n-  $)  due  to  a  point  source  at  r„  =  (4».  6,„  P„)  is. 


G(4,»j.*I4o.»jo.  ♦»;*)-  JL  *  2  2  -i=_ 


tac  4.  )  -  4'-}.  RL'Uc,  4  .)  1 

L  RL'J'(c,  (,)  J 


X  4  >)  sm„(c,  r]o)  sm„(c,  r?)  cos  w(<|>  -  <j»0). 


(3.8.57) 


in  which, 

Rmi  (c,  4 )  =  _fL  «L,’’(c,  4) 

<44 

On  the  surface  4  =  4,  =  const,  we  set  4 .  =  4t  and  4  ,  =  4„.  By  use  of  3.8.53  the  surface  field  due  to  the 
source  at  (4„.  no.  f>)  is, 


vlv 


W  .  V  V  v  V  v.-v  ■ 

!-  m  .  ■  s  .  <  —  *  •  *  '  -  .  -  *  • 
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GU,.r,.  tUo.no.  *«;*)=  _*L  i  5!  _ -  .  r _ L _ 1  RL'Uc.M  RM Ct  p 

2n  ~=°  —  JV„„(c)  L  c(£;  -  1)  J  fli.W,  £.) 


x  Sm„(c,  no)  S.„(f,  n)  COS  m($  -  $„)• 


(3.8.58) 


The  farfield  of  a  point  source  at  (£„,  no.  $o)  adjacent  to  the  surface  £  =  £ ,  is  obtained  by  use  of  3.8.54 
and  3.8.57: 


lim  G(i  n.  ♦It.,  no.  *>  =  _*L  X  X  fs.  _  I" RUUc.  £„>  -  /?L" (c  *ij 
c4-oo  2n  ”=°  —  A/„„(c)  L  /?L'..’  (C,  £,) 

•  RLJJ(c,  £0)1  (-/) (-1)"  g"t.  x  s«„(c,  no)  s„jc,  n)  COS  m(4>  -  4>„). 

J  ci 


(3.8.59) 


3.8g  RADIATION  FIELD  OF  A  HARMONIC  POINT  SOURCE  ADJACENT 
TO  AN  OBLATE  SPHEROID 


Oblate  spheroidal  geometry  is  shown  in  Fig. 
3.8.5.  The  axis  of  rotational  symmetry  is  z.  This 
geometry  was  reviewed  in  Sect.  1.9e  in  connection 
with  the  radiation  of  sound  from  oblate  spheroids. 
There  it  was  shown  that  all  formulas  for  the  oblate 
’n  =  case  are  obtainable  from  the  prolate  case  by  the 
transformation, 


’  r,  -  0.H6A 


c  —  -ic;  £  -*  /£ 


Nmn(c)  -*  Nm„(-ic) 


(3.8.60) 


n  =  - 1  \  n  =  -<>866 

i 


In  particular,  the  free  field  of  a  point  source  at  (£0. 

no.  4»o)  is, 

G(£.  n.  4>l  £o.  no.  K'  k)  =  ik  X  X  cos  -  $<,) 

m =0  *=m 

x  S„„(-ic,  r)0)  S„„(-ic,  n) 

N„„(-ic) 


Fig.  3.8.5.  Oblate  spheroidal  geometry. 


X  R'"(-ic,  /£. ) RL'U-ic,  /£.) 


(3.8.61) 


The  same  source  adjacent  to  an  oblate  spheroid  radiates  an  acoustic  field  whose  mathematical 
description  depends  on  the  spheroid’s  (local)  acoustic  impedance.  Two  useful  cases  are: 


surface  £  =  const,  is  pressure  release :  The  field  at  (£.  n-  lH  due  to  a  point  source  at  (£„.  no.  ‘f’o)  is 

given  by, 


V  j  *  .  /*  .*• 


v- -v  <v 


.5’.1,  .-V 


VXvV 
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G(4.  h- *  1 4o.  ho.  *o!*)  =  JL  x  Z  Z  J=- 

I—  m*0  n=»n  &  t 


x  R'JX-ic,  t'4<)  -  RL"(-ic,  <4.  )1  U .) 

L  Ri£H-ic.  i'4 , )  J 


X  S„n(-ic,  no)  Sm„(-ic,  n)  cos  m(*  -  *0).  (3.8.62) 


The  normal  derivative  with  respect  to  4  of  the  field  on  the  surface  4  =  4,  due  to  a  point  source  at  r  = 
(4 o.  ho.  *o)  is  obtained  from  3.8.62  by  use  of  the  Wronskian  determinant, 


HW-'Wc.  /4),  RW-ic,  /'4 )}  =  _ l _  =  _ ! _ 

Hc)[(/4)J-1]  c[4>  +  1] 


(3.8.63) 


In  the  present  case  the  Wronskian  is  negative.  Thus,  on  surface  4  =  4  ■  • 


—  (4i.  h- *l4o.  ho,  *0;  *)  =  _*f_  x  I  I  _ 1  I"  -1 

94  2n  ~°  —  Nm.  R<JJ(-ic,  /4. )  L  c(42  +  1) 


x  R'JX-ic,  i'4o)  S„„(-/c,  ho)  Sm„(~ic,  h)  cos  m(*  -  *0).  (3.8.64) 


The  farfield  of  a  point  source  at  (40.  ho.  *o)  is  obtained  from  3.8.62  by  use  of  the  asymptotic  form. 


R'JU-ic,  t'4 )  -*  (-/)  (-/)"  (3.8.65) 

(-/c)(/4) 


Thus, 


lim  G(4.  h- *l4o.  ho.  *0;A:)=  _*L  (-/)  .fr*  Z  Z  cm 
ct-.o°  2rt  c4  ~*0  AL, 


RUH-ic,  <4 o)  -  <c’  /4ii  RLV(-ic,  /40) 

rtii’Hc,  #4. ) 


x  S„„(-/c,  ho)  Sm„(-ic,  h)  cos  m(*  -  *0).  (3.8.66) 


surface  at  4  =  4  ■  « 


The  field  at  (4.  h.  *)  due  to  a  point  source  at  (4j.  ho.  *o)  is, 
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G«.  *♦!««.  Ho.  *)  =  i!_  x  I  I 

2n  Nm„ 


[ /i.  )  -  R~»  'l-ic,  iU  Rij>{.iCi  n  )1 

L  RL'l  (-ic,  it.,)  J 


x  RL'J(-ic,  i£  ,)Sm„(-ic,  ho)  Sm„(-ic,  rj)  cos  w(4>  -  $„). 


(3.8.67) 


When  the  observation  point  is  on  the  surface  4<  =  4 ,  and  the  source  point  is  at  (i0.  ho.  4o).  the  field  is 
obtained  by  use  of  the  Wronskian  3.8.63.  In  this  case  the  Wronskian  is  positive. 


G«..r).4’l4o.ho.+o;  *)-  JL  *  I.  1  Jr-  1 _  RiiH-ic,  Mo)  [" _ 1  1 

2„  —>  R'J>(-ie,iC)  L  c[4J  +  1]  J 


X  S„„(-/c,  rjo)  S„„(-ic,  h)  cos  m(4>  -  $0)- 


(3.8.68) 


When  the  observation  point  is  in  the  farfield  and  the  source  point  is  at  (40.  ho.  <♦>«)  the  field  is  obtained 
by  use  of  3.8.65, 


lim  G(C  h.  4*  1 4o-  ho.  4>0;  k)  =  kl  (-<)  . e*!.  Z  5!  t„  izHL 

d- «  2"  -*0  ■*"  ;vm„ 


haHr.  «»)-  /?-  (-/c>  ,4|)  rtii'Hc,  »4o)l 

L  RW(-ic,  if,)  J 


X  S„„(-ic,  ho)  S„„(-ic,  h)  cos  m(<^  -  <f>0). 


(3.8.69) 


3.8h  RADIATION  FIELD  OF  A  HARMONIC  POINT  SOURCE  ADJACENT 
TO  A  WEDGE  WITH  AN  INFINITELY  LONG  EDGE 


Fig.  3.8.6  shows  the  geometry  of  the  wedge  excited  by  point  source  radiation.  Here  the  closed 
angle  of  the  wedge  is  22.  The  open  angle  of  the  wedge  is  defined  by  a  parameter  v  such  that, 


i/77  =  2tt  —  22 


(3.8.70) 


Thus  v  =  1  for  2  =  n/2,  and  2  for  2  =  0.  For  a  point  source  at  ( P„ ,  4>o,  z0)  the  wedge  is  illuminated 
with  a  field 


g{R;k)= 


(3.8.71) 


*■ /  /V-.-'  . 
.  v.V- 


-.v. ..  v-v-v  -v 

•  *  f  •  •  *  ■  _  W  i,  —  *  -  "  »  *  ,  ^  *  m,  W  ^  ft  %  m  <a  #  ^  «*  ft  •  * 


3.8  Radiation  in  the  Presence  of  Scattering  Baffles 


This  3-D  Green’s  function  is  given  by  3.8.5.  Upon 


or,  alternatively, 


Fig.  3.8.6  Geometry  of  a  wedge 
for  point  source  radiation. 


G{q,  f  zlco,  K  Zo\  k)  =  kL.  sin  HQ _ 51  sin  _ 51 

2rrv  "= 0  V  V 


2  (T^g")1',r  h£\Ak\/  {e2  +  Q2o  +  (z-ZoY}) 

s!f(s  +  t  +  1)  (V^  +  eS  +  U-Zo)2})*” 


(3.8.73) 


[15].  Here  A'”*,.,  is  a  spherical  bessel  function  of  (generally)  fractional  order  and  r  =  n/v. 
wedge  surface  $  =  Q  is  rigid: 

The  radiated  field  in  this  case  is  obtained  from  3.8.72,  or  3.8.73  by  the  replacement. 


sin 


n(<t>  “  9)  Sin  "(*o  -  S2) 


cos 


«(♦  “  Q)  COS  n^°  ~  Q) 


(3.8.74) 


3.8i  RADIATION  FIELD  OF  A  LINE  SOURCE  ADJACENT  TO, 
AND  PARALLEL  WITH,  A  WEDGE 


A  line  source,  parallel  with  the  j-axis  of  cylindrical  coordinates,  passes  through  point  e« •  $o  in 
the  xy  plane.  In  the  absence  of  the  wedge  it  radiates  a  field, 


G(el<?o;*.)=  —  W(*,e).G  =  le-eol.  <?  =  (•*;  y) 
4 


cos  m( 4>  -  4>0)  Jm(k,Q<)  Hm(k,Qy) 


(3.8.75) 


When  the  wedge  is  present  the  radiated  field  is  modified  by  diffraction.  The  effect  of  the  wedge 
depends  on  the  impedance  of  its  walls.  Two  types  of  radiation  field  can  be  formulated  directly.  They 
are  [16], 


3.8  Radiation  in  the  Presence  of  Scattering  Baffles 


3.8j  RADIATION  FIELD  OF  A  HARMONIC  POINT  SOURCE  ADJACENT 
TO  A  HALF  PLANE 


Fig.  3.8.7  shows  the  geometry  associated 
with  the  radiation  field  of  a  point  source  located  at 
(go.  <j>o,  Z0)  in  the  presence  of  a  half-plane,  0  <  x  < 
-  °°  <  z  <  00 .  Here,  qb  =  (x,  y)  is  a  vector  in  the 
x,  y  plane  while  is  the  angle  it  makes  with  the 
x-axis.  In  the  absence  of  the  baffle  the  radiation 
field  is 


g(r\r0\k)  =  e‘kR/4nR 


which  is  given  in  cylindrical  coordinates  by  3.8.5. 
In  the  presence  of  the  half-plane  the  radiation 
field  becomes  modified.  Two  cases  can  be  easily 
formulated.  They  are, 


Fig.  3.8.7  Geometry  of  a  point  source 
adjacent  to  a  half  plane. 


(a)  half-plane  is  pressure  released  on  both  sides :  The  radiated  field  is 


G{q,  f  z|go,  K  z«;  k)  = 

8rr 


Z  e„  sin(-Ln<|> )  sin  (4  rtf) 

n=0  Z  Z 


dt  e"';  -  *■>  7v[e<  V  (k2  - 1 !) )  HI ' >  (e  >  V  (k2  - 12)  ] 


(3.8.80) 


in  which  v  =  n/2. 

Alternatively,  this  may  be  written  in  the  forms. 


G(q.  f  z|co.  K  Zo',  k)  =  Z  e„  sin(4-n<tt)  sin(^n«t>0) 

«=0  Z  z 


4  n 


_  _  hy\Ak\/  {q'+qI  +  U-ZoY}  ) 

,=0  s!T(s  +  v  +  1)  (  V  {Q2  +  Co  +  (z  -  Zo)2}  )1,*‘ 


(3.8.81) 


G(e .  f  zlco.  $o,  Zoi  k)  =  JL-  Z  £n  sin(-i-n^)  sinf-L^o)  * 

Z  Z 


4n 


te~ 


Z  r(*  +  2v.t.l)-  (2s  +  2v  +  1  )y',.,(Ar/\ )  h\ll  (kr  ,)P;i.(cos  6)  PjMcos  6a).  (3.8.82) 


s: 


[20] . 
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(b)  half  plane  is  rigid  on  both  sides: 

The  radiated  field  is  given  by  the  alternative  forms  3.8.80,  3.8.81,  3.8.82  excepting  that  the 
following  change  is  made: 


£„  sin^  J  sin^  J  -*£„cos^  J  cos^  nAs  J.  (3.8.83) 


3.8k  RADIATION  FIELD  OF  A  HARMONIC  LINE  SOURCE  ADJACENT  TO, 

AND  PARALLEL  WITH,  THE  EDGE  OF  A  HALF-PLANE 

In  the  absence  of  the  half-plane  a  line  source  parallel  to  the  z-axis  and  passing  through  a  point 
go.  <t>o  in  the  xy  plane  radiates  a  field  given  by  the  Hankel  function, 


G(e.f  leo.'t'o;  k,)  =  _L  Hl,"(kR),R  =  \q-q0\,q  =  (x,  y) 

4 

When  the  half-plane  is  present  the  radiated  field  is  modified  in  a  manner  which  depends  on  the  local 
surface  impedance  of  the  plane.  Two  cases  of  ideal  impedance  are: 

(a)  the  half -plane  surface  is  pressure-released  on  both  sides: 

The  radiated  field  is  given  by, 

oo 

G(e.  <Heo,  *„;*.)=  i.  2  £„  sin^  j  sin^  n±°  yv(k^<)  Hl'fk,  e>)  (3.8.84) 

£0  =  1 ,  £„  =  2,  n  >  1 ;  v  =  n/2 


The  subscripts  <,  >  are  explained  in  3.5.3.  An  alternative  form  is  found  by  use  of  3.8.78, 


G(e.  <Heo.  k,)=  . L  £„  sin^  ^  J  sin^  n-p  J 

j[  i(^ee°rv  HVMk,\/ Q>  +  Qir ) 
130  Jir(s  +  V  +  1)  (V  q!  +  Oh  )*■♦’ 


(3.8.85) 


h 

% 

IS-:- 


m. 


E/vV\\.'\ 

>' .V-.s .*»  . 


[21]. 

(b)  the  half  plane  is  rigid  on  both  sides: 


The  radiated  field  is  given  by  3.8.84  or  3.8.85  excepting  that  the  change  3.8.83  is  made. 
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3.8  Radiation  in  the  Presence  of  Scattering  Baffles 


3.81  RADIATION  FIELD  OF  A  HARMONIC  POINT  SOURCE  ADJACENT  TO  A  CONE 

Fig.  3.8.8  shows  the  geometry  of  a  point 
source  at  spherical  coordinates  (r0. 9„,  4o)  radiating 
a  field  to  (r,  0.  $)  in  the  presence  of  a  cone  defined 
by  6  =  0,,  n/2  <  0,  <  n,  or  by  the  interior  semi¬ 
vertex  angle  6  =  u  -  0 , . 

In  the  absence  of  the  cone  the  field  radiated 
by  the  point  source  is  proportional  to  the  Green’s 
function  for  free  space, 

g(r\r0-,k)  =  Jl L  ,R  =  |r-f0| 

4  nR 


When  the  cone  is  introduced  the  field  undergoes  a 
modification  dependent  on  the  surface  local  im¬ 
pedance  of  the  cone.  Two  cases  of  ideal  im¬ 
pedance  are: 


(a)  cone  surface  is  pressure  released :  The  radiated  field  is  given  by  the  modified  Green’s  function, 

co 

0(r,  0,  <(> | r0,  0O,  <f>0;  A;)  =  JL  * — 1'  S  tm  cos  m(<J>  -  <t>0)  %  (2 p+  \)j„(kr.,)ht,"(kr,) 

4 n  sin  0,  ",=0 

x  _ /^(cos  0)P?(cos  0O) _  f  (3.8.86) 

(0/30,)/^(cos  0,)(a/3/7)/^(cos  0.)  ’ 

The  summation  in  p  is  not  over  integers,  but  over  the  positive  roots  of  an  equation  in  fixed  0  =  0,: 

P;'”(cos0,)  =  O,w  integer  (3.8.87) 

Also,  by  definition, 

JL  /^(COS0,)5  r  JL  Fr(cos0,)l  (3.8.88) 

dp  L  3  v  J r=i’ 

[22] 

(b)  cone  surface  is  rigid : 

G(r,  0,  <]•  |r0,  0O.  4>«;  k)  =  _k  x _ J'  X  £„  cos  -  <|>0)  X  (2?  +  \)jfkr.  )h'f'(kr  ) 

4tt  sin  0,  ’ 


x 


P?(c os  0)P7(cos  0O ) 
P?(cos  9,)(dVd<7d9,)P?(cos  0, ) 


(3.8.89) 
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By  definition, 

(  \  P7(cos  e,)  =  |"(  — - —  '\/jr(cose,)l 

V  dqd8,  )  Lv  3vd0,  J  J 

The  summation  in  q  is  over  all  non-negative  values  of  q  such  that, 

(  _L_  )Pr (cos  0,)  =  O,  (3.8.90) 

V  30,  ) 

[23], 

In  3.8.87,  the  case  m  is  an  integer  is  treated  by  the  relation, 

Pr(cos0,)  =  (-ir  r(v  +  m  +  i)  Pr(c os6i)  (3.8.91) 

r(v  -  m  +  1) 

It  follows  that  the  zeros  of  Plm  (cos  0,)  are  the  same  as  the  zeros  of  P 7  (cos  0,)  along  with  the  2m  zeros 
v  -  -  m,  -  m  +  1  ...  m  -  1  of  the  gamma  functions.  Furthermore  when  v  is  not  an  integer  the  solu¬ 
tions  P?  (cos  0)  and  P 7  (-  cos  0)  are  independent.  Their  Wronskian  is, 


PT(cos0)  ^  P?(-cos8,)  -  PTi-cosd,)  ^  PT(cos0,) 

d6,  ddt 

_  2  sin(v  -  m)n  T(v  +  m  +  1) 
n  sin  0,  T(v  -  m  +  1) 

From  this  relation  one  may  obtain  expressions  for  derivatives  needed  in  3.8.90. 


3.8m  RADIATION  FIELDS  OF  HARMONIC  MULTIPOLES  ABOVE  A  PLANE 

Eqs.  3.7.24  and  3.7.25  give  the  radiation  fields  of  a  monopole  source  above  a  pressure  release 
plane,  and  a  rigid  plane,  respectively,  expressed  in  cylindrical  coordinates.  When  the  surface  im¬ 
pedance  of  the  plane  is  neither  pressure-release  nor  rigid  the  Green’s  function  can  still  be  found  by 
use  of  a  surface  reflection  coefficient  1".  To  simplify  the  formulation  let  the  point  source  be  located  at 
q0  =  0,  $0  =  0,  z  =  Zo-  Then,  in  3.7.39,  m  =  0,  7o(0)  =  1,  and  the  free  field  becomes, 

G(C,fz|0,  0,  *,;*)=  _L  /„ exp ~  Zo1  (3.8.93) 

8n  '  \/  k1  -V 

gikR 

4n R 

where 


R  =  \/  q2  +  (z-ZoV 


and  C,  is  a  contour  of  integration  on  the  complex  4-plane.  In  the  presence  of  an  infinite  plane  with 
finite  specific  impedance  z( oo)  the  monopole  Green's  function  becomes, 


G{q,  $,  z|0,  0,  Zo,  k)  = 


\/k2-V  1 


+  r(\/  k1  -  )  e  V7'  >  i.: •  m] 

(3.8.94) 
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3.8  Radiation  in  the  Presence  ot  Scattering  Rattles 


Now, 


e-f 

r  =  \/  k1  -V  -  k  Z(a>) 

s/  k!  -  4 2  +  k 

z(a>) 


(3.8.95) 


in  which  gm  is  the  mass  density  of  the  material  of  the  plane,  and  c  is  its  sound  speed.  Fig.  3.8.9  shows 
the  relation  of  k,  4,  Ar,(  =  \/  Ar2  -  42  )•  In  terms  of  angle  0,  3.8.95  becomes, 


p  _  z(co)  cos  9  -  QC 
z(a>)  cos  0  +  gc 


(3.8.96) 


[24],  The  two  cases  of  ideal  impedance  (“soft”, 

“hard”)  are  easily  derived:  when  the  plane  is 
pressure-release  ( =  soft)z(co)  =  0  and  T  =  -  1. 

Use  of  transformation  3.7.41  then  leads  directly 
into  3.7.24.  Similarly,  when  the  plane  is  rigid,  z(cu) 

-*  oo,  r  =  +  i,  and  transformation  3.7.41  leads  to 
3.7.25. 

The  same  physical  problem  can  be  expressed 
in  spherical  coordinates.  Let  the  origin  be  at  r  = 

( r ,  0,  ip)  =  (0,  0,  0).  A  monopole  placed  at  the 
origin  radiates  a  free  field  proportional  to  the 
Green’s  function:  (/'  k/4n )  h&"  ( kr )  where  h^'ikr)  Fig.  3.8.9.  The  waveveclor  k  and  its  components, 
is  the  spherical  Hankel  function  (25]. This  free  field  is  modified  when  there  is  an  impedance  plane 
at  -  z0.  The  image  of  the  monopole  in  this  plane  is  located  at  (r0  =  2z0.  &o  =  n,  <f0  =  0).  If  it  were 
radiating  in  free  space  its  free  field  would  be  proportional  to  the  Green’s  function  3.8.42,  selected  for 
the  case  m  =  0,  and  r  <  r„  =  2z0: 


G(r,  0|2zo,  n,  0)  =  JL.  X  (2 n+  l)P.(n) 
4n  ”=0 

The  total  field  of  monopole  plus  image  would  therefore 

G(r,  0|r„  =  zo,0,0)=  JJL  [/trOU  +  H*.)  Z 
4rr  L  '  "=° 


P„  (cos  0 )  j  „  (kr )  h„  (2k  Za )  (3.8.97) 

be, 

(2 n  +  1)  (-1)”  P„(co%  9)j„(kr)  /t„(2Arz0)j 

(3.8.98) 


where  P„(n)  =  (-  1)". 

The  radiation  field  of  harmonic  dipoles  and  quadrupoles  above  a  plane  can  be  found  by  use  of 
3.3.28.  In  the  case  of  a  dipole  of  (vector)  source  strength  D  (units:  mV)  the  velocity  poten¬ 
tial  at  field  point  7due  to  a  dipole  at  70  is: 

tp(r)  =  D’(V„(j(r|r„;  k ),  (3.8.99) 

V„=i  JL  +j  _fL  +  k  _JL  (3.8.100) 
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in  which  the  vector  operation  leads  to  a  sum  of  3  scalars.  Similarly,  in  the  case  of  a  quadrupole  of 
(tensor)  source  strength  Q  (units:  m5s_1)  the  velocity  potential  at  field  point  7 is, 

H>(r)  =  Q:  (V„G(rVo;  Ar)V0)  (3.8.101) 


in  which  the  tensor  operation  leads  to  a  sum  of  9  scalars,  as  explained  in  the  discussion  of  3.3.28. 

Eq.  3.8.99  gives  the  radiated  field  for  any  orientation  of  a  dipole.  Let  the  dipole  be  at  (r„  =  zu, 
0,  0),  and  let  its  vector  source  strength  have  components  (D„  Dv,  Dz).  Now,  although  the  dipole  is  at 
the  origin  of  coordinates,  its  derivative  do  not  vanish.  It  is  seen  that  since  R  =  r  -  r0,  the  gradient 
with  respect  to  r„  is  the  negative  of  the  gradient  with  respect  to  R.  Thus  in  the  first  term  of  3.8.98  Vn  G 
=  -  VG.  In  the  second  term  one  changes  d/dy0 ,  d/dy0  into  -  d/dx ,  -  d/dx\  however,  since  the  im¬ 
age  source  is  at  z  =  -  2  Zo,  it  is  seen  that  d/dzo  =  d/dz  because  of  the  negative  sign.  Upon  carrying 
through  the  gradient  operation  it  is  found  that  the  velocity  potential  of  a  dipole  in  the  presence  of  a 
plane  surface  is, 

v(r)  =  daayw  +  rflO'/'L,  Jn -I  +  y )1 

+  Dy[AY\y  +  VB  (Y  l°„L  \jn~  \  +  ^i(0n  +  i>n  +  |)l  (3.8.102) 

+  D,  {A  n ;»  +  YB[n  -  («  +  1)  Y0  n.. 

A  =  1  ~ ikr  elkr;B=  J*L  Z  (-1)"  h„(2kzn)  {  } 

4nr2  An 

(26].  Here,  Y','',!  ""  are  spherical  harmonics  defined  as, 


Y„<1'„)  =  cos(m^)  cos  6),  n  =  0,  1,  2  ...;  m  =  0,  I,  2  ...  m  -  1,  n 
YAV  =  sin(w<]i)  P^( cos  9) 

Yf,:;'  =  P„(cos  8) 


3.8  Radiation  in  the  Presence  of  Scattering 


i pv(r,w)~  -  h0(kr)S  ,e (units:  m2s  ') 

4  71 


(3.8.104) 


in  which 


h0(kr)S^L 

ikr 

The  associated  Green’s  functions  are  found  from  3.8.102,  3.8.103  by  omitting  the  source  strengths: 


£»=[(«»)„(«»)„>(«»).]  =  f*’  A.(Arr)  [K^>,  Y\V.  W]  (3.8  10^) 

4  n 

*-=  —  h0(kr) 

4  n 

Eq.  3  8. 102  shows  that  when  the  source  point  and  observation  point  are  on  the  half  plane  (?„  =  0)  all 
terms  in  B  vanish  except  n  =  1  because  jo(0)  =  l,y„(0)  =  0,  n  #1.  The  velocity  potential  for  a  vertical 
dipole  (D,  =  0,  D,  =  0,  D,)  therefore  becomes. 


v(0)=  '*!  /t,(0)  cos  0°  -  r  '^1  /t,(0)M  (3.8.106) 

4rr  4tt 

For  a  rigid  half  plane,  f  =  +  1,  hence  (0)  =  0,  [27], 
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APPENDIX  TO  CHAPTER  III 


III  A.l  EVALUATION  OF  RADIATION  INTEGRALS 


Radiation  integrals  in  cylindrical  coordinates  take  on  various  forms.  A  typical  one  is, 


s)  («?,*)  =  f^m"tte)el'r^r'l  Ai..e.z)dk 


III  A.  1 .  la 


An  example  is  the  radiation  field  of  a  monopole  above  a  plane,  3.8.94,  in  which. 


M.  e-  z)  =  L 

8rr 


k1  -  V  -  k 
k!  -  V  -  k 


exp(-/'\ 


1  -V  (z  + 

k!  -  V 


III  A.  1.1b 


The  various  symbols  are  defined  in  the  text  accompanying  3.8.94  and  3.8.95.  In  particular  the  entity- 
in  square  brackets  is  the  reflection  coefficient  I".  Such  integrals  generally  cannot  be  evaluated  in 
closed  form.  It  is  customary  to  approximate  them  by  asymptotic  methods.  These  are  described  next. 
Since  the  integration  III  Al.la  is  to  be  done  in  the  complex  £  -plane  it  is  necessary  to  (1)  determine  the 
singularities  of  the  integrand  (2)  define  a  contour  of  integration  which  allows  a  rapid  evaluation  of 
the  integral  to  within  an  acceptable  approximation.  As  for  singularities:  first,  it  is  known  that  the 
Hankel  function  //,!"(=/„  +  /7V„)  has  an  isolated  singularity  at  the  origin  because  there  the  Neuman 
function  Nn  approaches  negative  infinity.  In  addition  the  Hankel  function  is  double-valued  along  the 
negative  real  axis,  which  thus  constitutes  a  branch  cut.  Second,  the  function  f(£.z)  given  by  III  A 
1.1b,  has  a  pair  of  branch  points  at  4  =  ±  k ,  because  of  the  factor  \/  kl  -  i,1  ■  Third,  the  reflection 
coefficient  has  poles  at  4  =  ±  a  at  which  its  denominator  vanishes.  These  singularities  contribute  to 
the  value  of  the  integral  in  the  manner  shown  below. 

To  define  a  contour  of  integration  which  allows  a  rapid  evaluation  of  the  integral  an  observer  at 
field  point  r  interprets  111  A.l. la  as  a  sum  of  plane  waves  issuing  from  a  monopole  source  point  r0 
and  reflected  in  the  plane, 

9  <x  X  exp /«„•/■=  X  exp(/facos  w„,  + sin  w„) 


Here  the  continuous  variable  i,  in  \J  kl-$‘  ( =  l-(4/Ar)2  =  k  cos  w)  is,  for  purposes  of  illustra¬ 

tion,  temporarily  made  discrete  for  each  angle  w„  of  the  direction  of  the  nth  wave.  All  those  waves  in 
direction  K„  which  are  close  to  the  unique  ray  governed  by  Snell’s  law  which  connects  source  and 
receiver  are  nearly  in  phase,  hence  contribute  strongly  to  the  field  at  r.  These  waves  are  defined  by  the 
poles  of /(4,  z)  in  III  A.  1.1b.  All  those  waves  in  directions  very  different  from  this  ray  are  mostly  out- 
of-phase,  hence  cancel  each  other  and  contribute  little  to  the  field.  The  objective  then  is  to  chose  a 
contour  which  sums  up  as  economically  as  posssible  the  in-phase  components  and  reject  the  out-of- 
phase  components.  Even  when  the  monopole  is  in  a  free  field  there  is  a  unique  ray  satisfying  the  con¬ 
dition  of  a  Fermat  path,  around  which  in-phase  waves  yield  the  field,  and  far  from  which  they  cancel. 

Besides  these  direct  rays  (or  waves)  and  reflected  rays  there  are  other  rays  which  are  incident  on 
a  plane  between  two  media  at  the  critical  angle.  They  propagate  along  the  boundary  and  shed  energy 
back  into  the  medium  of  incidence.  Their  contribution  to  the  field  at  r  is  the  lateral  wave.  It  is 
calculated  by  integration  around  the  branch  cut  generated  by  t/  k . 


***  V  V  "» 

«  •  J»  *  »  »  *  -  •  »  « 
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IIIA  2  Selection  of  Contours  of  Integration 


IIIA.  2  SELECTION  Ol  (  ONIOl  RN  OK  INTEGRATION  IN  THK  4-PLANE 
FOR  APPROXIM  A  I  4  f.\  Al  l  A IION  OF  RADIATION  INTEGRALS 

in  the  radiation  mtegul  III  A  I  la  lei  4  y  become  very  large.  For  this  condition  let  the  complex 
variable  4  be  represented  hv  v  *  n,  and  let  all  the  exponential  factors  (including  those  of  HI,"  (4e) 
and /U.  y.  c  |)  be  represented  bv  exp  U|u(.i,  v  )  +  iv(x.  y)|.  The  integral  then  becomes  asymptotically, 

>(y.c)  =  /(\  +  iv )  exp{Q(w(.v,  y)  +  i'v(jr,  v))}  d(x  +  iy)  IIIA. 2.1 

The  symbol  Q  is  a  large,  positive  real  parameter,  and  C  is  a  contour  of  integration  in  the  4-plane 
selected  to  permit  an  approximate  evaluation  of  the  integral. 

The  choice  of  C  depends  on  these  considerations:  C  is  to  pass  through  those  values  of  x,  y  for 
which  exp(Qw(jr,  >)]  is  largest  and  then  through  values  of.tr,  y  such  that  this  exponential  falls  in  value 
as  rapidly  as  possible  to  the  end  points  of  integration.  In  addition,  in  the  same  range  of  x,  y  where  the 
exponential  is  largest  it  is  desired  to  suppress  rapid  oscillations  in  phase  given  by  exp[/Q  v(x,  .y)]. 
These  requirements  can  be  satisfied  together.  First,  a  (saddle)  point  4.  (•*■..  y .)  is  found  which  max¬ 
imizes  exp(Q  u(x,  y)].  It  is  that  point  at  which. 


JTu  _  du_  =  _3v_  ,  _£v_  =Q 
dx  dy  dx  dy 

Second,  to  force  exp[Q  u(x ,  >>)]  to  fall  away  as  rapidly  as  possible  from  4,  the  path  C  is  chosen  such 
that  the  change  of  slope  of  u  is  maximized  along  an  elementary  length  /  of  the  contour.  This  is  done 
by  projecting  a  3-D  plot  of  u(x,  y)  versus  points  (x,  y)  onto  the4-plane  in  the  form  of  level  lines,  then 
constructing  a  contour  C  on  this  same  plane  to  pass  through  4,  and  at  the  same  time  so  oriented  near 
4,  that 


d  u  =  d  f  3u  COSa+  3u  sjn  al  =_  sin  a  +  d u  cosa=o  IIIA. 2. 2. 

dads  da  L  dx  dy  J  dx  dy 

in  which  a  is  the  angle  which  the  line  element  /  makes  with  the  x-axis.  Since  d u/dx  =  dv/dy,  du/dy 
=  -  dv/dx,  and  sina  =  dy/dl,  cos  a  =  dx/dl,  it  is  seen  that  IIIA. 2. 2  is  equivalent  to  the  condition 
that 

-  £  v  =  0,  or  v  =  const. 

dl 

This  means  that  if  the  contour  C  passes  through  4,  and  follows  a  path  along  which  the  phase  is  sta¬ 
tionary  then  the  change  in  slope  will  be  maximized.  However,  because  point  4.  cannot  be  either  a 
maximum  of  exp[Q  u(x,y)],  or  a  minimum,  but  must  be  a  minimax  (or  saddle  point)  [28]  there  will  be 
two  such  paths  along  which  the  change  in  slope  is  maximized.  This  is  discussed  below.  Along  the 
physically  correct  path  III  A. 2.1  is  approximated  by  removing  the  oscillatory  phase  out  of  the  integral 
sign: 

9  (g,  z )  =  exp[/Qv(4,)]  JSDPf( x,  y)eilu>'"d(x  +  iy)  III  A. 2. 4 


in  which  SDP  means  “steepest  descent  path.” 
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The  selection  of  SDP  near  4 ,  gives  the  most  advantageous  path  along  which  to  evaluate  Ill  A. 2. 1 
near  4,.  Along  the  rest  of  the  contour  C  one  may  continue  with  SDP,  or  swing  over  to  another  conve¬ 
nient  path  whatever,  as  long  as  exp[Q  u(x,  _y)]  is  continuously  decreasing  as  the  end  points  of  C  are 
approached. 

The  two  paths  in  the  4-plane  along  which  the  change  in  slope  of  exp [Q  u(x,  y)]  is  maximized  are 
distinguished  by  whether  the  change  causes  the  value  of  the  exponential  to  increase  or  decrease.  It  is 
often  convenient  to  block  out  regions  surrounding  4,  in  the  4-plane  where  the  3-D  surface  exp[Q  u(x, 
>0)  is  decreasing  (“valleys”),  or  increasing  (“mountains”).  To  do  this  one  makes  a  Taylor  series  ex¬ 
pansion  of  the  function  <7(4)  =  u(x,  y)  A-  iv(x,  y)  in  small  quantities  4  -  4<: 

<7(4)  =  <7(4,)  +  g"(4')(4  ~  l)2  +. ...  1IIA.2.5 

2! 

in  which,  by  definition,  q  (4<)  =  0,  and  the  primes  indicate  orders  of  derivatives.  Because  <7  is  a  com¬ 
plex  number  one  can  write, 

exp[Qu(x,  >0]  =  exp|TQ<7"(4,)(4  -  4.)2  |cos  2<p 
exp[/Qv(je,  _y)]  =  exp  /|-yQ<7"(4.)(4  -  4.)J|sin  2<p  III  A. 2. 6 

cp  =  arg(4  -  4.)  +  -y  arg  <7"(4.) 

in  which  the  constant  term  q(L)  is  omitted,  and  the  factor  2  in  2tp  is  due  to  the  squaring  operation. 
The  required  regions  are  found  by  assigning  lines  cp  =  const,  emanating  from  4,  to  separate  valleys 
from  mountains.  These  are: 

(a)  lines  <p  =  0,  <p  =  n 

Here  cos  2cp  =  1.  Thus  exp[S  u(x,  v)]  is  positive  and  increases  most  rapidly  (cos  2cp  is  largest) 
with  change  in  4  away  from  4..  These  lines  are  therefore  paths  of  steepest  ascent  (mountain  paths). 

(b)  lines  <p  =  n/2,  cp  =  -  n/2 

Here  cos  2cp  *  —  1.  Thus  exp  (Q  u(x,  ,y)l  is  negative  and  decreases  most  rapidly  with  change  in  f 
away  from  4i-  These  lines  are  therefore  paths  of  steepest  descent  (valley  paths). 

(c)  lines  <p  =  ±  n/4,  c p  =  ±  3n/4 

Here  cos  2<p  —  0.  Thus  exp  [Q  u(x,  —  const.  =  1.  The  phase  exp  [fS  v(.x,  y)\  varies  most 
rapidly  because  |sin  2<p|  -  1  along  these  lines  with  change  in  4  away  from  4S.  They  are  paths  of  constant 
level  (foot-of-the-mountain  paths). 

In  the  nomenclature  of  saddle  points  the  condition  q'( 4,)  =  0  defines  a  saddle  point  of  order  1 . 
Similarly  the  two  conditions  q  (4,)  =  0,  q\ 4,)  =  0  defines  a  saddle  point  of  order  2.  In  the  case  of  a 
second  order  saddle  point  IIIA.2.6  changes  to, 

exp{Q[«(x-,  y)  +  tvfjr,  ^ )] }  =  exp |  _L  <7  "(4-)(4  ~  4.)’ l(c'Os  3<p  +  /  sin  3cp) 

3! 

<p  =  arg(4  -  4. )  +  _L  arg  <7  "C4  J 
3 

A  similar  set  of  lines  tp  =  const,  can  be  selected  to  distinguish  mountains  from  valleys. 
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1 1 1 A  .3  Modal  Theory 


The  topography  of  a  first  order  saddle  point  is  shown  in  Fig.  Ill  A. 2.1  and  that  of  a  second 
order  saddle  point  in  Fig.  IIIA.2.2, 


Fig.  IIIA.2.1.  Topography  of  a  first  Fig.  IIIA.2.2.  Topography  of  a  second 

order  saddle  point.  AB  is  an  SDP.  order  saddle  point.  AB  is  an  SDP. 


The  mountain-valley  topography  of  an  w’th  order  saddle  point  can  be  sketched  in  a  similar  fashion 
to  show  m  +  1  mountains  and  m  +  1  valleys. 

In  application  the  condition  q\\,)  =  0  may  yield  two  or  more  saddle  point  solutions.  They  can 
be  sketched  along  the  same  lines.  For  example  the  topography  in  the  4-plane  of  two  isolated  first- 
order  saddle  points  is  shown  in  Fig.  IIIA.2.3.  Each  point  has  two  valleys  and  two  mountains;  but 
these  must  be  shared  as  shown. 


II1A.3  MODAL  THEORY  OF  WAVEGUIDES  FOR  DISCRETE  MODES 

In  performing  the  integration  of  111  A.  1.1  for  the  case  of  a  source  in  a  bounded  medium  (or 
waveguide)  it  is  required  to  find  the  poles  of  the  integrand.  These  correspond  to  discrete  modes  of 
propagation  of  the  radiated  field  inside  the  waveguide.  A  simple  waveguide  which  illustrates  this 
modal  theory  is  a  two  dimensional  structure  of  plane  parallel  rigid  plates  spaced  d  units  apart.  The 
field  inside  this  waveguide  is  taken  in  the  first  instance  to  be  plane  waves  travelling  at  angles  ±  o  with 
the  axial  (z-axis)  direction.  Because  the  plates  are  rigid  mirror-image  waves,  representing  reflections, 
are  also  present.  Fig.  III. A. 3.1  shows  a  pair  of  plane  propagating  waves  labelled  1,  2,  accompanied 
by  a  selected  pair  of  image  waves,  R 1,  R2.  Actually,  all  waves  shown  are  parts  of  infinite  (spatially) 
periodic  trains.  This  means  that  labels  1,  2  indicate  positions  occupied  by  successive  wavefronts  of 
given  phase. 

The  basic  requirement  for  the  existence  of  a  mode  of  propagation  is  that  reflected  wavefront  R  l 
arrive  at  position  2  with  a  phase  indentical  to  the  direct  wave  occupying  that  position.  This  require¬ 
ment  is  satisfied  if  the  length  AB  normal  to  both  A?1  and  2  is  an  integral  number  of  wavelengths  A: 


Fig.  IIIA.2.3.  Topography  of  two 
first  order  saddle  points. 


Fig.  I1IA.3.1.  Plane  waves  in  a  parallel 
plate  waveguide. 


AB  =  mk.m  =  1,2,  3.  ...  1IIA.3.1 

From  geometrical  construction  this  means, 

2</ sin  a  =  mA  111A.3.2 

Thus,  for  fixed  A,  m  and  d,  the  angle  a  is  fixed:  no  waves  at  other  directions  in  the  waveguide  con¬ 
tribute  to  this  mode: 

Eq.  IIIA.3.2  has  an  alternative  form  which  features  frequency /  =  c/A  in  place  of  A,  c  being  the 
speed  of  sound, 

/=  _ mc  IIIA.3.3 

2d  sin  a 

From  IIIA.3.2  and  IIIA.3.3.  one  can  deduce  the  following  rules: 

(1)  A  specific  real  mode  m  can  propagate  at  any  frequency  above  a  minimum  fmm  determined  by 
sin  a  =  1, 

fm,  „=  JUL  IIIA.3.4 

2d 

At  this  minimum  (or  cut-off)  frequency  the  wavefronts  I,  2  are  parallel  to  the  walls  of  the  waveguide. 

(2)  A  mode  m  can  exist  at  frequencies  below /min,  but  only  at  imaginary  angles  i  ft: 


/=  mc  =  mc  II1A.3.5 

Id  sin(n/2  +  ift)  2d  cosh  f) 

Mode  m  in  this  case  is  nonpropagating  (that  is,  evanescent). 
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(3)  At  a  fixed  frequency,  and  for  a  specific  waveguide,  the  number  mnvdX  of  real  discrete  modes  is 
finite, 


wma,  =  Ifd  |Sina=l  1I1A.3.6 

c 

and  the  number  of  discrete  evanescent  modes  is  infinite, 

m  =  cosh/3  1IIA.3.7 

c 


An  alternative  way  of  deriving  model  transmission  in  waveguides  is  to  apply  the  theory  of 
images.  Suppose  there  is  a  source  in  a  plane  parallel  waveguide  made  of  acoustically  hard  walls. 
Because  there  are  two  walls  there  will  then  be  an  infinite  series  of  images  of  this  source  all 
located  in  a  line  perpendicular  to  the  waveguide  passing  through  the  real  source.  This  line  of 
images  simulates  a  (transmission)  diffraction  grating.  If  the  source  is  midway  between  the  walls 
of  the  waveguide  the  grating  becomes  periodic  with  images  separated  by  distance  2D.  Since  all 
the  images  transmit  fields  at  a  single  wavelength  X  they  will  interfere  destructively  with  such 
other  (that  is,  be  out  of  phase)  in  directions  specified  by  arbitrary  angles  0  measured  relative  to 
the  axial  direction  of  the  waveguide.  However,  at  particular  angles  9m  of  transmission  all  of  the 
image  fields  are  in  phase.  These  are  the  angles  of  constructive  interference  given  by, 

sin  9m  —  (m  =  0,±1,±2  ...  ).  III.A.3.8 

2d 

The  symbol  m  is  the  order  of  ( constructive )  interference.  The  sum  of  image  fields  travelling  at 
angles  ±9m  defines  the  m’th  normal  mode.  Since  9m  depends  on  wavelength  X  it  is  seen  that 
the  m’th  mode  can  propagate  in  the  waveguide  at  any  frequency  which  satisfies  the  condition 
III.A.3.8.  Thus,  it  is  appropriate  to  talk  of  mode  m  at  different  frequencies  /  As  the 
wavelength  changes  from  X  to  K  the  whole  set  of  m  modes  travel  at  new  angles  9 'm.  If  a  fre¬ 
quency  is  such  that  m\/2d  '\s  greater  than  unity  then  the  mode  m  cannot  propagate.  This  is  the 
condition  of  cut-off. 


When  the  real  source  is  effectively  a  point  of  radiation  the  maximum  (given  by  III.A.3.8) 
are  all  nearly  equal  amplitude.  However,  when  the  real  source  is  spatially  finite  and  comparable 
to  a  wavelength  in  size  then  it  radiates  directionally.  This  means  it  has  its  own  diffraction  pat¬ 
tern  which  modifies  the  interference  pattern  of  the  periodic  grating.  The  modal  amplitudes 
then  have  different  amplitudes  at  their  reflective  angles  of  travel. 


Each  mode  in  a  parallel  plate  waveguide  is  a  superposition  of  two  waves 
exp  /fcrz[exp  +  ik„  x  +  exp  -  ik„x 1  in  which  km  =  ( k2-kz2)v 7  (Chap.  III).  The  coordinate  X 
has  the  range  0  ^  x  <  d.  Now 


kmk 

=  k  sin  9m  -  — 


mil 
d  ’ 


III. A. 3. 9 


Hence  the  analytic  form  of  the  travelling  modes  is, 

exp  /*z(m,[z  -  cm^rn  =  0,  ±1,  ±2, 
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<4  Treatise  on  Acoustic  Radiation 


The  set  of  an  infinite  number  of  modes  in  coordinate  x  constitutes  an  orthogonal  basis  for  the 
expansion  of  an  arbitrary  field  in  coordinate  x.  The  speed  of  travel  of  the  m'th  mode  at  a 
specified  frequency  w  (that  is,  its  phase  velocity)  in  a  parallel  plate  waveguide  with  hard  walls 


is. 


C  =  —  =  C 
m  kz  ' 


V 


k 2 

k2 


V 


= 


mtrC„ 


III.  A.  3. 11 


1  - 


u8m 


When  the  radiation  signal  is  a  short  pulse  a  time-varying  wavefront  will  be  generated  containing 
a  wideband  of  frequencies.  Because  of  the  diffraction  grating  property  of  the  waveguide  the 
source  of  this  signal  will  excite  a  field  consisting  of  discrete  modes.  The  number  of  modes  will 
be  determined  by  the  spatial  fourier  decomposition  of  the  spatially  extended  source  acting  an  an 
aperture  excitation  across  the  transverse  section  of  the  waveguide  where  it  is  located.  Of  the 
number  of  excited  modes  only  those  that  satisfy  III. A. 3. 8  will  propagate.  Because  the  radiated 
sound  contains  many  frequencies  the  speed  of  travel  of  a  specified  mode  will  vary  with 
frequency  as  required  by  III. A. 3.11.  The  angle  0m  will  also  vary  with  each  frequency. 


Suppose  now  that  a  model  number  m  is  fixed.  It  is  immediately  seen  from  III. A. 3. 8  that 
over  a  small  subband  of  frequencies  there  will  be  a  number  N  of  adjacent  angles  0m  at  which 
this  mode  will  travel.  Thus  the  field  associated  with  the  subband  will  be  given  by  the  sum, 


'll  m(x,z,t,N)  =  Y.A, 

n  -  I 


cos 


mnx 


cos 


r>* 


III. A. 3. 12 


Here,  the  spread  of  wavenumbers  and  speeds  C^n)  is  assumed  small  relative  to  the  aver¬ 
age  wavenumber  £z(m)  and  average  speed  Cm.  In  order  for  these  adjacent  N  waves  to  interfere 
constructively,  and  therefore  build  up  the  field  at  time  t,  it  is  required  that  their  phases  be 
nearly  the  same.  This  means  the  time  phase  <t>  in  III.A.3.12  must  be  stationary  over  the  band 
of  frequencies.  Hence; 

d<f>  n  d 


dk. 


-  0 


or 


z  - 


z(m ) 


dkz(m) 


[*r(m)  CJ  t  =  0. 


This  sets  the  requirement  that  the  group  of  waves  travel  at  the  group  velocity, 

Q<m>  =  -dir—V^cA  = 

dkz(m)  l  J  dkz(m) 


III. A. 3. 13 


Thus  over  a  narrow  subband  of  frequencies  the  m’th  mode,  if  present ,  will  propagate  with  the 
group  velocity  C,<mj .  For  a  parallel  plate  waveguide  one  may  deduce  from  the  relation  k?  - 


k 2  -  kl  that 


This  formula  indicates  that  when  the  m  th  mode  of  a  transient  signal  is  present  in  the 
waveguide  an  observer  at  a  distant  point  will  first  observe  this  mode  being  carried  by  high  fre¬ 
quencies  with  the  speed  of  sound  C„.  As  time  increases  the  m  th  mode  will  be  carried  by  the 
low  frequencies  and  pass  the  observer  at  a  speed  less  than  C„  by  the  amount  shown  by  the  for¬ 
mula.  Finally,  after  a  sufficient  time  the  m‘th  mode  will  vanish  completely. 


Q(m)  “  Co  1  — 


III.  A.  3. 14 
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A  3  Modal  Theory 


The  variation  of  phase  and  group  velocity  with  frequency  depends  on  the  physical  nature 
of  the  waveguide.  The  ocean  is  often  considered  to  be  a  waveguide.  In  particular,  a  shallow 
ocean,  has  been  modeled  as  a  liquid  layer  of  thickness  d  with  mass  density  p,  and  sound  speed 
C,  over  a  liquid  substratum  with  density  p2  and  sound  speed  C2.  For  such  a  model  the  phase 
and  group  velocity  curves  have  been  calculated  from  the  formula  for  the  field  of  discrete  modes 
by  the  method  of  stationary  phase  [28b].  These  are  plotted  versus  (normalized)  frequency  / 
for  the  first  three  modes  m  Fig.  III. A. 3.1,  reproduced  below  from  Fig.  4-10  of  Ref.  [28b]. 
When  this  waveguide  is  excited  by  a  pulse  an  observer  at  a  distant  point  can  predict  the  follow¬ 
ing:  the  field  will  be  a  superposition  of  modes.  Each  mode  will  exhibit  its  own  time  history. 
For  example,  the  first  mode,  if  present,  will  be  carried  by  the  low  frequencies  at  early  time. 

£/, 

This  is  predicted  by  the  left  portion  of  the  —  curve  («,  =  )  where  the  speed  of  propagation 

«i 

is  the  highest.  The  angle  of  arrival  will  be  high  in  the  range  0<«„,  <  90°  As  time  increases  it 

U  | 

will  be  carried  by  the  high  frequencies.  This  is  predicted  by  the  right  portion  of  the  - —  curve. 

«i 

The  angle  of  arrival  will  be  low  in  the  range  of  o  <  <t>m  <  90°  Finally  at  a  late  time  it  will  be 
carried  at  a  frequency  fadlc\,~  0.46.  As  predicted  by  the  central  portion  of  the  — -  curve. 

« i 

Because  the  group  velocity  is  nearly  stationary  near  fA  this  group  of  waves  carrying  the  first 
mode  will  interfere  constructively  to  give  a  large,  amplitude  response.  This  response  is  called 
the  Airy  phase  occurring  at  fA  . 

A  similar  time  history  will  occur  for  modes  2,3  etc.  Actually  at  any  specific  time  an 
observer  will  see  a  superposition  of  modes  in  which  individual  modes  may  or  may  not  be 
resolvable.  The  sum  of  all  modes  will  then  constitute  the  transient  signal  passing  his  point  of 
observation.  The  time  history  of  the  transient  will  be  altered  as  the  distance  of  observation 
increases.  This  is  due  to  the  fact  that  individual  modes  travel  at  different  speeds  over  different 
frequency  bands.  The  initial  shape  of  the  transient  signal  at  the  source  is  then  said  to  be 
dispersed  (in  time  and  space)  by  the  agency  of  waveguide  propagation.  Such  dispersion  is  called 
geometric  to  distinguish  it  from  intrinsic  dispersion  caused  by  the  molecular  structure  of  the 
medium. 


Fig.  Ill  A  3.2.  Liquid  layer  over  liquid  sub¬ 
stratum  Phase-  (f/or|)  and  group-  ({//«,> 
velocity  curves  and  excitation  amplitudes  for 
p2/f> i  =  2.0,  or 2/<,[ t  =  1.5  in  the  first  three 
modes.  ( A  fter  Pckeris .) 
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IIIA.4  MODAL  THEORY  OF  WAVEGUIDES  WHICH  SHOW 
CONTINUOUS-SPECTRUM  MODES 


In  the  previous  section,  because  the  walls  of 
the  waveguide  are  rigid  and  all  reflections  total, 
the  modes  are  all  discrete.  A  different  set  of  modes 
occurs  when  the  walls  allow  energy  to  escape.  Fig. 
IIIA.4. 1  shows  a  parallel  plane  waveguide  in 
which  the  upper  plane  is  a  free  surface,  below  which 
is  the  waveguide  itself  between  z  -  0  and  z  =  h 
filled  with  a  medium  characterized  by  density  g, 
and  speed  of  sound  C,;  and  terminating  in  a  se¬ 
cond  medium  qu  C2,  which  extends  from  z>  h  to 
infinity.  The  wavefield  in  the  guide  is  taken  to  be  a 
pair  of  plane  waves  labelled  1,  2  whose  propaga¬ 
tion  directions  make  angles  ±  a,  respectively  with 
the  horizontal  direction.  These  are  accompanied 
by  refracted  waves  F„  Ft  whose  angles  of  pro¬ 
pagation  are  ±  a2  determined  by  Snell’s  law  of 
refraction: 


cosa2=  £i  coso. 


IIIA.4. 1 


Fig.  IIIA.4. 1.  A  waveguide  which  leaks  energy  into 
a  semi-infinite  medium. 


In  applications  to  the  ocean  it  is  customary  to  take  C2  >  C,. 

Now  the  maximum  real  angle  o,<  that  o,  can  be  occurs  when  cos»2 

coso,  =  £i 


=  1,  or  a2  =  0: 


IIIA.4. 2 


It  is  the  critical  angle.  At  all  angles  o,r  <  a,  <  0  the  angle  o2  is  purely  imaginary  and  there  is  no 
real  refracted  wave.  Since  reflection  from  the  plane  z  =  h  is  total,  without  change  of  phase,  the  plane 
is  effectively  rigid  and  all  modes  are  discrete.  When  o,  =  a„,  cosa,  =  1  so  that  a2  =  0.  Then,  a 
refracted  wave  appears  at  angle  a 2  =  n/2  accompanied  by  envanescent  waves.  This  refracted  wave  is 
real  for  all  a  ,< <  o ,  <  n/2.  In  this  range  the  modes  are  no  longer  discrete  (see  discussion  below ).  When 
o,  is  extended  into  imaginary  angles  by  setting  a,  =  n/2  -  i  ft  it  is  seen  that  cos(n/2  -  i  ft)  =  i  sin/;  ft, 
which  is  purely  imaginary.  The  refracted  angle  then  has  both  a  real  part  n/2  and  an  imaginary  part  -  / 
fti,  and  the  acoustic  field  in  medium  2  clings  to  the  plane  z  =  h  because  it  is  evanescent. 

In  the  range  au  <  a,  <  n/2  where  all  refracted  waves  in  medium  2  are  real  the  z-dependent 
eigenfunction  which  satifies  both  the  condition  of  a  free  surface  at  z  =  0  and  the  wave  equation  for 
all  values  of  z  >  0  is  sin  y  z  in  which  y  is  a  continuum  of  wavenumbers.  This  continuum  forms  the  con¬ 
tinuous  part  of  the  spectrum  of  wavenumbers  of  the  waveguide  along  the  abscissa  of  real  angles  in  the 
complex  wavenumber  plane,  in  addition  to  the  discrete  spectrum  which  appears  in  the  range  0  <  o ,  < 
a  .  Along  the  ordinate  of  imaginary  angles  n/2  -  ip,  0  <  ft  <  00  it  is  also  possible  to  have  both  discrete 
and  continuous  parts  of  the  wavenumber  spectrum. 

IIIA.5  BRANCH  POINTS  AND  BRANCH  CUTS  IN  RADIATION  INTEGRALS 

The  previous  section  IIIA.4  has  dealt  with  possible  forms  of  the  modal  structure  of  the 
wavenumber  spectrum  as  it  appears  in  the  complex  4-plane  of  a  typical  radiation  integral  MIA.  1.1. 
Besides  the  modal  structure  belonging  to  the  wavenumber  £  itself  there  are  singularities  in  the  i-planc 


.  V  s'  V  s'ss-  •  ■  -  •  ■  >V.  • 
r*  •  ^  \  A  «*.  ' 

^  J*  '>  *  •  **  m  '  m  *  *  •  *  •  *  •  %  •  * 


148 


Ill  A  5  Branch  Points.  Branch  Cuts 


associated  with  the  kt  =  \f  kl  -  4 2  wavenumber.  These  singularities  are  branch  points  at  k  =  ±4, 
and  branch  cuts  (or  branch  lines)  which  extend  from  the  branch  points  out  of  infinity.  They  are 
discussed  next.  _ 

In  radiation  integrals  of  the  type  1 1 1  A.  1.1  the  factor  exp  /V  k*  -  4 2  z(  =  exp  ikzz),  represents 
travelling  waves  in  the  z  direction.  As  such  it  must  possess  the  property  that  wavenumber  k,  be  real 
over  the  range  -k  <  4  <  k,  that  is 

\J  k2  -42  >0  -k<£<k  1I1A.5.I 

In  addition,  when  |Ar,z|  approaches  infinity  (meaning  that  4  becomes  indefinitely  large)  it  is  required 
that  the  wavefield  vanish.  Such  a  requirement  can  be  satisfied  if  exp  /  [Re  k,  +  i  Im  A;,]  z  is  finite 
w-hen  z  approaches  infinity.  This  in  turn  implies  that, 

$m\/  k2-¥  >0  for  all  4  11IA.5.2 

These  basic  requirements  can  be  interpreted  in  terms  of  the  geometry  of  k ,  on  the  4-plane.  There 
it  is  seen  that  for  any  value  of  4  there  are  two  possible  values  of  k ,.  In  terms  of  magnitude  |Ar,  |  and 
phase  9,  where  a  <9  <  a  +  2rr,  it  is  seen  that  when  9  =  a  (an  arbitrary  angle)  the  function  k ,  has  two 
values,  +  |A:t|  if  9  approaches  a,  and  -  |Ar,|  if  6  approaches  a  +  2n.  Thus  along  the  line  9  =  a  the 
function  k,  is  not  analytic.  If  the  line  9  =  a  is  cut  out  of  the  complete  4-plane  the  rest  of  the  plane 
represents  one  branch  of  k,  defined  by  the  branch  cut  9  =  a.  Since  a  can  be  any  line  originating  at  + 
A:(or  -  k)  and  running  out  to  infinity  along  a  straight  or  curved  path  it  is  seen  that  a  branch  of  k,  can 
be  defined  in  an  infinite  number  of  ways  by  choice  of  angle  a.  When  a  choice  is  made,  and  a  branch 
defined,  a  second  branch  is  obtained  by  crossing  the  cut  and  allowing  the  angle  9  to  take  on  values  a 
+  2  n  <  9<  a  +  4n.  The  angular  sweep  a  <  9  <  a  +  2n  defines  the  first  sheet  of  the  Riemann  surface 
of  k„  and  a  +  2n<0<a  +  4n  defines  the  second  sheet.  Since  the  value  of  a  radiation  integral  is 
undefined  on  the  branch  cut  a  contour  of  integration  required  by  III  A.  1.1  must  pass  around  the  cut 
and  not  cross  it. 

The  geometry  of  branch  cuts  on  the  complex  4-plane  associated  with  k,  is  shown  in  Fig. 
IIIA.5. 1 .  Here  the  branch  points  are  at  4  =  ±  k,  and  the  branch  cuts  are  arbitrarily  selected  to  run  as 
shown.  For  a  field  point  at  4  one  can  define  two  angles  a,  ft  by  the  formula. 


\/  A:2  -42  =  \/  k -l  \/  k  +  4  =  |  \/  A:2  -42  |  exp 


a  +  1 3 
2 


IIIA.5. 3 


These  angles  are  positive  counter  clockwise  from  the  horizontal  with  the  convention  that  a.  (3 
are  both  zero  when  vectors  OK,  -  OK  point  toward  the  origin.  All  points  in  this  figure  except¬ 
ing  those  on  the  branch-cut,  are  analytic.  It  therefore  constitutes  the  "top"  sheet  of  a  2-sheeted 
Riemann  surface.  As  such  it  is  required  in  the  following  that  a  +  /3  should  not  exceed  2 n .  On 
Fig.  IIIA.5. 1  one  can  identify  regions  where  Re  k:  and  Im  k,  take  on  special  values.  To  find 
these  one  notes  that. 


Re  k2  =  \k:  Icosl 


o_£ 

2 


III  A  5  4 


Im  k.  =  |k, !  sin  -  +  ^ 
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Fig.  1I1A.S.1.  Definition  of  the  k, 
angles  a.  ft  in  the  complex  4-plane. 


In  the  first  quadrant  it  is  seen  that  when  a  =  it,  / 3=0;  when  a  =  3ir / 2,  /3  =  n/2\  and  when 
a  =  2ir ,  /3  =  0.  Thus,  n  <  a  4-  /3  <  2ir,  and  so, 

JL  <  aJjI  <n. 

2  2 

Therefore  Re  k,  <  0  and  Im  k,  >  0  in  the  first  quadrant.  In  the  second  quadrant,  several  possibilities 
occur:  when  4  lies  between  -k  and  0,  it  is  seen  that  a  —  2n  and  ft  -*  0;  on  the  other  hand  when  4  lies 
beyond  -k  it  is  seen  that  a  =  2n,  ft  =  rt.  Thus  2n  <  a  +  ft  <  3n.  Because  of  the  rule  that  a  +  ft  <  2n.  one 
subtracts  2 n  units  from  each  side,  so  that 

0<  a+P  <  JL 

2  2 

Therefore  Re  k,  >  0  and  Im  kz  >  0  in  the  second  quadrant.  In  the  third  quadrant  for  a  point  4  be¬ 
tween  - k  and  0,  a  -*  0  as  ft  —  2n;  while  for  a  point  beyond-4:,  a  0  as  ft  —  n.  Hence  n  <  a  +  ft  <  2n, 
and 

JL  <  °_U}  <n 

2  2 

Therefore  Re  kt  <  0  and  Im  k,  >  0  in  the  third  quadrant.  In  the  fourth  quadrant  for  a  point  4  lying 
between  0  and  +  k,  a  -*  0  as  ft  —  2n;  while  for  a  point  beyond  +  k,  a  —  n  as  ft  -*  2 n.  Thus  2n  <a+ft< 
3n.  Again  subtracting  2n  from  each  side  it  is  seen  that. 
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Thus  Re  k,  >  0  and  Im  k,  >  0  in  the  fourth  quadrant. 

From  this  discussion  the  entire  “top  sheet’’  of  the  complex  4-plane  as  defined  by  the  cuts  in  Fig. 
II1A.5. 1  exhibits  Im  kz  >  0.  This  construction  of  cuts  is  important  in  field  problems  for  which  time  is 
chosen  to  be  represented  by  exp(-  i  <x>  t)  because  then  a  plane  wave  component  propagating  in  the 
positive  z  -  direction  is  described  as  exp  Hk,  z  -  to  /)  =  exp /((Re  kt  +  i  Im  A\>  -  w  t)  which  becomes; 
finite  (=  bounded)  as  \k,\z  —■  00  since  lm  kz  >  0.  Contours  of  integration  may  be  plotted  on  Fig. 
IIIA.5.1  from  -  00  to  +  00  in  any  complex  direction  and  the  value  of  the  associated  integral  will  be 
finite  as  long  as  the  poles  and  branch  cuts  of  the  integral  are  not  crossed. 

The  complex  4-plane,  as  described  above, 
helps  to  define  the  nature  of  k,  by  means  of  com¬ 
paring  (by  taking  differences)  the  magnitude  of 
the  radial  propagation  constant  |4 1  with  the  pro- 

pagation  constant  k  (  =  — )  of  harmonic  waves  in 
c 

homogeneous  unbounded  space.  It  is  often  equal¬ 
ly  useful  to  consider  the  acoustic  radiation  from  a 
source  as  a  collection  of  plane  waves  traveling  in 
all  real  (and  imaginary)  directions.  This  is  ac¬ 
complished  by  representing  4  as  a  function  of  a 
complex  polar  angle  w.  Fig.  IIIA.5.2  defines  k, ,  4 
in  the  cylindrical  coordinate  system  r,  4>,  z  (<t>  =  0): 

k,  =  k  cos  w,-  4  =  k  sin  w  IlIA.5.5 

k  =  |K|;  w  =  wr  +  iw,  IIIA.5.6 

Thus  the  real  and  imaginary  parts  of  4  are.  Fig.  iiia.5.2.  Definition  of  complex  polar  angle  w. 

Re  4  =  k  sin  wr  cosh  w, 

Im  4  =  k  cos  wr  sinh  w,  IIIA.5.7 

In  this  transformation  to  angle  it  is  seen  that  kz  no  longer  describes  a  branch  singularity  on  the  com¬ 
plex  w-plane.  The  mapping  relations  between  the  4-plane  and  the  w-plane  are  shown  in  Fig.  IllA.5.3. 
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Fig.  IIIA.5.3.  Mapping  relations  between  4-plane  and  w-plane  where  l  =  k  sin  vv. 
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These  pair  of  sketches  show: 

(1)  the  line  Re  4  > k  (namely  B'A ')  maps  into  line  w,  =  n/2  (namely  AB),  and  the  line  Re  4  <  - 
k  (i.e.  E  F )  maps  into  line  wr  =  -  n/2  (i.e.  EF). 

(2)  the  line  segment  B  CE'  of  the  4-plane  where  -k  <  Re  4  <  +  k ,  maps  uniquely  into  the  line 
segment  BCE  of  the  w-plane  where  -n/2  <  Re  w  <  +  n/2. 

(3)  the  upper  4-plane  maps  into  regions  1 , 2  of  the  w-plane,  and  the  lower  4-plane  maps  into  the 

regions  regions  3,  4  of  the  w-plane.  Thus  the  entire  4-plane  maps  into  the  shaded  regions  of  Fig. 
IlIA.5.3b.  However  since  sin  w,  is  periodic  the  mapping  from  the  4-plane  to  the  w-plane  is  periodic. 
This  means  the  entire  4-plane  may  be  mapped  uniquely  into  any  one  of  an  infinite  number  of 
segments  n  units  wide  on  the  w-plane.  But  the  quadrants  of  the  4-plane  occupy  different  positions  in  a 
given  segment  of  the  w-plane  depending  on  which  period  is  involved.  Fig.  lllA.5.3b  shows  the  se¬ 
quence  of  quadrants  labelled  1,  2,  3,  4.  _ 

The  mapping  k,  —  k  cos  w  simplifies  evaluation  of  radiation  integrals  in  which  k,  ( =  \J  k1  -  C  ) 
appears.  It  is  required  however,  according  to  IHA.5.2  that  Im  k:  >  0.  To  find  the  regions  in  the 
w-plane  where  this  condition  is  met  one  assumes  that  k  may  itself  be  complex  (k  =  kr  +  i  k,),  so  that, 

Re  k ..  =  k,  cos  w,  cosh  w,  +  k,  sin  wr  sinh  w,  III  A. 5. 8 

lm  k,  =  k,  cos  w,  cosh  w,  -  k,  sin  w,  sinh  w, 

Because,  in  general,  k,  <  k.,  assume  first  that  k,  =  0.  It  is  then  seen  that  in  the  region  0  <  w,  <  n,  0  < 
w,  <  —  00 ,  the  condition  Im  k..  >  0  is  satisfied.  Similarly  in  the  region  -n  <  w,  <  0,  0  <  w,  <  +  °°,  the 
condition  is  also  satisfied.  Fig.  Ill A.5.4a  shows  a  complete  (shaded)  region  in  the  w-plane  in 
which  a  contour-type  radiation  integral  can  be  evaluated.  Because  of  the  periodicity  in  the  map¬ 
ping,  similar  regions  can  be  found  in  the  w-piane.  Next  one  can  let  k,  be  finite  but  small.  The 
shaded  region  -n  <  w,  <  0  is  then  off  set  slightly  to  the  right  by  an  amount, 

A  =  tan“‘  !L 

k. 
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Fig.  I II A. 5. 4a.  Shaded  regions  in  (he  complex 
w-plane  in  which  Im  k,  >  0  and  k.  =  0. 


I  ig.  I II A. 5. 4b.  Shaded  regions  in  which 
Im  k,  >  0  and  k  >  0. 
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At  the  same  time  the  shaded  region  0  <  w,  <  rt  is  offset  slightly  to  the  left  by  a  same  amount.  Fig. 
1 1 1 A  5.4b,  shows  these  offsets. 


Ill  A. 6  GEN  ER  ALIZEI)  K\ AMPLE  OF  THE  EVALUATION  OF  A  RADIATION  INTEGRAL 

In  radiation  integral  IIIA.1.1  the  singularities  of  the  integrand  are  listed  as  follows: 

(1)  the  Hankel  function  H„(=  J„  +  /  N„)  has  a  multiple  pole  of  order  z~",  n  >  0,  and  a 
logarithmic  singularity  of  order  ln(j/2),  n  =  0,  and  a  branch  cut  along  Re4  <  0  at  the  origin  [29]. 

(2)  the  function  /(4)  has  two  branch  points  at  ±  kt  because  of  \/  k~  -  4 2  . 

(3)  the  function  of  /(4)  may  have  additional  branch  points  because  of  reflecting  boundaries. 
Assume  there  are  two  of  them  at  ±  ks. 

(4)  the  function  /(4)  may  have  simple  poles  representing  modes  in  waveguides,  and  simple  poles 
representing  evanescent  waves  (surface  waves,  “leaky  waves”)  at  waveguide  interfaces.  Assume  there 
is  a  simple  pole  at  4  =  +  a,.. 


Because  the  integral  cannot  be  evaluated  in 
closed  form  one  may  choose  the  saddle  point 
method  to  obtain  a  good  approximation.  The  first 
step  is  to  note  that  the  time  representation  is  exp  - 
/car.  This  sets  the  requirement  that  Im  k._  >  0  at  all 
points  of  the  4-plane  except  those  on  the  branch 
cuts.  The  choice  of  branch  cuts  in  Fig.  I1I/V5.1 
satisfies  the  requirement  that  Im  k.  >  0.  Fig. 
Ill  A. 6.1  shows  the  contour  of  integration  of 
III  A.  1 . 1  in  the  4-plane  with  all  singularities  and 
branch  cuts.  As  noted  in  the  preceding  section  a 
transformation  to  polar  angle  tv, 

4  =  k  sin  w 


eliminates  +  k ,  from  the  list  of  branch  points.  Fig.  III.  A. 6. 2  shows  the  result  of  transforming  Fig. 
IIIA.6.1  to  the  tv-plane.  The  branch  points  ±  kv  are  transformed  to  ±  the  pole  at  a,,  is 
transformed  into  w, ,  and  the  contour  C  is  transformed  into  contour  P . 

The  next  step  in  the  approximate  evaluation  of  Ill  A.  1.1  is  to  deform  the  path  P  into  a  new  path 
P  which  corresponds  to  the  path  of  steepest  descent  through  the  saddle  point.  This  is  determined  in 
the  following  way.  l  et  a  radiating  point  of  spherical  waves  be  at  cylindrical  coordinates  q,  z  and  an 
observation  point  of  the  radiated  field  be  at  q g,.  When  the  medium  is  homogeneous  and  free  of 
boundaries,  there  is  one  ray  at  angle  a  with  the  ;-axis  which  intercepts  the  observation  point.  When 
the  medium  is  inhomogenous  and  bounded  there  may  be  several  such  rays  at  several  angles  a,  which 
intercept  the  observation  point.  For  each  one  in  the  domain  of  real  angles  A\,  =  k  cos  a,.  The  angle  a 
defines  the  saddle  point  of  integration.  Associated  with  angle  a  is  a  group  of  plane  waves  traveling  in 
nearly  the  same  direction  with  nearly  the  same  phase.  The  aim  of  approximate  integration  along  a 
deformed  path  is  to  add  up  the  contributions  of  this  group  of  wavenumbers  (in  v  ariable  4 )  as  the  path 
traverses  the  point  w  cos  0i  and  effectively  ignore  the  noncontributors  along  the  remainder  of  the 


likv  IIIA.6.1.  Integration  contour  nt  Al.  1 . 1 
together  with  associated  singularities. 
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path.  The  significance  of  this  procedure  may  be 
understood  when  it  ^realized  that  the  value  of  the 
integral  along  path  P  in  Fig.  1I1A.6.2  is  generally 
a  very  poor  approximation  to  the  true  value.  In 
terms  of  the  “mountain-valley”  symbolism  of 
Section  Ill  A.  1  the  path  P  traces  a  track  from  -  «> 
to  +  00  far  from  the  saddle  point  thus  undergoing 
frequent  cancellation  because  of  the  oscillations  of 
the  integrand.  In  contrast  the  path  of  steepest  de¬ 
scent  through  the  saddle-point  gives  nearly  the 
correct  value  of  the  radiation  at  the  observation 
point  if  it  is  “far  enough”  away  from  the  radiator. 
The  qualifier  “far-enough”  arises  because  the  in¬ 
tegral  UIA.  1.1  must  first  be  cast  in  the  form 
II1A.2.1.  This  is  done  by  assuming  the  distance 
from  the  source  to  the  receiver  is  large  relative  to 
the  size  of  the  source.  In  effect  the  Hankel  func¬ 
tion  in  III  A.  1 . 1  is  replaced  by  its  asymptotic  value 
for  large  argument  4  q, 

~  \/~2  e"l“  ™  2 " 41 
rr4e 


Fig.  IIIA. 6. 2.  Integration  contour  of  UIA.  1.1 
on  the  H’-plane  together  with  associated  singularities. 

-7i  <  arg  4e  <  2tt  IIIA. 6.1 


In  terms  of  angles, 


q  =  L  sin  a 
z  =  L  cos  a 
4  =  k  sin  w 
k,  =  k  cos  w 


Since 


lim  e‘Kv  e‘kz  exp  ikL( cos  w  cos  a  +  sin  w  sin  a) 

ic^°° 

lim  e"-u  e,k ;  -*  =  exp  ikL  cos (w  -  a) 
the  integral  IIIA.  1.1  takes  the  form 

/  =  J  f(w)ek>'i,“ldw 


in  which 


Q  =  kL;  q(w)  =  cos (w  -  a);/(w)  =  f(k  sin  w)  cos  w 


IIIA. 6. 2 
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Because  kL  is  taken  to  be  very  large  it  is  seen  from  Section  1IIA.1  that  the  saddle  point  is  determined 
from  the  root  a  which  satisfies  the  relation, 


d[kL  cos(w  -  o))  =  n  111  A. 6. 3 

dw 

When  the  saddle  point  at  angle  a  is  found  the  path  P  is  then  deformed  to  achieve  steepest  descent. 
The  method  of  performing  the  deformation  is  described  in  Sect.  I II A.  1.  The  result  is  shown  in  Fig. 

IIIA.6.3.  The  deformed  path  ABCDEFG  is  the 
path  of  steepest  descent.  Of  this  path  the  part 
ABCEFG  is  on  the  first  sheet  of  the  Riemann  sur¬ 
face  defined  by  the  branch  cuts.  The  dotted  line 
CD  shows  that  part  of  the  path  which  is  on  the 
second  sheet.  It  is  not  included  in  the  value  of  the 
integral.  The  contribution  of  each  part  of  the  con¬ 
tour  has  physical  significance:  the  field  due  to  the 
path  through  F  in  the  neighborhood  of  the  saddle 
point  cos  a  is  the  geometric,  or  “ray-optic”  field. 
This  is  the  field  which  obeys  Snell’s  laws.  The  field 
contributed  by  the  contour  DC  around  the  branch 
cut  is  the  field  of  lateral  waves  which  arises  from 
those  rays  of  the  source  which  strike  the  bound¬ 
aries  at  critical  angles  of  refraction,  and  run  along 
the  boundary  while  shedding  energy  back  to  the 
observation  point.  The  field  contributed  by 
path  G  around  the  simple  pole  shown  is  that  of 
surface  waves  radiating  evanescent  modes  [30], 

If  the  integration  along  contour  P  is  broken  into  a  sum  of  the  integral  through  saddle  point  F 
and  the  contributions  of  all  singularities  and  branch  cuts  it  is  often  useful  to  formulate  the  saddle- 
point  integral  in  terms  of  a  comparison  or  “canonical”  integrals  which  are  easily  calculated  from 
available  tables  of  numerical  values.  Several  such  canonical  integrals  are  described  next. 

IIIA.7  CANONICAL  INTEGRALS  WHICH  ARE  USEFUL  IN  THE 
CALCULATION  OF  RADIATION  INTEGRALS 

In  IIIA.5.5  the  complex  variable  w  can  be  replaced  by  a  new  variable  5  such  that  s  =  0  when 
dg(w)/dw  =  q'(w)  =  0  and  such  that  q(w)  is  approximated  as  a  polynomial  (?(s)  in  the  vicinity  of 
the  saddle  point, 

I(Q)  =  J  F(s)  exp[£2Q(s)]  ds 

F(s)  =  /(w)  =  dQ(s)/ds  =  Q’(s)  mA  71 

ds  ds  dq(w)/dn  q  (w) 

Several  forms  of  F(s)  and  Q(.s)  lead  to  useful  comparison  integrals. 


Fig.  1 1 1 A  .6.3 .  Path  of  steepest  descent  in  the 
evaluation  of  the  radiation  integral  AI.I.I. 
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I.  Let  Q(s )  describe  a  single  isolated  saddle  point  at  w  =  w,  and  assume  that  the  equation  q  (w) 
=  0  has  an  n’th  order  zero  at  w,.  Then  a  simple  choice  of  Q(s )  is, 

Q(s)  =  q(w<) -5"*'  IIIA.7.2 

Because  the  value  of  the  integral  will  depend  on  the  contour  in  the  immediate  vicinity  of  the  saddle 
point  one  expands  F(s)  in  a  Taylor  series  about  s  =  0, 

F(s)  =  F(  0)  +  F'(0)s  +  F(0)52  +  ...  Ill  A. 7. 3 

2! 

The  path  of  steepest  descent  from  the  saddle  point  s  =  0  is  the  one  for  which  Im  Q(s)  =  0.  This  is 
the  real  axis  in  the  5-plane.  Assume  only  one  term  F(0)  is  sufficient  to  give  the  asymptotic  field  and 
assume  n  =  1.  Then  F(0)  must  be  evaluated  at  s  =  0,  that  is  at  (dw/ds)^n.  From  II1A.7.1, 


i  dw  \  =1 

f  _2s  \ 

V  ds  )’c0 

\  q  (w)  J'"0 

By  L’Hospital’s  Rule, 

(  dw  \  =  lim 

r-(-2 s) 
ds 

=  -2 

V  ds  o  ^ o 

L  ds  J 

q"  { vv, )  /  dw  \ 

\  ds  0 

or 


( — )  -i/2l 


Substituting  this  result  into  U1A.7.1  and  noting  that  F(0)  =  one  obtains 


I(Q)  =/( 


expIStylw,)]  J  e_u'  ds 


L 


in  which 


f.e*ds=  r(i} 


Q 


t-Jl 

’  n 


and  T(z)  is  the  Gamma  function.  Finally,  for  this  case  of  a  single  isolated  saddle  point  with  one  term 
of  III A.7.3, 


/(Q)=/(w\),/  -2tt  exp[Q<7(tv,)],  Q 


III  A. 7. 4 
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A  complete  expansion  in  which  all  terms  of  I11A.7.3  appear  is  found  from  the  integral, 


1  +  m 


sr  e~Q':  ds  = 


s"  e~Q':  ds  =  0 


,  n  odd 


Setting  n  >1  one  finds 


„  ctF(  0) 

/(O*  exp[Q<7(w,)]  J  dsr  + 

',=°  (2 n)\  0" 


II1A.7.5 


(2)  As  a  second  case  let  (?(s)  again  describe  a  single  isolated  saddle  point  and  assume/(w)  has  a 
simple  pole  at  w  =  w„  near  w„  In  the  s-plane  let  w  =  w0  be  mapped  into  s  =  s0.  Then, 


*.v 


F(s)  =  Fq  +  e(s);  Q(s)  =  q(w,)  -s' 
s  -  So 

Here  F0  is  a  constant  and  £(s)  is  regular  at  s  =  0  and  s  =  s0 .  Again  the  path  of  steepest  descent  is  that 
for  which  Im  Q(s)  =  0,  namely  the  real  s  axis.  However  because  the  contour  of  integration  passes 
through  the  singularity  s  =  s0  it  must  be  deformed  into  a  small  semi-circle  labelled  contour  C  to  by¬ 
pass  it.  Thus, 


I  =  E( 0)  J  m  exp[Q(7(.s)]  ds  +  F„  X  exp[QQ(s)l  ds 


IIJA.7.6 


The  value  of  the  first  integral  is  £(0)(n/Q)l/2,  where  £(0)  =  (\/  -2/q"(w7)  +  F„/s„)  One  notes 
immediately  that  F„  is  the  residue  of  £(5)  at  s  =  s0,  and  that  s0  =  \/  q(w,)  -  q(w„)  .The  value  of  the 
second  integral  depends  on  the  sign  of  Im  s0 .  Now, 


lim  *  =  V  *  ±  tt i  d(s  -  s0) 

£—►0  S  Sq  +  it  S  —  Sq 


in  which  P  means  the  Cauchy  principal  part.  When  Im  s0  =  0  the  second  integral  in  IIIA.7.6 
becomes  the  sum  /p  +  /,,  defined  as  follows: 


/P  =  P£„  f'  exp[Q<7(w.)l  exP[~Q^  1  ds 

S  -So 

r p  =  2/£„  V^expl-Qjn]  R(-is0  \/2")  exp[Q<7(w\)] 
R(z)  =  jf e  '  dx , 

/,  =  ~£o  J",  nid(s-So)  exp[QQ(s)]  ds 


/,  =  -rw£„exp[-Qj^]exp[S<7(H'.)] 


IIIA.7.7 


*-  /•  %  *•  *• 


"  •  *  »  **  ••  '  »  at 

••'i*  .**«.*-•  ,  .  »* 
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Thus,  when  Im  s0  =  0,  the  value  of  the  integral  111A.7.6  is, 

/(Q)  =  exp[Q<7(w,)]  {2/  \fn~F0  exp(-Q5oJ  R(-is0  \/Q)  -  niF0  exp[-Q,  5o]  +  \fn/Q  £(0)}.  Ill  A. 7. 8 

When  however  Im  j„  #  0  then  /,  vanishes  because  the  pole  s0  is  no  longer  on  the  real  5-axis.  Then, 

1(Q)  =  exp(Q<7(tv,)]  {  ±  2iF0  V/Texpf-Qs^]  R(+  is0  \/Q)  +  \/n7Q£(0)}  IIIA.7.9 

in  which  the  choice  of  sign  depends  on  the  choice  Im  s0<  0  is  Q  -*  Thus  the  case  of  a  simple  pole 
near  an  isolated  saddle  point  has  led  to  the  canonical  integral  IIIA.7.7,  which  is  an  error  function,  or 
alternative,  a  Fresnel  integral. 

(3)  As  a  third  case  let /(w )  have  an  algebraic  branch-point  singularity  W  =  wfc  (which  maps  into 
5  =  5ft)  near  a  single  isolated  saddle  point  tv  =  tv,.  This  condition  may  be  represented  by  choosing 

F(s)  =  F0(s)  (s-shy,0<a<  1;  Q(s)  =  q(w, )  -s”" 

These  representations  lead  to  the  requirement  of  evaluating  integrals  of  the  form 

oo 

I(Q)  ~  f^s”(s-sb )“  e~Q'  ds,  m  =  0, 1,2,... 

By  suitable  transformation  it  may  be  shown  (31}  that  the  corresponding  canonical  integral  is  the 
parabolic  cylinder  function.  In  a  typical  application /(w)  may  have  the  form, 

/(w)  =  a  +  b  \J  tv  -  tv*  ,  near  tv*. 

Then  the  integration  around  the  branch  cut  leads  asymptotically  to  the  form 

/(Q)  = _ _ _  YL _ [V  tv  -  tvj  /(tv)J.,  exp{Q<7(tvh)  -i±  arg(-q'(wh )}}  I11A.7. 10 

[Q|<7'(w,)|]'/i  2 

[32]. 

(4)  As  a  fourth  case  let  /(tv)  be  regular  but  allow  the  presence  of  two  closely  spaced  saddle 
points.  This  condition  may  be  represented  by  choosing, 

Q(s)  =  a0  +  os-  _ 

3 

The  saddle  points  are  then  at  s  -  ±  \fo.  If  o  is  finite  then  it  is  permissible  to  treat  each  saddle  point 
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separately  in  the  evaluation  of  the  integral  1IIA.7. 1.  When  however  |o|  is  arbitrarily  small  the  evalua¬ 
tion  of  the  integral, 


I(Q)=F(0)  f  exp  Qj^flo  +  os-  iL  J 


ds,  Q  -*•  °° 


can  be  expressed  in  terms  of  Airy  functions  [33].  This  reference  also  treats  other  choices  of  F(s)  and 

Q(s). 


II I A  .8  ASYMPTOTIC  EVALUATION  OF  MULTIPLE  INTEGRALS 

Frequently  radiation  integrals  appear  in  the  form 


/(«)  =  fjfm  exp[/Q^(K)]  d K 


K  =  (K„K,,K,) 

Here  <?(K)  is  a  real  function.  Let  <?(K,)  be  a  stationary  point,  defined  by 


WU  ,  i«(K).  =  ,0whenl<-li 

3K,  3K,  3K, 


To  evaluate  IIIA.8.1,  form  a  3  *  3  matrix  of  elements, 


d2a 

H  i  =  x,y,  z;j  =  x.y.z 
3  K,  3  K, 


Let  d„  i  =  1,2,  ...  n  be  the  eigenvalues  of  this  matrix  and  define  a  function  t 

n 

t  =  2  sgn  di 

i  =  l 

in  which 


IIIA.8.1 


sgn  dt  =  -1  if  d,  <  0 
sgn  d,  —  +  1  if  d,  >0 

Then  the  asymptotic  (meaning  Q  -*■  °°)  approximation  of  l(Q)  is, 

/( K.)  exp[/'Q«7(K, )]  exp[m/4i] 


I(Q)  ~ 


r^v. -V  t;  sr.  -s\  w.  f. 
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APPENDIX  IIIB 

IIIB.l  METHOD  OF  OBTAINING  NEW  GREEN’S  FUNCTIONS  -  EXAMPLE  OF  THE 
GREEN’S  FUNCTION  FOR  AN  AXIAL  (MAGNETIC)  DIPOLE  WITHIN 
A  CORNER  REFLECTOR 

We  consider  a  corner  reflector  made  up  of  two  (infinite)  plane  sheets  of  metal  in  the  form  of  a 
V.  In  cylindrical  coordinates  (r,  4,  z)  we  define  the  angular  disposition  of  the  sheets  as  =  0  and  4  = 
i p.  Inside  this  angle,  at  the  source  point  Q  (r0.  ^o,  z0)  close  to  the  junction  of  the  sheets,  we  place  a  ver¬ 
tical  magnetic  dipole  of  source  strength  Kdz0  (oriented  in  the  z  direction).  The  observation  point  P(r, 
<(>,  z )  is  any  point  inside  the  angle  of  the  sheets.  It  is  a  well  known  result  of  the  theory  of  elec¬ 
tromagnetics  that  the  magnetic  field  at  P  can  be  described  by  the  z -component  Df  of  the  Hertz  vector 
n*  and  that  n*  satisfies  the  scalar  inhomogeneous  wave  equation  (=  Helmholtz  equation)  in  the 
steady  state, 


(V2  +  k!)  IX  =  ^££  6(r  -  r0) 

-itufj 


(1) 


Here,  k  is  the  propagation  constant  for  the  medium,  p  is  the  magnetic  permeability  of  the  medium 
and  6(r  -  r0)  is  the  Dirac  delta  function.  Note  that  time  is  given  by  the  real  part  of  e1'-'.  At  the  surface 
of  the  metal  sheets  the  boundary  condition  is 


an,*  = 
a* 


0,  (<{>  or  4>o  =  0, 4*  or  4o  =  v)- 


(2) 


Eqs.  (1)  and  (2)  constitute  a  boundary  value  problem  that  can  be  solved  by  separating  variables  and 
using  Fourier  series  and  Fourier  integrals.  We  first  expand  n,*  in  an  orthonormal  set  of  angle  func¬ 
tions  (t„/ip)l/J  cos  mn^/ip  in  both  the  4  and  4o  coordinates.  To  satisfy  Eq.  (2)  we  thus  write 


IX  =  Em  Tim  (r,  z|r0,  z„)cos  nVL  4  cos  mTL  4.. 
m=0  V  V 


(3) 


in  which  £0  =  1,  tm  =  2  (m  #  0).  We  see  that  anf/34>  will  be  zero  when  either  4  or  4>„  is  equal  to 
zero  or  to  ip.  Since  the  domain  of  z  is  infinite  we  can  form  the  Fourier  integral 


nm(r,z|r0,  z0)  =  1  J  „  rim(r|r„)e lh,: ; ' dh 

2n 


Hence, 


n;=  J_  J  ,  e^-'dh  I  rim(r|r|t ,  cos  cos  "m+'' 

2rt  m~n  ip  ip  ip 

Now  in  cylindrical  coordinates  we  can  write  the  delta  function  in  the  form 


(4) 


(5) 
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6(r-r0)  =  6(r-r0)  d{z-z0) 


(6) 


The  r.h.s.  can  formally  be  expanded  in  Fourier  Series  and  Integral  as  follows: 


cos 


d(*-<M=  I  JZ  COS  JZ 

*  ip  V  '  yi 

+  oo 

6{z  -  Zo)  =  J  „  e,h(z^)  dh 

In 


mni)  o 


(7a) 

(7b) 


We  now  substitute  Eq.  (5)  into  Eq.  (1).  Noting  that, 


v>.  1  _£L 

r  3r  \  3r/  a2  3  c p2 

=  V?  +  V2,  +  V,2 


3^2 


we  can  easily  verify  that. 


V2  IL  =  -  h‘  IL 

v;  n;=-  j_  ( \  n* 

r2  V  ip  / 

Using  Eqs.  (6)  to  (8b)  we  can  reduce  Eq.  (1)  to  the  form 

_L  £  ±  ^  £j+(j)2-/t2)r-  _L  (”L)]  H»(r|rffl) 


(8a) 

(8b) 


_  kdzo  d(r  -  r0) 

-/cup  r 

When  written  out  in  this  form  the  solution  Um(r/r0)  is  clearly  seen  to  be  the  Green's  function  of  the 
wedge  shaped  (infinite)  medium  arising  from  a  source  point  at  r0.  Two  solutions  of  the  homogeneous 
equation  corresponding  to  Eq.  (9)  are 


yv(vr).  //v(vr) 


where 


v  =  JHH.  ,  v  =  V  k2-h} 

The  Wronskian  determinant  A  of  these  solutions  is  3.8.9  (with  +/  —  -/). 
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To  find  the  particular  solution  of  the  inhomogeneous  Eq.(9)  we  use  the  general  technique  [34]  that 

r 

n  (r\n>)  =  Hy'(vr)  J  kdz"  d(r-  '■■)  J>(yr)  vdr 

-icop  r(v  A) 

+  Jfvr)  Jr  kdZi'  r"}  Hll'(vr)  vdr  (10) 

-icon  r(vA) 

In  Eq.  (10)  we  first  select  r  <  r0.  Then  because  d  (r  -  r0)  has  a  value  only  at  r  =  /■„  we  see  that  the  first 
integral  drops  out  and  n,„(r/r0)  equals  the  second  integral  with  r  =  r„.  Similarly  for  r  >  r„  the  second 
integral  will  vanish  and  fl „(r/ra)  will  be  equal  to  the  first  integral  with  r  =  rn.  Combining  all  terms  we 
find  that. 


fl  =  kdZa  X  bl  cos  vij>  cos  v4>0 

'  -4u>n  m*°  ip 

*  oo 

x  J  „  JXvr0)  Ht‘]{vr)  e  lhi:  z~'  dh,  r>  r„  (11) 


For  r  <  rQ  we  interchange  r  with  r0,  and  r0  with  r  in  the  integrand  of  this  equation.  The  path 
of  integration  in  Eq.  (11)  is  shown  in  Fig.  Ill  B.  1.  When  vr  i>  1  we  may  solve  the  integral  by 
asymptotic  methods.  First  the  Hankel  function  is  represented  by  the  form 


m2,(vr) 


x  2  *■  ft  4) 


(12) 


When  Eq.  (12)  is  substituted  into  Eq.  (11)  the  resultant  integral  is  in  a  form  that  can  be  evaluated  by 
the  method  of  steepest  descents  if  the  path  of  integration  is  transformed  to  a  complex  plane.  This 
may  be  done  by  the  transformation 


h  =  k  cos  a.(a  =  a,  +  iaj 


The  integral  then  transforms  to 


f  *' 

J"„  ,  .  /  (kr, 


sin 


2  g  /A|rsin., 

n^rrsino 


1  k  sin  ado 


A  sketch  of  the  path  is  shown  in  Fig.  IIIB.2. 


For  field  points  at  great  distances  from  the  origin  we  define  the  spherical  coordinates  R.  8  by  the  for- 
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Fig.  IIIB.I  Contour  of  Integration  in 
frplane 


Fig  IIIB.2  Contour  of  Integration  in 
«-plane 


Z  =  R  cos  8,  r  =  R  sin  6 

The  integral  then  reduces  to  the  form 

1 

-\J  2  e‘k:  e"" 2"  J'  x  f  ^  J.  (kr„  sin  a )  {k  sin  a  da 

nR$\nQ 

We  now  change  the  path  of  integration  to  that  of  “steepest  descent".  Assuming  kR  to  be  large  the 
latter  path  may  be  obtained  by  a  transformation 

cos (8  -  a)  =  1  -  ix1  (x  real) 

The  saddle  point  occurs  at  d  cos  (8  -  a)/ da  =  0,  i.e.,  the  saddle  point  is  located  at  9  =  a. 

Since  a  =  8  -  arcos  (1  -  ix‘)  it  is  easily  found  that 


da 


N/2T 


V  1  -  ix1/ 2 


dx 


The  integral  then  becomes 


2/ 


\J  nR  sin  8 


x  f  J,(kr„  sin  a)  (k  sin  o)12  e  ' iH  (jx 
\J  1  -  ix'/ 2 


According  to  the  method  of  steepest  descent  significant  contributions  to  this  integral  occur  only  near 
the  saddle  point.  Hence  we  set  a  =  8  and  expand  the  denominator  in  powers  of  v’  such  that 


Recalling  that 


e'kK  dx  =  jp!_ 
(  kR 


we  find  the  asymptotic  solution  of  thetntegral  to  be 


2 ie,vn  l  e  J,(kr„  sin  6 )  e‘kz"""  (13) 

R 

Using  this  result  in  Eq.  (11)  we  find  the  asymptotic  (=  far  field)  form  of  the  z-component  of  the 
magnetic  Hertz  vector  to  be 


n; 


r""  /  kdzn  \ 
R  V  licouw  J 


liujfjxp 

x  I  cos  cos  v4>0en"’  :i,  (Arr0sin  9) 


(14) 


At  this  point  it  is  desirable  to  express  the  dipole  strength  of  the  source  as  -4rr  units.  The  11*  will 
become  a  Green's  function  G(R,  6,  ra,  z0 .  ‘t’o)  for  the  wedge.  Writing 

Kdz-°  =  -  4n  (15) 

-fa 

One  finds  that  the  Green’s  function  for  the  wedge  is 

G  -*•  e  kR  (  'j  e‘kzM"1'  X  l„  cos  v4>  cos  vj>0 
R  V  w  ) 

xr  2  Jfkr„  sin  6)  (16) 


in  which  v  -  mn/\p. 

The  form  of  Eq.  (16)  now  contains  no  electromagnetic  parameters.  It  is  a  purely  geometric  con¬ 
struction  which  gives  the  far  field  of  a  point  source  in  a  corner  reflector.  It  can  thus  be  directly  ap¬ 
plied  to  finding  the  radiation  field  of  an  acoustic  surface  located  in  a  corner  reflector  by  linear  super¬ 
position  of  the  field  from  all  points  on  the  source  surface. 
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CHAPTER  IV 

THE  CALCULATION  OF  ACOUSTIC  RADIATION  BY 
USE  OF  FOURIER  EXPANSIONS 


INTRODUCTION 

Chapter  III  considered  the  theory  of  acoustic  radiation  from  point  sources,  multipoles,  and  line 
sources.  The  basic  tool  for  calculating  radiation  fields  was  the  Green’s  function,  whose  form  de¬ 
pended  on  the  coordinate  system  used,  and  on  the  boundaries  of  the  radiation  space.  In  this  chapter 
the  source  of  radiation  is  an  extended  surface.  The  calculation  of  its  radiation  will  be  based  on  the 
theory  of  plane  wave  expansions,  which  will  be  shown  to  be  a  Fourier  transformation,  and  therefore 
possesses  the  power  of  Fourier  analysis.  Both  the  theory  of  Green’s  functions  and  of  Fourier 
transformation  are  interrelated,  and  one  can  be  used  as  well  as  the  other.  However  the  radiation  pro¬ 
blems  treated  in  this  chapter  are  advantageously  solved  by  Fourier  methods. 


4.1  THKORY  OF  ACOUSTIC  RADIATION  BASKI)  ON  PUANK  WAVE  EXPANSIONS 

Let  ip(r,  o  be  a  field  of  acoustic  velocity  potential.  The  time-dependence  of  ip  can  be  resolved 
into  an  infinite  number  of  angular  frequencies  o>.  Similarly  its  space-dependence  can  be  resolved  into 
an  infinite  number  of  spatial  frequencies,  or  wavenumbers,  k.  In  terms  of  A:,  w  the  potential  field  can 
be  expanded  into  an  infinite  number  of  plane  waves  traveling  in  all  conceivable  directions,  both  real 
and  imaginary.  (For  a  discussion  of  imaginary  directions,  see  Appendix  III  A. )  In  rectangular 
coordinates  this  expansion  becomes, 

y(x,  y,  z,  t)=  f  f  f  f  m.,  A k.  M  exp  /[A„v  +  A',  v  +  k.z  -  u>r  ]  dk.dk, dksdw  (4. , .  \ > 

(2n  y 

This  form  of  Fourier  integral  inserts  the  factors  of  2n  in  k  -  w  space  and  omits  them  in  real  space.  The 
field  will  be  assumed  small-amplitude  and  will  therefore  satisfy  Helmholtz’s  equation,  (V'  +  k!)\p  = 
0,  k  =  a j/c,  c  is  the  speed  of  sound  in  the  medium.  For  a  homogeneous  isotror  ic  medium  k  will  be  a 
constant,  and  the  solution  of  this  equation  in  plane  waves  will  require  that. 


k:  =  k;  +  k;  +  k; 


(4.1.2) 


This  relation  will  appear  repeatedly  in  later  formulations.  'HA.,.  A,,  k.  |w)  itself  can  be  obtained 
from  4.1.1  by  inverse  Fourier  transformation. 


kv,  k.  |  o>)  =  ini  ip{x,  y,  z,  i)  exp  -i[k,x 


+  v  +  kz.  -  ait  |  dxdy  dzdi 


Thus  with  each  temporal  frequency  there  is  associated  an  infinite  number  of  spatial  wavenumbers. 

The  acoustic  field  is  also  a  field  of  particle  velocity,  V  =  (<■,,  i\.  r, )  exp -/W  Each  com¬ 
ponent  e,  can,  in  a  similar  way,  be  expanded  in  plane  waves. 


■V.AA-  v 


.  '  0i_m  m  r  »  '* 

-jTu.  *  -  - 
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v  (a.  v,  ;,/)=/  f  f  f  F(A\,  A.,  k  \  tu )  exp /[A,.v  +  k  v  +  k.z-wi]  dk  dk  dk  ,L:  (4.1.4) 

(2n  y 

^  <{k ,,  A\,  A';  |  oj)  =  v  (.v,  v,  I )  exp  -  /|A,.v  +  A,  v  +  k.z  -  c at  ]  dxdydzdt  (4.1.5) 

/  =  ,v,  y.  z 

t  or  small  ampliiude  fields,  the  velocity  potential  and  the  velocity  are  everywhere  related  by  the  equa¬ 
tion. 


-  V4  =  v 


-  f /  _£.  +  j  —  +  k  1 1  I  t^(.v,  y,  z,  l)=iv.  +  j\\  +  Av, 


(4.1.6) 


A  A  1 
dz  . 


L  d  x  dy 

In  particular,  the  c-component  of  this  vector  relation  is. 


v.(.v,  v,  z,  1)  =  -  J  f  f  f  ikW(k„  A  .  Ar.  |  ti) )  exp  /[A,.v  +  k  v  +  A..--m/]  dk.dk.dk  :dw  (4-17) 

(2n)A 

Thus,  at  a  radiating  surface  c=  0,  since  the  plane  waves  in  the  expansion  have  all  wavefronts  normal 
to  the  surface,  4.1.4  and  4.1.7  provide  two  equivalent  forms, 

v,(.v,y,  0,  r)  =  f  f  f  f  y.(k„  A„  0|u>)exp/[A,.v  +  A,  -car]  dk-dkd^ 

(2n)' 


v.(.v,  y,  0,  /)  =  -  ;;;;  ikW(k„  A„  0|tu) exp  /|A,.v  +  A\.v-aj/] 


dk.dk, dw 
(2tt)' 


The  units  of  V ,(A„  A,.,  0|o>)  are  m  's  '. 

From  this  it  is  concluded  that  on  the  radiating  surface. 


WA  .  A  .  0 1 oi  =  V:(ks’  ky-  Q)  (4.1.8) 

A. 

Because  the  acoustic  field  is  continuous  from  the  radiation  surface  outward,  the  velocity  potential 
that  satisfies  the  boundary  condition  on  the  surface  must  have  the  form, 

Vix.  »-.  c.  /)  =  f  f  f  ,l  ,k  ■  k~  1  exp /[Aw  +  A.v  +  k.z -  at'  dkyik,dw_  ,4.1.9) 

V  k:  -  A;  -  A;  <2n)' 

M  -  l  (A  .,  A  )  is  the  Fourier  transform  of  the  normal  component  of  surface  velocity. 


4.1  Theory  of  Acoustic  Radiation  Based  on  Plane  Have  Expansions 


A  similar  derivation  may  be  made  in  cylindrical  coordinates  q.  <j>,  c.  In  the  plane  ;  =  0  the  nor¬ 
mal  component  of  velocity,  expressed  as  a  plane  wave  expansion  with  time  omitted  is, 

v:(x,y)  =  J  f  V(k„  A, ) exp /[A,jr  +  k,y]  dk.dk,  (4.1.10) 

(2n); 

Introduction  of  polar  coordinates  q.  k,.  a  by  the  formulas, 

p  =  p[/  cos  +  _/  sin  4>];  k,  =  k,\i  cos  a  +  j  sin  a )  =  Ik,  +  jk,  (4.1.11) 

leads  to  the  form, 

v,(q.  $)  =  J  J  V(k..  a)  exp  Hk.Q  cos(<t>  -  a)|  k,dk,da  (4.1.12) 

(2n); 

in  which  k,  is  seen  to  be  the  Jacobian  determinant  of  the  polar  coordinate  transformation  in  k,.  On 
the  same  surface  z  =  0  the  velocity  potential  has  an  identical  form, 


ig(g.  <)>.  0)  =  f  f  V(A,.  a.  0)  exp  i[k,Q  cos(4  -  a)]  k,dk,da 

(2n  V 


(4.1.13) 

Using  boundary  condition  4.1.6,  and  continuing  the  potential  into  the  medium  one  obtains, 

(4.1.14) 


ip(p,  $z)~  [  (  a )  eXp  i  e  cos(4>  ~  o)]  e'1'  ■'  k,dk,do 
kz  (2n)- 


Now, 


exp /[A,p  cos(<t>  -  o)J  =  51  Jm{k,e) « 


(4.1.15) 


[  1  ] .  Since  the  limits  of  integration  in  rectangular  coordinates  .v,  y  are  both  -  °°  to  +  °°,  the  transfor¬ 
mation  4,1.11  changes  them  to  0  to  °°  in  coordinate  A,  and  0  to  In  in  coordinates  4>.  a.  The  velocity 
potential  everywhere  then  becomes. 


vie.  ♦.*./)  =  1  f  f  Mkj_  f  do 

"  '  2  n  In  In 


t'(A„  O  |u>)  j^kiQ)e .  ■  p..  <  *.  ••«,..< 

V  A-  -  A; 

(4.1.16) 


4.2a  RADIATION  FIFI.D  OF  A  RFC  TANOUI.AR  FI.FXURAI.  Pl.ATF  WITH 

FIX  FI)  VFFOCTTY  DISTRIBUTION  IN  AN  INFINITFI.V  I.ONCi  l.OSSl.FSS  DUCT 

Fq.  3.7.17  gives  the  radiation  field  of  a  point  source  in  a  rectangular  duct,  0  ^  ,v  <</,()<  v  <  h, 
with  rigid  walls.  In  this  section  a  determination  is  made  of  the  radiation  field  of  a  flexural  rectangular 
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plate,  0  ^  a,  0  <  v  ^  ft,  with  fixed  velocity  distribution  v..(at,  y,  t)  in  the  same  duct.  Because  both 
the  cross-sectional  dimensions  of  the  duct  and  the  plate  are  finite  it  will  be  advantageous  to  use  the 
theory  of  modes.  In  a  later  section  the  plate  alone  will  be  finite.  The  determination  of  the  radiation 
field  will  then  be  made  by  using  both  modal  theory,  and  expansion  in  plane  waves. 

Let  4^ (jc ) ,  m  =  0,  1,2  ....  n  =  0,  2,  ...  be  a  set  of  orthonormal  functions  in  the  (bound¬ 

ed)  region  of  the  plate.  For  convenience  define  cp  y)  =  44„(Ar)  44,(_y ).  Let  i/.(a',  y,  0,  t )  be  the  nor¬ 
mal  component  of  particle  velocity  at  plane  z  =  0,  -  00  <  z  <  00 .  If  the  time  fluctuation  is  harmonic, 
and  the  variation  in  x,  y  arbitrary,  v;  can  be  expanded  in  spatial  plate  modes  at  each  frequency  w, 


K(x,  y,  0,  t)  = 


I 


y)e  “' 


(4.2.1) 


Here  is  a  fixed  distribution  in  x,  y,  independent  of  the  reaction  of  the  medium  on  the  flexural  mo¬ 
tion  of  the  plate  and  V . (units:  ms1)  are  the  expansion  constants.  In  the  medium  itself  the  acoustic 

velocity  potential  can  also  be  expressed  as  an  expansion  of  normalized  characteristic  functions  of  the 
duct ,  ym(x,  y,  z)  =  r„(x)  r,(y)  exp  /  4,.„  z,  different,  in  general,  from  cp„„„ 

i p(x,y,z,t)=  X  ,y,z)e‘“  (4.2.2) 


Here  Y,,,,  (units:  are  the  expansion  constants,  and 

4 . =  V  k-  -  (k,  ),;„,  -  (k,  )•, 


At  the  plate  surface  z  -  0,  4.2.1  and  4.2.2  are  related  through  the  boundary  conditions  4.1.6, 


I 


'4,wy  r<i 


V 

n 


V . cp . J  =  0. 


(4.2.3) 


Since  the  functions  y,,„  are  orthogonal  over  the  area  of  the  plate,  and  are  normalized,  it  is  immediately 
seen  that  the  expansion  constants  are  given  by 


/*«/ 


]E  V .  f  cp . (.v,  r)  y  (.v,  v,  0)  dS(x,  v) 

4 


(4.2.4) 


This  equation  states  that  in  each  mode  pq  the  velocity  potential  receives  contributions  from  all  veloc¬ 
ity  modes  mn  of  the  plate.  This  means  the  boundary  condition  has  effectively  coupled  all  duct  modes 
to  each  plate  mode.  To  emphasize  this  important  result  4.2.4  is  rewritten  in  the  form. 


4^/..,  ^  4" 7 F,„„,  4  .,., r.r  — .  ^  ^  y,„(cp,„„  r/.S 

Lrq 


(4.2.5) 


In  addition,  it  is  noted  that  the  potential  field  repeats  itself  periodically  along  the  length  direction  (-) 
of  the  duct.  Since  the  duct  is  assumed  lossless  and  infinitely  long,  there  is  no  diminution  of  average 
acoustic  intensity  as  the  field  propagates. 


4.2  Radiation  Fields  of  Plates 


4.2b  RADIATION  FIELD  OF  A  RFXTANGULAR  PLATE  WITH  FIXED  VELOCITY 
DISTRIBUTION  IN  AN  INFINITE  PLANE  RIGID  BAFFLE 

Let  the  plate  dimensions  be  2  L„  2  Ly.  The  plane  wave  expansion  ot'  the  potential  field  is  given 
by  4. 1 .9,  in  which, 


V,(k„  k,  |  co)  =  J  J"  v.(x,  y)e~,kx  ,k  ‘  dxdy  (units:  m's') 


(4.2.6) 


v:  itself  is  expressed  by  4.2. 1  as  a  sum  of  plate  modes.  Applying  4.2.6  in  modal  form  to  4. 1 .9  one  ar¬ 
rives  at  the  potential  field  expressed  in  both  plane  wave  and  modal  form. 


.4  1  X 

ip(x,  y,  z,  t )  =  ;  r/oj  i dk,  dk ,.  \  f  f 

^  m. n  ^  a  L  '  J  -i 


2  71 


2  n  2rt 

ipik  .a  •  /k  v  •  /A  '  in  i 


K„„,(cl))  ipm„(x,  y)  e"k  x  '*  ‘  dxdy 


te 


\J  k-  -  k;  -  k; 


(4.2.7) 


In  words:  each  plate  mode  V„„  i p,„„  in  spatial  coordinates  x,  y  is  Fourier  transformed  into  a  plate 
mode  expressed  in  spatial  wavenumbers  k„  ky.  The  result  is  multiplied  by  ( k!  -  k ,2  -  k,‘)~ul,  and  is 
then  inverse  Fourier  transformed  back  into  real  space.  After  integration  over  all  frequencies  co  one 
finally  finds  the  acoustic  velocity  potential  everywhere,  0  <  z  <  00 .  The  radiated  pressure  field  is  con¬ 
structed  from  gj  by  use  of  1.9.14. 


4.2c  RADIATION  FIELD  OF  A  FORCE-DRIVEN  RECTANGULAR  PLATE 
IN  AN  INFINITE  RIGID  BAFFLE 

A.  CALCULATION  OF  AMPLITUDES 

A  rectangular  homogeneous,  isotropic  plate,  thickness  h,  is  located  in  an  x,  y,  z  system  of  coor¬ 
dinates  that  span  the  range  0  ^  x  <  a,  with  the  origin  at  one  corner.  Upon  excitation  by 

time-varying  forces  in  a  compressible  medium  it  undergoes  a  forced  vibration,  which  is  damped  by 
internal  friction  and  external  acoustic  radiation.  In  contrast  to  the  case  of  a  plate  vibrating  w  ith  fixed 
velocity  distribution,  only  the  force  (q(x,  y,  /))  here  is  fixed,  the  velocity  distribution  dw/dt  being 
variable. 

In  a  first  approximation,  the  plate  is  considered  lossless  and  thin,  meaning  that  the  normal  com¬ 
ponent  of  displacement  (w)  of  its  neutral  plane  is  a  good  approximation  to  the  same  component  at  its 
surface.  At  low  enough  frequency,  where  rotary  inertia  and  she  ir  deformation  are  unimportant,  the 
equation  of  motion  of  the  plate  is  assumed  to  take  the  form, 

VJ+  AL  )  w{x,  y,  l)  =  (1{X’  >'■  0  (4.2.8) 

gh  dt:  )  gh 


The  units  of  each  term  are  those  of  acceleration  (ms1).  In  particular. 
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D  =  £/|i  (units:  Nm) 

12(1  -v2) 

q  =  mass  density  ( Ns2m~ 4) 

r  =  (  _il  +  JL  ):  (m-*) 

v  a*2  / 

q  =  forcing  function  (Nm  2) 


The  solution  of  4.2.8  in  modes  is  obtained  by  first  setting  q  =  0,  and  choosing  time  to  be  harmonic, 


Then, 


w(x,  y,  t)  =  W(x,  y)  e~““' 


V4  W  -  w  W  (units:  nr') 
(D/eh) 


(4.2.9) 


Thus  the  operator  V4  satisfies  an  eigenvalue  problem  with  its  eigenvalue  A4  =  (o2/(D/gh ) 
(units:  m~4).  If  the  plate  is  infinite  in  extent  the  eigenvalues  form  a  continuum:  if  finite,  they 
form  a  discrete  set,  with  w  —  uimn.  A  useful  case  is  a  simply  supported  plate;  then, 


W{x,  y)  -  X  A„„  Wm„(x,  y) 


W„„(x,  y)  =  sin  sin  mny 

a  b 


gh 


( 

mn  > 

)  +  ( 

mi  \2 

LV 

a  / 

>  V 

)  . 

(4.2.10) 

(4.2.11) 

(4.2.12) 


in  which  o>m„  are  the  natural  frequencies  of  free  vibration.  The  eigenvalue  of  the  operator  V4  is 

/  (u,,i's:m''1  (4'2I3) 


It  is  called  the  wavenumber  corresponding  to  m,  n  and  is  written  in  the  alternative  forms: 


A„„  =  k„„  =  (4.2.14) 

\mn 

Since  is  a  spatial  quantity  it  identifies  a  mode  mn  which  can  be  forced  at  any  frequency  cu.  It  is  the 
magnitude  of  a  wavenumber  vector. 
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k,„„  =  ikm  +  Jk„ 

km=  JaL  =  ;*.=  JlL  =  (4.2.15) 

A,„  fl  A„  6 

In  the  theory  of  free  vibration  of  plates,  as  well  as  acoustic  radiation  from  plates,  the  wavenumber 
km„,  associated  with  the  free  modes  of  vibration  of  the  plate,  must  be  compared  to  the  wavenumber 
k,„  associated  with  the  propagation  of  flexural  waves  in  the  plate.  The  form  of  k,,  is  obtained  by 
multiplying  both  sides  of  4.2.9  with  a>2;  then. 


v4^  -  w  =  o 

cl 


cb( oj)  =  4 


D 

gh 


(units:  ms  ') 


(4.2.16) 


*,(«)  =  "  = 

cb 


.1/2 


D 

174 

Qh 

(units:  m  ') 


(4.2.17) 


It  is  seen  that  ch  (and  k,,)  are  proportional  to  a  positive  power  of  frequency,  meaning  that  high  fre¬ 
quency  waves  in  a  plate  travel  faster  than  low  frequency  waves. 

When  the  plate  is  forced  into  vibration  by  a  harmonic  force  q(x,  y,  l)  =  £A(.v,  v)  exp(-iwt), 
4.2.8  reduces  to  the  form. 


(V4  -  A4)  W(x.  v)  =  Q(x’  T)  t  (units:  m  ')  (4.2.18) 

D 

Now  Q( x,  y)  is  a  sum  of  applied  forces  Q,A'  independent  of  plate  displacement  and  reaction  forces  QR 
generated  by  the  acoustic  impedance  of  the  medium.  In  the  case  where  QH  is  negligible  4.2.18  can  be 
solved  by  expanding  both  W  and  Q,A>  in  modes  W„„  of  free  vibration  of  the  plate.  Because  displace¬ 
ment  modes  are  uncoupled  to  force  modes  the  expansions  can  use  the  same  subscripting, 

W(x,  y)  =  Z  A . W . (x,  y);  Q'A'( x,  y)  =  Z  QlV  W . (.v,  v)  (4.2.19) 

^  _  J  J  tV(x,  y)  W„.,(x,  y)  dxdy 

SI  w-  „(.v,  y)l;  dxdy 

<?M.  =  J7  Q'A'(x,  y)  W„„(x.  v)  dxdy 
J  f  [  W'm„(.v,  v)]:  dxdy 

Each  Wm„  obey  the  eigenvalue  equation  4.2.9, 
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Application  of  this  relation  to  4.2.18  shows  that, 


D[kL,  -  A:,4.) 

in  which,  because  the  modes  W„„  are  (by  definition)  orthogonal  over  the  area  of  the  plate, 

QLV  =  fof'  Q'A'(X>  y)  y)  dxdy  (unj,s;  Nm1)  (4.2.22) 

/>./<>  1 W . (x,  y)];  dxdy 

The  displacement  in  steady  state  forced  vibration  of  the  plate  caused  by  applied  forces  which  are  in¬ 
dependent  of  displacement  is  then, 


w(x,  y,  t)  =  e  *"’  X  _ Q™. _  Wm„(x,  y)  (4.2.23) 

"  D[k*m„  -  k*] 

The  condition  k„,„  =  k,,  under  drive  amplitude  Q„,„  forces  the  displacement  w  to  become  indefinitely 
large.  It  is  the  condition  of  mechanical  resonance  which  occurs  at  values  m,  n  such  that, 


io,„„ 


(units:  s"1) 


(4.2.24) 


In  practical  vibration  of  plates  |  w |  at  resonance  is  limited  by  internal  friction. 

The  result  4.2.23  is  no  longer  valid  when  the  driving  force  q(x,  y,  t)  includes  both  reaction 
forces  Q„  =  p{ x,  y,  t)  and  applied  forces  Q(A)(x,  y,  t).  Then, 

q{x,  y,  t)  =  Q{A)(x,  y,  t)  -  p(x,  y,  t).  (4.2.25) 

The  minus  sign  appears  here  to  express  reaction  of  the  medium  in  contrast  to  action  of  the  driving 
force.  The  inclusion  of  p(x,  y,  t)  radically  changes  plate  dynamics.  If  an  attempt  is  made  to  solve 
4.2.8  when  4.2.25  is  the  forcing  function  a  difficulty  arises.  Because p  depends  on  displacement,  and 
displacement  depends  on  Q{A>,  it  is  seen  that  the  modes  which  describe  p(x,  y,  t)  are  no  longer 
decoupled  from  the  modes  which  describe  Q,A>.  Thus,  if  one  writes  the  modes  of  p  in  the  form. 


p{x,  y,  0,  r)  —  X 

m,  n 


P„,„(.v,  y,  0 1  u>)  e  "• ' 


(4.2.26) 


each  P„„  is  coupled  to  all  displacement  modes  IT,,,  through  a  coupling  parameter  Z, 


P,„„{x,y  M  = 


I 


-  tcuZ . ,„M  A,,,,  y) 


(4.2.27) 


The  factor  -ia>  A„,  IT,., (at,  >)  is  a  modal  velocity,  and  Z„„„,,  (w)  is  a  modal  specific  acoustic  im¬ 
pedance  (units:  Nsm  ').  Applying  this  result  to  4.2.18,  4.2.19,  4.2.20  one  obtains  for  the  mn' th  mode. 


4.2  Radiation  f  ields  of  Plates 


.  <„ 
% 


£ 


(4.2.28) 


{kL,  -  k‘)Am„  -  X  /cl)  =  Q"?"'(x’  y)  ^ 

D  £> 

n,  m  =  0,  1 ,  2.  . . . 

The  totality  of  all  modes  w//  forms  a  matrix  equation  is  unknown  displacement  amplitudes  /4„,„  and 
known  force  amplitudes  Ql„V.  When  Zm„pq  is  known,  Am„  is  obtained  by  matrix  inversion.  The 
calculation  of  Z„„„,  is  a  difficult  task.  An  outline  procedure  for  obtaining  it  in  particular  cases  is 
sketched  here. 


B.  CALCULATION  OF  MODE  COUPLING  FACTORS  OF  A  SIMPLY  SUPPORTED  PLATE 
RADIATING  SOUND  FROM  A  RIGID  BAFFLE 


Let  the  center  of  a  plate,  -  L,  <  x  <  -  Ly  <  Ly ,  be  the  origin  of  coordinates.  The  pq' th 

mode  of  displacement  anywhere  in  the  plate  is. 


*v„,  =  A„„  W„q  =  A t,q  cos.  kpX  cos  kqy 


(4.2.29) 


kp  =  _/7n_  ;  kq  =  \p,q=  1,3,  5, ... 

2  L,  2  Ly 


In  view  of  4.2.7  where  a  Fourier  transform  in  kx,  ky  is  performed  it  will  be  useful  to  take  the  finite 
cosine  transform  of  wpq.  With  a  slight  change  in  notation,  one  has, 


x  y 

Wpq{kp,  kqq  Yxi  y y)  XX  APq  cos  kpX  cos  kqy  cos  ypc  cos  y,j >  dxdy 
Eq.  4.2.7  in  steady  state  then  leads  to  the  form. 


(4.2.30) 


\p  {k  k :)  =  f  f  dy,dyy  t(~/<u)  w,,q(kp,  kq,  y„  yy)  ^ 
(2n)I  *, 


(4.2.31) 


Now  the  mr/’th  modal  force  on  the  surface  of  the  plate  (z  =  o)  is, 

lt  lv 


Fn,„{km,  ky)  =  XX  p{x,  y,  0)  cos  k„x  cos  k,y  dxdy 


P{x,  y,  z,  l)  =  e 


dt 


iuQ  ip(x,  y,  Z,  t) 


(4.2.32) 

(4.2.33) 


Substitution  of  4.2.31  into  the  modal  form  of  4.2.33  at  z  =  0  and  4.2.32,  gives  F„„.  However, 
because  of  4.2.30  it  is  seen  that, 


XX 


cos  k„x  cos  ky  dxdy  =  hi  t  ) 


A  „ , 


Thus, 


F  (k  k  )  =  X  f  f  dy,dy,  i(~iw)  w,,q{k,„  kq,  y„  y,)  w . (A„„  A,„  y,.  y,) 

(2n)J  *.  (4.2.34) 


,1 


vli 


SHsl 
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In  terms  of  amplitude  of  surface  velocity  -w  /4,,„,  the  modal  force  is, 

Fm„  =  X  -  /oj Wp 

P.Q 


where. 


j  J  dy*dy*  J  J  cos  k,jc  cos  kqy  cos  y*x  cos  yvy  dxdy 
(InYkz 

•//  cos  cos  k„y  cos  yyc  cos  y,y  dxdy 


(4.2.35) 


Here,  Hm„pq  is  a  coupling  mechanical  impedance  (units:  Ns  m  ').  It  is  converted  to  the  required  cou¬ 
pling  specific  acoustic  impedance  by  multiplication  with  ( ab)~'\ 


Z 

*-<  mn/iq 


H 


ab 


(4.2.36) 


C.  CALCULATION  OF  THE  RADIATION  FIELD  OF  THE  PLATE  IN 
THE  FORM  OF  A  MODAL  SUM 

The  amplitudes  Am„,  obtained  from  4.2.28,  4.2.35,  4.2.36,  allow  one  to  calculate  the  normal 
component  of  plate  surface  velocity  in  the  steady  state  by  means  of  4.2.19, 


K(y„  yy  |  w)  =  -  /a)  X  Am„fV„„{y„yy  M 


(4.2.37) 


where 


W„„(y„yy\w)  =  f  J  J  Wm„(x,  y)  e"-*  " 1  e  * dxdydt 
The  radiated  velocity  potential  field  is  then  obtained  by  substitution  of  4.2.37  into  4.1.9: 


Vtr.  y>  z,  t)  =  X  J X  - ~  —  -  exp Hys  +  yYy  +  y.r  -  iart) 


Y. 


(2n)' 


in  which 


y,  =  \/  k2  -  yj  -  yi 

The  radiated  pressure  field  is  then  found  from  4.2.33. 


(4.2.38) 


D.  CALCULATION  OF  THE  RADIATION  FIELD  OF  THE  PLATE  BY 
MEANS  OF  GREEN’S  FUNCTIONS 

Because  the  baffle  here  is  assumed  rigid  one  may  apply  Rayleigh’s  formula  1.8.18  to  find  the 
acoustic  velo:ity  potential  in  the  steady  state  at  point  R  on  the  plate  due  to  a  velocity  V,  =  -ico  w(A?„) 
at  point  Rn  on  the  plate: 
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r-  •  ,  W _  - 


•W 


ip(/?  |w)  =  _L_  /5  (-*>)  w(R0)  dS(Ro)  r=\R'-R0\ 

2n  r 


(4.2.39) 


To  use  this  formula  one  requires  an  explicit  form  w(R0).  It  is  found  from  the  equation  of  plate  mo¬ 
tion.  By  use  of  4.2.18,  4.2.33,  4.2.39,  the  dynamic  equation  governing  the  displacement  of  a  plate 
which  experiences  a  reaction  from  the  medium  is, 


(V4  - kf)  w(x,  ,y|aj)=  9<A1SX L L 2  +  §  w(x0,  y0 )  e‘ ^  dS(x0,  y0 ) 

D  2nD  r 


R0  =  ix o  +  jy0;  R  =  ‘x  +  jy'\  r  =  |/?'  -  /?0| 


(4.2.40) 


This  is  an  integral-differential  equation  in  the  unknown  displacement  w(jr,  ,y|a)).  It  can  be  converted 
into  a  more  useful  form  if  one  can  find  the  2-D  Green’s  function  G(r\  r0|  cu)  which  satisfies  the  follow¬ 
ing  equation  with  its  associated  boundary  conditions: 


(4.2.41) 


(V4  -  A:4)  G{x,  y\x',y'\w)  =  ~  d(x  -  x)  d(y  -  y')  e""' 

bG/bn  =  0:  on  the  surface  of  the  plate 

in  which  the  units  of  G  are  m2.  The  negative  sign  on  the  right  hand  side  indicates  a  concentra¬ 
tion  of  G  at  x\  y'.  The  converted  result  is. 


w(jr,  .yM  =  e 


j  §  Q,A,(x\  y) 


G(x,  y\x,  y  | co)  dS(x',  y  ) 


+  $  G(x,  y\x,  y  \ o>)  dS(x',  /)  §  w(x,»  y0)  (4.2.42) 

2nD 


exp  ik  \/  (x  -  x0y  +  t y  -  y0)! 


V  (x‘  -  XoY  +  (y'  -  y0)2 


dS(x0,  y0) 


This  is  now  an  integral  equation  in  unknown  w  because  w  appears  on  both  sides  of  the  equation.  In 
the  general  case  an  approximate  solution  may  be  attempted  by  partitioning  the  surface  into  N  cells 
A S(i),  i  =  1,2  ....  Nand  converting  4.2.42  into  a  system  of  algebraic  equations  in  unknown  w<j),j 
=  1,  2  ....  N: 

N  N  N 

w(J)~  Z  QU}2  G(ji)  AS{i)  Z  q{il)  w(f)  AS(/)  =  Z  Q(A)(i)  AS(/)  (4.2.43) 

2  nD  '*’  '*■  D 

in  which  /,  j,  I  identify  the  coordinates  (x',  /),  (at,  y),  (x0,  y<>)  respectively. 

Once  the  displacements  w(jc,  >|w),  or  w(j),  are  found  from  4.2.43  they  can  be  used  directly  in 
4.2.39  to  obtain  the  radiated  velocity  potential.  The  potential  ir  turn,  determines  the  radiated 
pressure  field  in  accordance  with  4.2.33. 


4.3  KING-BOUWKAMP  RADIATION  INTEGRAL  FOR 
CIRCULAR  RADIATION  IN  BAFFLES 


The  calculation  of  radiation  fields  by  Fourier  methods  is  applicable  to  radiators  in  other  coor¬ 
dinate  systems.  An  important  case  is  that  if  circular  pistons  whose  geometry  is  described  by  cylin¬ 
drical  coordinates.  A  planar  radiator  of  circular  shape,  radius  a ,  is  centered  at  the  origin  ot  a 
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rectangular  coordinate  system  v,  y,  z.  An  elementary  area  ciS  of  this  radiator  radiates  sound  to  a  field 
point  r  =  (r,  tp",  z),  Fig.  4.3.1.  By  superposition  of  all  such  areas  the  total  field  at  the  point  can  he 
determined. 

The  superposition  is  given  by  Rayleigh's  for¬ 
mula,  4.2.39.  To  use  it  one  requires  exp  ikr/r  in 
the  coordinates  of  Fig.  4.3.1.  Using  the  Fourier- 
Bessel  transform  pair. 


(a)7ls) 


X  ^)j" 


(4.v)  W4 


Fig.  4.3.1.  tieomelry  of  radiation 
from  a  plane  area  tIS. 


(4.3.1) 

(b)^(i)  =  X  A*)  Jn(ts)  sds 

and  choosing  /(s)  =  e“'/s,  one  sees  from  a  table 
of  integrals  [2]  that  4.3.1a  becomes, 


e11"  =  f  (4  t  ->) 

5  V  4-’  -  k: 

For  z  >  0, 

e‘k"  -  J  MWe-v  i  *  (4.3.3) 

q  Jn  sJV-k'- 

in  which  q‘  =  s‘  +  z‘.  This  is  a  measure  of  the 
spherical  field  radiated  by  ciS  to  point  (r,  q>",  z). 
Substitution  of  4.3.3  into  4.2.39  leads  to  a  for¬ 
mula  for  the  radiated  velocity  potential. 


v(*)“  —  $J~ico)w(Rn)  X  Jaii5)  e  ''  WdS{R0).z>  0  (4.3.4) 

2rr  “  v 

R  =  (/•",  <b",  c);  Rt)  =  <£);  r  =  -J  (2  —  k2 

Now  in  cylindrical  coordinates  w(R„)  is  necessarily  periodic  in  2n,  and  can  be  tepresented  by  a 
Fourier  series, 


w(/?„)  =  Z 

r>1  -It 


[wm(r')cosw(p  +  <r  )  sin  nup  ], 


(units:  m ) 


(4.3.5) 


It  will  be  useful  to  consider  the  symmetrical  (cos  m  q>  )  term  first.  The  integral  to  be  evaluated  then 
has  the  form. 
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4.3  kinx-Bouwkamp  Radiation-Integral 


a 

nw'Jr  )  cos  mip’  J„(is)  rdrdip 

< 


From  Fig.  4.3.1 


5  =  [r "■  +  r"2  -2 r  r"  cos  (cp"  -  cp'))' 


Because  of  the  addition  theorem  in  the  theory  of  Bessel  functions  [3], 


Jn{i,s)=  X  tn,JMr")  i,„(4r')cos  m(tp"  -  cp ) 

n,-0 

£„,  =  1 ,  £„,  =  2 ,  m  0, 

The  integral  over  cp'  is, 

Jcos  w(cp"  -  cp  )  cos  mcp'd(f>‘  =  cos  mcp"  J  cos’  wcpVcp2  =  cos  wcp"  ,^n 
4.3.4  therefore  reduces  to  the  following  equation  in  the  velocity  potential, 

(a)  ip(r.cfi",z\co)  =  e"“'  (-/«)  cos  imp'  J  JMr")f  'M)  — — 4^4. 

rw=0  O  ^ 

where 

a 

(b)  /-(4)  =  Jo  T»(4r')  wm(r')  r</r' 


Eq.  4.3.6a  is  the  King-Bouwkamp  radiation  integral. 

When  the  nonsymmetrical  term  in  4.3.5  is  considered,  the  integral  over  cp  is, 


J  cos  w(cp"  -  cp  )  sin  trup'dcp'  =  sin  mcp"  J~  sin;  wcp'rfcp' =  rr  sin  wcp 
The  velocity  potential  in  this  case  becomes 


tp(r".  cp",  z|w)  =  2!  £„,(-/cu)  sin  wcp"  J 

-)  rfi=t)  0 


e 


Kdk 


(4.3.6) 


(4.3.7) 


«i 

fid)  =  J  JJ£r)  H’  (r  )  r'dr  ...  , 

A  superposition  of  4. 3. 6. a  and  4.3.7  gives  the  general  case  of  a  circular  piston  in  a  rigid  baffle. 


4.4  WEYL’S  EXPANSION  ANI)  3-D  GREEN'S  KllNC  HONS 

The  description  of  radiation  fields  by  plane  wave  e\)  ansions  in  spherical  coordinates  proside  a 
powerful  tool  for  solving  many  radiation  problems.  Such  i  span -ions  are  associated  with  the  treelield 
Green’s  function,  which  describes  a  field  at  v,  v,  c  due  tr  a  so  iree  at  v,„  y,„  ,  ' 


i 
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e‘kR  =  J  e,*[IA  ,..k»w*(v  a*.  dQ(a,p,  y)  (4.4.1) 

R  In 

R  = 

(Weyl’s  expansion),  in  which  dQ  is  an  elementary  solid  angle,  and  cos  a,  cos  ft,  cos  y  arc  diicction 
cosines.  In  spherical  coordinates  0, 

cos  a  =  sin  9  cos  <f>;  cos  ft  =  sin  8  sin  4> ;  cos  y  =  cos  0;  dQ  =  sin  0^0^ 

Now  the  angle  0  is  the  polar  angle  measured  from  the  z-axis  of  an  x:,  y,  z  coordinate  system.  In  real 
space  it  ranges  from  0  to  n.  However,  because  of  symmetry  of  the  field  the  range  can  be  taken  as  0  to 
n/2.  In  this  range  each  plane  wave  [exp(//r  cos  G-itol)]  is  oscillatory  and  thus  represent  the  outward 
traveling  field.  However,  Eq.  4.4.1  must  also  have  a  local,  non-traveling  field  to  represent  the 
nearfield,  or  inertial  field,  of  the  source.  The  angle  0  must  therefore  take  on  imaginary  values, 
namely  cos  0  — 1 >  cos  U/2±  /  6]  =  T  /sinhd.  The  choice  of  negative  sign  which  gives  -id. 
hence  +  /sinhcS,  is  here  appropriate  because  exp  ik(z-zo)  cos  [7r/ 2  —  i<3 ]  =  exp(-A  sinhd), 
and  thus  represents  decaying  waves  when  z  >  z0.  Eq.  4.4.1  therefore  reduces  to. 


gkR 

R 


n  Tl® 

I  dG  f  d<t>  e,k 

0  -^0 


[(  \  A„)x«nWcos**U  i ..  1st iiftsi mt  *  i  ■ 


x  sin  QdQd\ 


(4.4.2) 


The  integration  path  starting  at  0  =  0  in  the 
complex  0-plane  is  shown  in  Fig.  4.4.1.  The 
integration  over  $  may  be  carried  out  by  noting 
that, 

(.v  -  x„)  sin  0  cos  <j>  +  (y  -  y„)  sin  0  sin  <|> 


The  3-D  Green’s  function,  with  (4n)''  included,  is 
then 


g(R)  =  e‘kK  =  ik  \  J0(r  sin  0)  ?'“■  :  K"'"  sin  GdG  (4.4.3) 

4nR  4n  1 

where  contour  C  extends  from  0  =  0  to  0  =  t r/2.  then  from  0  =  tt  -  ;()  to  0  =  tt/2-  i °°. 

From  its  construction  it  is  seen  that  Wevl’s  expansion  can  be  used  to  describe  a  steady  state  field 
of  plane  planes  traveling  in  all  0-directions,  initially  generated  by  a  point  source,  with  waves  in  real 
angles  0  going  to  the  farfield,  and  waves  in  imaginary  angles  0  remaining  in  the  ncarfield. 
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4.5  THE  RADIATION  OF  SOUND  IN  THE  LIMIT  OF 
HIGH  FREQUENCIES-THE  GEOMETRIC  CASE 

The  radiation  of  sound  at  high  frequencies  from  a  radiator  of  arbitrary  shape  may  be  calculated 
by  a  method  of  approximation  with  very  good  precision.  A  case  of  particular  importance  is  the 
2-dimensional  radiation  from  a  vibrating  cylinder  of  convex  cross-section  analyzed  by  L.ax  and 
Feshbach  [4], 

Consider  first  a  plane  defined  by  the  polar  coordinates  r,  4>  A  general  plane  wave  whose  prop¬ 
agation  vector  k  lies  in  this  plane  and  makes  an  angle  u  with  the  direction  <j>  =  0  contributes  a  com¬ 
plex  pressure  p  at  point  P  (r,  4>).  The  phase  of  this  wave  relative  to  e  is  given  by  the  formula 

e'k  r  _  e,k,  cos^  _ 


Fig.  4.5.1  shows  this  elementary  plane  wave  and 
its  associated  angles.  Now  let  there  be  a  vibrating 
cylindrical  surface  of  infinite  axial  length  whose 
trace  in  the  plane  defined  above  is  described 
analytically  by  the  function  cr(cp).  Each  element  of 
surface  (i.e.,  each  elementary  section  of  the  trace) 
generates  a  wave  which  can  be  decomposed  into 
elementary  plane  waves  of  the  type  described 
above.  A  sum  of  these  elementary  plane  waves 
gives  the  pressure  at  any  external  field  point.  At 
the  surface  of  the  cylinder  there  is  a  prescribed 
pressure  distribution  p(a( cp))  to  which  the  pressure 
at  P  must  reduce  as  distance  r  approaches  surface 
a(cp).  To  insure  this  reduction  one  first  multiplies 
each  elementary  plane  wave  traveling  in  direction 
u  by  a  complex  expansion  constant  g(u)  exp 
and  adds  the  contributions  to  the 

pressure  at  P  from  plane  waves  in  all  direction,  in-  .  ,  ,  , 

eluding  complex  ones.  One  thus  obtain  the  con-  in  a-urtaccaM 

tour  integral, 

rr  /  2  -  /  oo 

p(r,  ip)  =  J  ^  ^  e  dr'""  •  £(m)  e  ■  du  (4.5.1) 

The  rationale  in  the  choice  of  limits  on  polar  angle  u  is  this:  the  surface  o(cp)  being  convex,  only 
points  that  lie  in  the  range  -n/2  <  cp  <  n/2  can  possibly  see  the  field  point  P,  if  the  waves  are  assumed 
to  be  unable  to  go  around  the  “dark  side”  of  surface  a( cp).  Here  the  limits  on  complex  u  have  been 
chosen  so  as  to  insure  convergence  of  the  integral  when  time  is  given  by  e  ‘  [5]. 

For  a  discussion  of  the  meaning  of  the  term  “complex  direction”  the  reader  is  referred  to  Sect. 
4.4.  The  complex  expansion  constants  must  be  so  selected  that  on  the  radiating  surface  r  -  c;(cp)  the 
complex  pressure  is  prescribed  to  be  given  by  p  =  (cp).  Hence 

p(a(cp))  =  J  ,  e  ‘‘  ■'  ght)  du  (4.5.2a) 


£(w)  =  h(u)  -  <4cp)  cos(ip  -  //) 


(4.5.2b) 
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This  is  a  Fredholm  integral  equation  of  the  first  type  in  the  unknown  amplitudes  g(u)  and  unknown 
phases  b(u).  A  solution  of  it  which  is  asymptotically  correct  in  the  limit  of  high  frequencies  (i.e.  large 
ka(tp))  can  be  obtained  (see  Appendix  I1IA),  by  means  of  the  saddle  point  method.  Consider  a  point 
a(cp)  and  erect  at  it  a  normal  whose  direction  is  U„,  see  Fig.  4.5.2. 


Normal  At 


Ti  (Tangent) 


Normal  At 
a(h) 


Fig.  4.5.2.  Geometry  of  normals  and  tangents  needed  for  saddle-point  method  of  solving  integral  equation  4.5.2a. 


At  this  point  expand  the  phase  function  4  of  4.5.2b  in  a  Taylor  series  of  powers  in  the  variable  direc¬ 
tion  (U  -  Mo), 


4(U,  <p)=  2:  <p)  (“  ~  “o)" 

n\ 


m«>  =  3 


Hil  ,410>  =  4(mo) 
3  m"  J  “*“o 


(4.5.3a) 


(4.5.3b) 


From  4.5.3b  it  is  seen  that  the  first  term  (=  4°)  in  this  Taylor  series  is  independent  of  direction  u.  It 
has  the  form, 

4 ,0'  =  b(u0)  -  a(cp)  cos (<p  -  Mo) 


.-VvV'.-V: 

.  V-V 


n 
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The  phase  e~'k  {«>>can  be  factored  out  from  4.5.2a  and  placed  outside  the  integral  sign.  This 
quantity  corresponds  to  the  phase  of  p(tp)  at  the  surface  point  a( cp0).  Since  it  is  arbitrarily 
prescribed  one  may  for  convenience  select  b(ua)  such  that  4,0>  =  0.  This  is  permissible  in 
radiation  problems.  In  symbols,  b(u0)  is  chosen  such  that. 


b(u0)  =  fl(cp)  cos  (<p 


(4.5.4a) 


From  this  it  may  be  inferred  that  in  general  there  is  an  angle  h  (measured  from  the  line  cp  =  0) 
such  that 


b{u)  =  a(h)  cos(/i  -  u) 


Substituting  this  into  4.5.2b  one  finds  that 


4(u)  =  a(h)  cos(/i  -  u )  -  a  (cp)  cos (cp  -  u) 


(4.5.4b) 


(4.5.4c) 


To  this  stage  in  the  analysis  no  stipulation  has  been  made  concerning  the  frequency  of  radiation. 
Assume  this  frequency  is  very  high.  This  corresponds  in  the  mathematical  sense  to  the  assumption 
that  the  phase  angle  e\p(-ikb(u))  at  point  a(cp)  on  the  radiating  surface  changes  very  rapidly  with 
direction  u  in  all  directions  (complex  directions  included)  except  in  the  neighborhood  of  the  normal  u 
=  u0.  In  an  acoustical  sense  all  the  elementary  plane  waves  composing  the  high  frequency  radiation 
emanating  from  a(tp)  interfere  with  each  other  destructively  in  all  directions  except  the  normal  direc¬ 
tion.  The  phase  function  t,  (u)  is  therefore  stationary  at  u  =  u0. 


JL  -o' 
du  J  u=“ 


34  =  _34_  du 
dtp  du  dtp 


(4-5.5) 


this  implies  that, 


JL  =ol 
dcp  J  “s“° 

Using  4.5.4c  to  perform  this  last  operation  one  obtains, 

=  [a(cp)  sin(cp  -  u)  - a'(tp)  cos(cp  -  u)]  =0 

d(p  M=“0 


(4.5.6) 


(4.5.7) 


u0  =  tp-  tan-1  “  'TJ 

V  a(tp)  ) 

At  point  a(tp)  the  normal  direction  is  given  by  angle  u0.  However  at  a(tp)  there  are  plane  waves 
emanating  in  arbitrary  directions  ( =  u).  If  the  radiating  body  is  convex  there  will  always  be  another 
point  a(h)  on  the  surface  whose  normal  points  in  these  directions  u.  The  equation  of  this  normal  may 
be  obtained  from  4.5.7, 


u  =  h  -  tan"' 


(4.5.8) 
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Fig.  4.5.2  shows  the  relation  between  u,  u*  h,  a($),  a{h)  and  other  parameters. 

The  entity  4  ( u ,  <p)  is  the  path  difference  between  radiation  from  a(cp)  and  a(h)  in  the  direction 
u.  From  4.5.8  it  is  seen  that. 


du_  =i .  d  /  tan-,  a'(h)  \  (4.5.9a) 

dh  dh  \  a(h)  ) 


=  (a'2  +  a2)'n 

m 

where  p(/r)  is  the  radius  of  curvature  of  the  trace  at  point  a(h)  with  the  form 


Q(h) 


(a2  +  a2)3/2 
a2  +  2a'2  —  aa" 


also  from  Fig.  4.5.2  it  is  seen  that  £  when  considered  as  a  vector,  is  collinear  with  the  tangent  at 
a(h)  and  d2  £/du2  is  collinear  with  the  curvature  at  a(h).  Now  from  4.5.5 


1  =  constant  (4.5.9c) 

dit2  J  «■“<> 

This  constant  (considered  as  a  vector)  points  in  the  direction  of  the  curvature  at  a(h )  in  the  limiting 
condition  when  h-~  <p  (i.e.  when  u  =  u0).  Hence  one  may  take  the  constant  as  the  radius  of  curvature 
(=  p(cp))  at  a(cp).  Recalling  4.5.4a  one  can  write. 


d"t  1  =  d'b^  -  b(u0)cos  JH L  -  db(Uo)  sin  JUL  (4.5.10) 

du "  J“*“»  du"  2  du  2 

The  first  non-vanishing  derivative  is  n  =  2. 

1!L  =cM=  +  b(u0) 

d  u2  du 2 

To  a  first  approximation  then,  the  path  difference  between  rays  at  a(h),  a(cp)  is 

£3  J_  C(«P)(«  -  «.)2 
2 

Now  consider  the  point  a(<p)  and  note  in  Fig.  4.5.2  that  at  very  high  frequencies  the  contributions  of 
all  plane  waves  radiating  in  all  directions  u  in  4.5.2a  tend  to  cancel  except  the  contributions  due  to 
angles  near  u  =  t <„.  As  a  first  approximation  then  take  g(u )  to  be  very  nearly  g(u„)  over  the  effective 
range  of  integration  ( =  range  with  a  confined  spread  over  u  =  «o).  Hence, 

MaM)  3  g(«o)  /  t  g-iheM'H*  -  «”>'  du  (4.5.12) 


Here  the  contour  C  in  the  complex  u-plane  has  the  same  limits  as  4.5.2a  but  is  deformed  near  the  saddle 
point  u  =  u0  in  such  a  manner  that  it  crosses  the  real  axis  once  at  the  real  angle  u0  (see  Appendix  IIIA 
for  details  on  contour  integration.)  Since  the  integrand  is  an  even  function  of  u  one  can  divide  the  in¬ 
tegral  in  two  equal  parts,  transform  u  to  u  ±  «0  and  integrate  twice  over  du  along  a  real  straight  line  u 
from  0  to  By  use  of  a  table  of  definite  integrals,  ref.  (6),  the  following  form  is  finally  obtained, 

#(«o)  =  (v)  (4-5.13) 
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This  equation  states  that  in  the  high  frequency  limit  the  amplitude  of  the  elementary  plane  wave 
radiated  from  point  a(<p )  in  the  normal  direction  u  =  u0  is  proportional  to  the  prescribed  pressure 
amplitude  g(<p)  multiplied  by  the  curvature  factor  e(cp)‘/J.  Returning  now  to  4.5.1  assume  that  the 
field  point  is  very  far  from  the  radiating  surface  (i.e.  r  is  very  large),  and  consider  first  that  <p  =  0, 
and  g(u )  x  exp  ( -ikb(u ))  is  unity.  From  ref.  [7], 


and 


/ 


c  e'*ncos“  du  =  nHt,"{kr) 


(4.5.14a) 


lim  W{kr)  =  , f~2  e*k' er"'k  (4.5.14b) 

V  nkr 

It  is  expected  then  that  at  very  large  r  the  pressure  given  by  4.5 . 1  will  vary  with  distance  r  according  to 
the  right-hand  side  of  14b.  Now  select  a  far-field  point  in  a  direction  u0  and  find  on  the  cylinder  a 
point  whose  normal  is  in  this  same  u0-direction.  In  accordance  with  4.5.13  the  direction-contingent 
amplitudes  of  the  elementary  plane  waves  that  contribute  most  to  the  far  field  pressure  are  very 
nearly  all  equal  to  g(u0),  and  their  direction-contingent  phases  are  very  nearly  all  equal  to 
exp(-ikb(u0 ))  where  the  function  b(u)  is  given  by  4.5.4b  and  u0  is  given  by  4.5.7.  Applying  the 
method  of  steepest  descents  once  more  to  4.5.1  we  see  that  tp  =  u0  is  the  saddle  point.  Using  4.5. 14b 
one  finds  the  pressure  at  far  field  point  P(r,  u0)  by  summing  only  the  contributing  elementary 
plane  waves.  This  pressure  is 


p(r,  Mo)  ■*  n  \/2^  ek'  e~”/4  p(cp)  i'n  (  A  \  e(cp)'"  e 

nkr  V  2n  / 

-  ^  J  (cp)  cxp(ik\r  -  b{u0)))R 


(4.5.15) 


Here  <p  is  the  angle  in  Fig.  4.5.2  such  that  the  normal  at  a(tp)  points  in  the  u0  direction.  The  factor  R  is 
introduced  here  in  the  form  R  =  1  because  one  has  assumed  g(u0)  to  be  given  by  4.5.13.  In  general, 
g(u 0)  is  a  complicated  function  of  powers  of  <?(<*>)  Vi  of  which  the  first  term  only  (=  the  geometric 
acoustics  case)  is  shown  in  4.5.13.  An  explicit  formula  for  R  in  the  more  general  case  is  derived  in  ref. 
[4]  and  discussed  in  the  next  Section. 

Eq.  4.5.15  is  the  formula  for  the  far  field  pressure  generated  by  a  prescribed  distribution  of 
pressure  (=  p(<p))  over  the  surface  a(cp).  Instead  of  pressure  one  may  prescribe  the  normal  velocity, 
v„(<p),  over  the  surface.  A  course  of  reasoning  similar  to  that  followed  above  leads  to  the  final  result 
that  the  pressure  at  point  P(r,  u0)  in  the  far  field  is  given  by 


p(r,Uo )—  ecv„(<p)exp(t*[r  -  b(u„ )])R’  (4.5.16) 

/-*<*>  L  r  J 

In  the  first  approximation  ( =  the  geometric  acoustics  case)  R'  =  1 .  A  more  elaborate  formula  for  R 
(=  physical  acoustics  case)  in  powers  of  ^(cpV/i  is  derived  in  ref.  [4],  and  discussed  in  the  next  Sec¬ 
tion. 


4.6  THE  RADIATION  OF  SOUND  IN  THE  LIMIT  OF 
HIGH  FREQUENCIES-THE  GEOMETRIC  CASE  PLUS  TERMS  OF  HIGHER  ORDER 

In  Sect.  4.5  a  first  approximation  to  g(u )  was  taken  to  be  g(w0).  In  the  next  order  of  approxima¬ 
tion  consider  that  the  variable  angle  u  to  be  given  by  u  =  u0  +  w(z)  where  z  =  u  -  u0  and 
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w(z)  =  Z  +  az1  +  Pz3  + ...  (4.6.1) 

To  find  a,  /?,  etc  compare  4.5.3a  and  4.5.11  with  4.6.1.  By  a  direct  manipulation  of  symbols  it  is  seen 
that 


(a)  a  =  —  *<J>  (b)  P=  1  a2-  l'4’  (4.6.2) 

6e((p)  2  24e(cp) 

in  which 

and 

£<2,=e(<p);£,3)  =  -ML  ;£14)  =  -«>(<*>)  +  rfc((p)  (4.6.3) 

dua  du0 

Using  these  formulas  ref  [4]  continued  the  analysis  beyond  the  geometric  approximations  discussed  in 
Sect.  4.5.  It  was  then  found  that  for  the  cases  of  given  surface  pressure  p(a(<p)),  and  given  surface 
velocity  v„(a(cp)),  the  improved  approximations  are. 


and 


where 


*(«„)=  J  ,/2S(<p)  T? 

g(u0)=  <M(P)  j  qcv„(<p)R‘ 


R=  1-  _J _  \ip+3a  _ ! _  J—  (e0p),,2S(cp)) 

/Arc((p)  L  e(cp),/JS(cp)  du0 

-  _L  - ! -  —  (e(<*>),,2S(<p))l 

2  c(<p),/JS(cp)  dul  J 

/?'  =  !-  1  [3/)-  1  +  3a  _ ! _  _L_  (<?(<p),/2v„) 

ike(<p)  L  2  e(cp),/2v„  du0 


1  _ 1 _  JL  (c(cp),/2v„) 

2  c(v),/2v» 


(4.6.4) 


(4.6.5) 


(4.6.5) 


(4.6.6) 


Substitutions  of  these  into  4.5.15  and  4.5.16  yield  finally  formulas  for  the  far  field  pressure  which 
contain  explicitly  not  only  the  case  of  “geometric  optics”  (i.e.,  case  where/?  =  R  =  1)  but  also  con¬ 
tain  additional  terms  of  higher  order  in  inverse  powers  of  £p(cp). 

The  mechanical  reaction  of  the  medium  ( =  radiation  impedance  Z(cp))  to  a  surface  prescribed 
pressure  (=  q  (<p)  or  normal  velocity  (=  v„(<p))  may  be  found  by  forming  the  ratio  of  v„(cp)  top(cp). 
The  ratio  takes  on  the  following  form, 


s. 
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_L_  =  n<p)  =  ^ 

Z(cp)  S{<p) 


1 

QC  l 


2ike(<p)  2(*e(<P» 
2  £§_ 

+  dui  It 

S(u.)  J  J 


■  [( 


15a  +  6/3  ■ 


(4.6.7) 


In  this  equation  we  may  use  q  Viq(<4>)  for  g(u)  when  the  surface  pressure  is  prescribed  and  q'/i  v„  when 
the  surface  (normal)  velocity  is  prescribed. 

DISCUSSION 

From  this  Section  and  Sect.  4.5  one  may  conclude  that  at  high  frequencies  and  great  distances 
the  acoustic  field  pressure  generated  by  a  radiating  cylindrical  surface  in  the  angular  direction  u0  is 
determined  chiefly  by  the  prescribed  surface  pressure  ( =  e(<Po))  or  prescribed  surface  velocity  ( = 
v„(cp0))  and  the  radius  of  curvature  e(Vo)  at  a  surface  point  a(cp0)  whose  normal  is  in  the  angular  u0 
direction.  Thus  the  far  field  pressure  in  a  given  direction  arises  principally  from  one  point  on  the 
radiating  surface.  Each  element  of  the  surface  radiates  normal  to  itself  so  that  the  radiating  surface 
may  be  regarded  as  a  source  of  numerous  “rays”  pointing  out  perpendicularly  from  the  surface,  each 
ray  having  in  the  “geometrical  optics”  case  an  infinitesimally  narrow  width.  Such  narrow  beams 
generate  wave  fronts  in  the  far  field  which  have  the  same  angular  distribution  of  pressure  or  particle 
velocity  that  were  originally  prescribed  over  the  radiating  surface.  This  reproduction  of  fine  detail  is 
predicted  by  4.5.15  and  4.5.16.  When  Arp(<p)  is  large  but  not  infinite,  the  “rays”  transform  to  diffrac¬ 
tion  patterns  with  finite  main  beams.  The  “width”  of  one  beam  (i.e.  the  angular  width  where  the 
pressure  is  l/\/~2  of  the  peak  pressure)  is  approximately  2n//tp(tp).  Radiation  from  elementary  areas 
is  no  longer  perpendicular  to  the  surface  and  the  field  at  distant  points  is  no  longer  due  to  one  point 
on  the  surface,  but  to  several  neighboring  points.  Hence  reproduction  in  the  far  field  of  the  fine  detail 
of  pressure  or  velocity  distribution  over  the  generating  surface  is  now  only  approximate  with  atten¬ 
dant  blurring. 

Finally  it  is  noted  that  the  radiation  admittance  of  a  surface  for  ka(q>)  large  is,  in  the  limit  of 
high  frequency,  equal  to  1  /qc  ( =  a  real  number).  For  this  result,  see  4.6.7.  When  a  first  correction  is 
made  for  the  case  where  1  /kQ  (cp)  is  not  negligible  compared  with  unity  one  finds  that  the 
correction  term,  to  first  order  in  K  e(<p).  is  —  1/2  ifce(<p)»  and  imaginary  number.  The  first 
correction  thus  introduces  a  reactive  admittance. 


4.7  THEORY  OF  RADIATION  FROM  COMPOSITE  SOURCES 

Acoustic  radiators  are  often  collections  (or  arrays)  of  identical  sources.  A  theory  of  such  com¬ 
posites  is  most  easily  constructed  if  the  sources  are  all  located  in  an  infinite  rigid  baffle. 

Let  K,(/?0)  be  the  distribution  of  the  normal  (=  z)  component  of  surface  velocity  of  a  com¬ 
posite  radiator  in  an  infinite  rigid  baffle.  Then  by  Rayleigh’s  formula  1.8.18  the  velocity  potential  of 
the  radiated  field  is. 


v(«)=  —  § 


|Jf  ~  *.| 


V,(R0)dS(R0) 


(4.7.1) 


fcfcm.  >  -  .v  ^  oc-Aiv 


r. 
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The  evaluation  of  this  integral  for  arbitrary  choice  of  field  point  R  and  velocity  distribution  V,  is  very 
difficult.  A  powerful  simplification  is  obtained  by  use  of  the  farfield  approximation.  Fig.  4.7. 1  shows 
the  parameters  in  this  approximation.  Here,  a,  (i,  y  are  direction  angles  of  vector  R. 


First,  for  R  anywhere: 


Fig.  4.7.1.  Parameters  in  farfield  approximation. 


|/?  ~  R o|  =  V  (*  -  *o)J  +(y  -  J'o)2  +  Z2 


|  /?  -  fl0|  =  V  R2  -  2xx0  -  2yy0  +  R20 


R2  =  \R\2;Rl  =  \R0\2-,  Ro  =  tx0+jy„ 

Assume  R  is  in  the  farfield  of  the  radiating  area 
dS(R0Y,  by  this  is  meant  the  conditions, 

(\)  R2  >  Rh;  (2)  <3  1;  (3)  ^  <3  1 

R 2  R2 

Then, 


\R  -  R0\ZR\/  \-  2xx^  -  2yy0 
R 2  R2 

I*  -  i _  x*o_  _  yy«_  \ 

V  R2  R2  ) 


Because  the  magnitude  R  is  so  large  relative  to  magnitude  R0  both  R  and  R0  point  very  nearly  in  the 
same  direction,  that  is,  are  very  nearly  parallel.  The  approximation  is  then  made  that  the  direction 
cosines  (cos  a,  cos  p,  cos  y)  of  AP  are  the  same  as  those  of  OP.  Thus, 


However, 


so  that. 


(1)  cos  a  =  i.  (2)  cos  ft  =  y_  (3)  siny=  A 
R  R  R 


h  cos$  =x\  6  sin  $  =y 


sin  y  =  A  =  _  £  =  S£l? 


R  (cos  $)R  cos  <|> 

From  this  relation  it  is  concluded  that  the  following  formulas  from  spherical  geometry  hold: 

cos  er  =  sin  y  cos  cos  /3  =  sin  y  sin  $ 

The  distance  AP  in  this  farfield  approximation  becomes, 


*•••*  **«*-*  .*-*.• 
.  <  ,  •  «  •  .  »  .  * .  ,  «  . 
:.vaVI..Va’.|Na;. 
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|  R  -  flo!  =  R  -  x0  cos  a  -  y0  cos  fi 
=  R  -  x0  sin  y  cos  $  -y0  sin  y  sin  $ 

Eq.  4.7.1  is  therefore  itself  reduced  to  the  farfield  approximation, 

V=  _i_  AA.  9  V.ixo.yo)  g-i*(jr^inrcos++^in,sin»|  (4.7.2) 

In  R 

A  convenient  procedure  at  this  point  is  to  normalize  this  equation  by  choosing  y  =  0  and  defining  a 
reference  source  strength, 

V,(Ro)dS(R0)  (4.7.3) 

Thus,  in  terms  of  the  directionality  factor  F(y,  $), 

v-  J_  Q,'<  *L  Fir.*) 

2n  R 

where. 


Hy.  4>)  ” 


_  1 


§  V. 


(R„)  exp  -ik(x0  sin  y  cos  t  +  ya  sin  y  sin  $)  dS(R0) 


(4.7.4) 


In  the  farfield  the  intensity  vector  is  purely  radial, 

j„vr-± 


Because,  in  this  approximation; 


-  -  -  ikty 

dr 


it  is  seen  that 


/,-  i- 
2 


k'QC 


1 


♦>P 


(4.7.5) 


2  4n' 

in  which  Qrcf  is  a  peak  value.  This  can  further  be  simplified  by  defining  a  reference  intensity  /rc, 
associated  with  a  point  source  with  source  strength  Q,rl  radiating  into  halfspace  from  an  infinite  rigid 
baffle: 

/ref  =  Aerfhalf-space)  =  4/(full  space)  -Ax  _«£_  I  —  )  (  A  )  Q! « 

2  4 r‘  v  A  /  v  2n  / 


or 


/„f=  Qht  (4.7.6) 

8nJ 

Substitution  of  4.7.6  into  4.7.5  leads  directly  to  the  intensity  at  a  farfield  point  R  =  ( R ,  y.  $)  due  to  a 
composite  source  in  an  infinite  rigid  baffle: 


I{R,  y.V  =  UR)  |  F\y,  4)1 1 1 


(4.7.7) 
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This  formula  states  that  the  radiation  of  a  composite  source  generates  a  farfield  intensity  equal  to  the 
product  of  the  intensity  due  to  a  point  source  in  an  infinite  rigid  baffle  having  a  source  strength  equal 
to  the  volume  velocity  of  the  composite  source,  and  the  square  of  the  directionality  factor  F(y,  4>). 

Several  examples  of  this  rule  are  taken  up  in  this  treatise.  In  the  next  subsection  we  consider  one 
example  of  a  linear  array. 


4.7a  RADIATION  FIELD  AND  FIELD  INTENSITY  OF 
A  LINEAR  ARRAY  OF  EXTENDED  SOURCES 


An  array  of  2  N  +  1  identical  extended 
sources  are  equally  and  symmetrically  spaced  at 
intervals  d  along  the  y-axis  of  an  x,  y,  z  coordinate 
system,  Fig.  4.7.2.  Because  the  radiation  field  is 
rotationally  symmetric  about  the  y-axis  the 
analysis  will  be  restricted  to  the  yz  plane,  where  <t> 
=  90°.  In  4.7.4  one  replaces y0  by  y0  +  nd,  -N<n 
<  N,  and  obtains  an  F-factor  for  the  n’th  element 
in  the  array, 


F(y,  4>)  =  e-‘k"d""'  F\y) 

Hy)=  J-f  VWo)  g-ikyo*  iny  dS(R0)  (4.7.8) 
Qr  cf 


The  velocity  potential  of  the  total  array  is  a  sum  of  the  potentials  of  the  individual  elements, 


ty(R,  y)  =  _i_  gref  F[y)  £  e" 
2  n  R 


ikndsiny 


Setting  exp[-iknd  sin  y]  =  a",  and  noting  that. 


and 


N  2N  N  IN 

»-  2  I  2  ±  2  1  r - '  1 

-N  -N  aN  L  o-l  J 


Z  «"=  aN*ul  ~ 


it  is  seen  that  the  sum  in  4.7.9  becomes, 


2  =  sin[(/V  +  Vi)kd  sin  y] 

"='w  s'm('/ikd  sin  y) 


Thus, 


(4.7.9) 


(4.7.10) 


M>{R,y)=  _L  Q",  !lL  (2N+  1 )  F{y)  D(kd/2  sin  y )  (4.7.11) 

2tt  R 


where 


a 


I 


S’ 


i 
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2 N  +  1 


sin[(2N  4-  1)  kd/2  sin  yl 
sin(kd/2  sin  y) 


(4.7.12) 


Now  F(y)  is  the  directivity  of  a  single  extended  source,  and  D  is  the  directivity  of  2N  +  1  point 
sources.  The  directivity  of  the  composite  is  F(y)  D  ( kd/2  sin  y).  This  result  that  the  directivity  of  a 
composite  radiator  of  2N  +  1  identical  elements  is  the  product  of  the  directivity  of  one  of  the 
elements  and  the  directivity  of  2N  +  1  point  sources,  is  the  product  rule.  It  is  valid  in  all  of  linear 
acoustics. 

The  same  conclusion  is  reached  when  the  number  of  sources  is  an  even  number  N.  In  this  case  it 
is  convenient  to  place  the  origin  of  the  coordinate  system  at  the  outermost  leftside  source.  Then, 


N- 1  N-l 

^  £-mkd\ inv  —  ^  q*  —  O'"  —  1  _  S\Ti\Nkd/2  Sin  y]  grUN  l)kd/2sinr 

"=°  ”°  a  -  1  s'm(kd/2  sin  y) 


(4.7.13) 


The  velocity  potential  of  the  compound  source  in  the  farfield  approximation  is  obtained  from  4.7.9: 


v(R,  y)=  —  Qrcf  *—  NF(y)E(  sin  y) 
2n  R  V  2  J 

E  =  exp[-/'(7V  -  1)  _**_  siny]  sin[Mrtf/2  sin  y] 
2  N  s\n(kd/2  sin  y) 


(4.7.14) 


(4.7.15) 


Eqs.  4.7.14  and  4.7.15  hold  for  both  N  even  and  N  odd.  The  product  rule  is  again  verified. 

A  calculation  of  farfield  radiated  intensity  from  an  array  of  N(even  or  odd)  sources  may  be  car¬ 
ried  out  by  4.7.5  in  conjunction  with  4.7. 14  and  4.7.15: 


7,(y)  =  JL  Q?cf  N2 1  F{y)  | 2  \  ™Wd/2  sin  y]  1 

2  4nJ  L  N  sin(Arrf/2  sin  y)  J 


(4.7.16) 
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CHAPTER  V 


MULTIPOLE  ANALYSIS  AND  RADIATION  FROM 
SURFACES  OF  LARGE  RADIUS  OF  CURVATURE 

5.1.  ACOUSTIC  RADIATION  FROM  SOURCE-BAFFLE  COMPOSITES  WHICH  ARE  VERY 

LARGE  OR  VERY  SMALL  RELATIVE  TO  THE  RADIATED  WAVELENGTH 

In  Chapter  II  of  this  treatise  the  steady  state  acoustic  radiation  to  infinity  from  closed  sur¬ 
faces  in  the  separable  coordinate  systems  of  the  Helmholtz  equation  was  studied  by  the  applica¬ 
tion  of  the  integral  equation  of  linear  acoustics  1.7.7.  This  is  a  branch  of  the  Sturm-Liouville 
boundary  value  problem  with  solutions  in  the  form  of  Green's  functions.  Careful  formulation 
of  Eq.  1.7.7  in  the  steady  state  for  surface  distributed  sources  shows  that  both  the  unknown 
field  (viz.  velocity  potential)  and  its  normal  derivative  over  the  surface  in  question  are  required 
to  obtain  the  field  at  any  external  point.  By  appropriate  construction  of  the  Green's  function  it 
is  possible  to  reduce  these  requirements  and  obtain  the  field  by  integration  over  monopole-type 
surface  sources  (=  normal  derivatives  of  the  unknown  field  on  the  surface)  alone,  or  by 
integration  over  dipole-type  surface  sources  (=  unknown  field  on  the  surface)  alone  (see  Sect. 
1.8).  In  either  case  the  applied  Green’s  functions  (or  their  derivatives)  in  the  steady  state  are 
known  to  be  singular  at  discrete  temporal  or  spatial  frequencies,  as  may  be  seen  from  their 
eigenfunction  expansions  3,  4,  5.  These  are  the  resonant  frequencies  of  the  vibrating  volume 
of  fluid  internal  to  the  enclosing  surface  distribution  of  sources.  At  these  frequencies  then  the 
integral  equations  which  determine  the  field  diverge  and  the  method  of  Green’s  functions  fails. 
One  exception  does  however  exist.  In  the  event  that  the  distribution  of  sources  (monopole  or 
dipole)  over  the  surface  is  analytic,  and  is  orthogonal  (over  the  range  of  the  surface  at  the 
resonant  frequency)  to  the  eigenfunctions  in  the  Green’s  function  expansion  then  the  integral 
of  this  distribution  multiplied  by  this  Green’s  function  vanishes,  and  the  infinite  term  in  the 
series  given  by  3,  4,  5  is  dropped  from  consideration  [1).  The  field  is  then  finite  ever,  though 
the  fluid  volume  is  resonant. 

Within  the  above  noted  limitations  the  method  of  integral  equations  and  Green’s  functions 
outlined  in  Chapter  III  is  successful  in  linear  acoustics,  at  least  to  the  extent  of  obtaining  formal 
solutions  of  boundary  value  problems  of  sources,  baffles  and  scalar  waves.  When  the  source-baffle 
composite  is  very  small  or  very  large  compared  to  the  wavelength  of  radiation  then  other  methods, 
far  more  suitable  to  the  numerical  evaluation  of  its  near  and  far  field,  are  available  in  the  more 
general  theory.  These  comprise  the  method  of  acoustic  multipole  fields  and  the  method  of 
Sommerfeld-Watson  transformation,  both  of  which  are  reviewed  in  detail  in  this  chapter.  All 
methods  however  depend  upon  a  knowledge  of  an  appropriate  Green’s  function  for  the  spatial 
boundaries  of  the  problem.  A  review  of  the  procedure  for  obtaining  new  Green’s  function  is 
presented  in  the  Appendix  IIIB. 

This  case  is  drawn  from  the  field  of  electromagnetics  has  proved  to  be  a  fertile  source  of 
Green’s  functions  for  use  in  acoustics.  Research  in  Electromagnetic  radiation  and  scattering 
[2].  Although  the  electromagnetic  field  is  vectorial  while  the  acoustic  field  is  scalar,  there  are 
two  electromagnetic  boundary  conditions  whose  mathematical  descriptions  are  exactly  analo¬ 
gous  to  typical  acoustic  problems.  For  example,  let  E,  represent  the  tangential  component  of 
electric  field  strength  and  <t>  the  scalar  acoustic  potential.  The  statement  then  that  on  a  perfectly 
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conducting  surface  E,  —  0,  is  analogous  to  the  statement  that  on  a  pressure-release  surface  4> 
—  0.  Similarly  letting  H,  represent  the  tangential  component  of  magnetic  field  strength  then 
the  statement  that  on  a  perfectly  conducting  surface  0  H,/dn)s  =  0,  is  exactly  analogous  to  the 
statement  that  on  a  rigid  surface  (3d>/dn)s  =  0. 

The  case  in  question  in  Appendix  MB  determines  the  Green's  function  of  an  axial  mag¬ 
netic  dipole  in  a  metallic  corner  reflector.  It  is  exactly  analogous  to  the  problem  of  an  acoustic 
point  source  in  a  rigid  corner  reflector.  Although  the  case  is  described  in  detail  it  is  readily 
seen  to  be  a  particular  instance  of  a  general  formula  for  obtaining  Green's  functions.  A  full 
discussion  of  the  general  approach  is  found  in  ref.  [3]. 

5.2.  MULTIPOLE  DESCRIPTION  OF  SOUND  SOURCES 

The  concept  of  the  multipole  description  of  a  field  quantity  has  special  prominence  in  the 
theory  of  electrostatics.  The  field  of  a  localized  distribution  of  charge  for  example  may  be  expanded 
in  spherical  harmonics  involving  inverse  powers  of  distance,  each  term  of  which  describes  (under 
appropriate  restrictions)  a  species  of  multipole,  such  as  monopole,  dipole,  etc.  A  convenient  review 
of  the  method  is  found  in  ref.  [4J.  Extensions  of  the  multipole  concept  to  the  description  of  radiation, 
scattering,  hydrodynamics,  etc.  may  be  found  in  standard  treatises  on  these  subjects.  In  the  analysis 
of  the  generation  of  acoustic  fields  the  elementary  notions  of  monopole,  dipole  and  quadrupole 
source  description  are  often  used  (see  Chap.  I).  We  can  summarize  these  sources  as  follows.  An 
acoustic  simple  source  in  the  steady  state  generating  sound  at  frequency  /  in  a  fluid  medium  of 
characteristic  impedance  pc  is  defined  as  a  point  which  is  injecting  mass  into  the  fluid  at  a 
sinusoidal  time  varying  rate  dQ/dt  (units:  m3/ sec).  The  time  average  intensity  radiated  (=  /)  is 

8‘Venby  /  =  qST  =  QcS1k1  (521) 

8 crl  32  rtV 

in  which  S  is  the  source  strength  (or  peak  amplitude  of  dQ/dt)  and  k  =  2n/A  =  w/c  =  2n  / /c.  A 
dipole  source  is  defined  as  the  juxtaposition  of  two  simple  sources  an  infinitesimal  distance  apart  and 
pulsating  rr  radians  out  of  phase.  The  far  field  intensity  of  a  dipole  source  is  given  by 


j_  ti'qc  S2  (cos2  0)/"  _  gc  S2  (cos2  6)  k* 


(5.2.2) 


32  n2r2 


From  its  nature  it  is  seen  that  an  acoustic  dipole  source  injects  no  net  mass  into  the  propagating  fluid 
over  the  time  of  a  sinusoidal  cycle.  It  excites  sound  by  the  to-and-fro  oscillation  of  mass  along  a 
particular  direction,  and  can  thus  be  symbolized  as  a  vector  arrow,  the  head  of  which  is  plus  and  the 
tail  minus.  An  acoustic  quadrupole  source  is  the  juxtaposition  of  two  dipoles  an  infinitesimal 
distance  apart.  If  the  alignment  of  the  force  vectors  is  -  +  +  -  the  quadrupole  is  longitudinal  and 
its  far  field  intensity  will  be  proportional  to/6  (cos40)/r2.  If  the  alignment  is  ±  +  the  quadrupole  is 
lateral  and  its  far  field  intensity  will  be  proportional  to /6  (sin220)/r2.  These  force  vectors  are  loosely 
analogous  to  stress  vectors,  and  hence  a  system  of  fluctuating  stresses  on  an  elementary  volume  of 
fluid  (or  solid)  may  be  equivalent  to  a  sound  source  of  acoustic  multipole  nature. 

Fundamental  sources  which  generate  sound  in  the  transient  state  may  be  similarly  described. 
For  a  simple  transient  source  the  sound  pressure  p(r,t)  at  a  field  point  r  is  given  by 

P(r,t)=_l _ ^Q_(t-~)  (5.2.3) 
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5.3  Green  s  Functions  and  Acoustic  Multiple  Helds 


Similarly  for  an  acoustic  dipole  transient  source  in  which  the  force  vector  arrow  has  Cartesian 
components  F,  (/),  F2  (/),  F3  (t)  the  pressure  at  field  point  r  =  V x\  +  x\  +  xl is 

_  d  F,(t  -  -F)_  d  F>  (t  -  -r)  _  d  F}(t  -  -r) 


where  the  prime  indicates  derivative  with  respect  to  argument. 

The  treatment  of  higher  order  multipoles  may  be  pursued  by  extending  the  above  scheme. 
However  the  current  use  of  multipoles  beyond  the  quadrupole-type  to  describe  complex  sound 
generating  sources  is  not  common. 


5.3.  GREEN’S  FUNCTIONS  AND  ACOUSTIC  MULTIPOLE  FIELDS 

Let  <l»j  (r)  represent  the  potential  field  of  a  distribution  of  acoustic  dipoles  q(  r0 ).  For  the  steady 
state  <t>  satisfies  the  Helmholtz  equation, 


(V^  +  k 2)  <f> 2  C?o)  =  -  Q  (7o) 


(5.3.1) 


Now  since  each  elementary  dipole  field  is  the  resultant  of  two  simple  point  sources  of  equal 
strength  A  but  opposite  polarity,  one  can  define  a  density  distribution  of  simple  sources  A  (r0)  and 
write  (5], 


s,  •  v„<;„) 


<7  (A))  =  Jim  A  ifs.  ±  b? o )  -  A  (rB)  (5J.2) 
Ar.-o  |  A  r0| 


The  geometry  of  the  dipole  pole  at  r0  is 
shown  in  Fig.  5.3.1.  The  meaning  of  5.3.2  can  be 
understood  from  it  in  the  following  way:  as  the 
observation  point  r  approaches  f„  from  the  dipole 
direction  s,  it  sees  a  field  shown  in  circle  I .  This 
field  is  the  derivative  of  a  space-impulse  6  (r  -  r„). 
However  if  the  observation  approaches  r„,  along  A 
r0,  the  component  field  in  the  direction  sr,  is  the 
directional  derivative  of  the  space  impulse. 

Thus  the  limit  the  right-hand  side  of  this 
equation  is  the  directional  derivative  of  the  delta 
function  in  the  direction  s’,  (the  axis  of  the  dipole) 
multiplied  by  the  amplitude  Q  of  the  dipole 


Fig.  5.3.1,  Geometry  of  dipole  at  r„ 
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Hence 


<7  (70)  =  Q\ 


98  (7  -  70) 


(5.3.3) 


si  Jsi 


The  differential  operator  3si  =  d/dsi  affects  only  the  To  coordinates. 


Recalling  now  that  the  Green’s  function  G  ( r  |  r0)  is  a  solution  of  the  inhomogeneous  Helmholtz 
equation  with  a  delta  function  source  (Vi  +  k2)  G  (r\r0)  =  -  6(r-  r0)  we  use  Eqs.  (1)  and  (3)  above 
and  write 


3,[|VJ  +  k2\QG(r\r0)}  =  -  Q  3,[d(r-r0)) 

=  (Vi  +  *2)<Mr>  ?o) 


(5.3.4) 


Noting  that  the  operator  Vi  +  k2  is  linear  we  interchange  the  order  of  the  derivative  operators 
on  the  left-hand  side  of  this  equation  and  conclude  that  the  field  of  the  dipole  sources  is  given  by 


^(f,  r0)  =  Q3.,!G(r|r0)| 


The  directional  derivative  relative  to  the  dipole  axis  s,  has  the  form 


(5.3.5) 


d  —  r  »y 
-  —  *>1  *0 

0Sj 


(5.3.6) 


where  V  is  the  gradient  operator  in  the  source  coordinates.  Eq.  (5)  can  be  generalized  to  any  number 
of  directions  s,,  s2,  etc.  Thus 


3,j ...  d,JG(F\r0) 


(5.3.7) 


Here  the  total  differential  operator  in  parenthesis  is  obtained  by  cross  multiplication  of 
individual  operators  in  n  directions.  The  factor  Q„  is  the  amplitude  of  the  multipole  and  d>2-  is  the 
field  of  a  multipole  of  order  2". 

To  illustrate  the  use  of  5.3.7  we  first  let  n  =  0  and  select  G(7|70)  for  infinite  space.  Then 


<Mr)  =  -_g°- 

-  4tt 


Q  e'kR 
~R~ 


(5.3.8) 


in  which  R  =  |  r  —  r0 1 . 


£v'Vv  v  .  . 


•  ->v-  ■ 
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5.3  Green  s  Functions  and  Acoustic  Multiple  Fields 


When  n  =  1  the  field  of  the  dipole  relative  to  the  axis  of  the  dipole  is 


*>Ar,  l)  =  Q2s,  •  V„ G  (/■  | 

_  Qi  [  cos  0 

-  4n  L  R2 

Thus  the  field  of  a  dipole  has  a  near  field  with  a  predominent  term  varying  as  \/Rl  and  a  far- 
field  term  varying  as  \/R.  The  angle  dependence  of  both  near  field  and  far  field  remains  constant, 

i.  e.,  cos  6.  In  the  near  field  (where  kR  «  1)  the  radial  particle  velocity  v„  =  — varies  as  (2 

1  a<j> 

cos  6/R*)  e~,u'  and  the  tangential  particle  velocity  ve  =  -  -gy  varies  as  (sin  9/R')  e~,w‘ 

Hence  the  particle  velocity  streamlines  in  the  neighborhood  of  the  dipole  are  described  by  the 
formula  dR/Rd9  —  2  cos  0/sin  0,  or  R  -  const  x  sin2  0.  The  field  pressure  (pd<*j/dr)  and 
particle  velocities  (  —  -  V<t>2)  are  given  by 

p  =  Q*  /cuee'**  cos  0  M  -  1  e''“"  (5.3. 10a) 

4n  l  R1  R  ] 


v,  =  -  e  ‘"  cos  0  [-  JL-  +  JLI  (5.3.10b) 

4n  \  L  J 

+  e“"  cos  0  ik  \  *  -  1  \  e'“*" 

L  R‘  R  J  J 

v9  =  -  Q*  e'tK  sin  6  r  1  -  1  (5.3.10c) 

4n  R  L  R‘  R  J 

These  formulas  enable  one  to  obtain  the  acoustic  intensity  radiated  by  a  dipole. 

DISCUSSION  ON  DIPOLE  SOUND  INTENSITY  IN  THE  STEADY  STATE 
The  radial  flow  of  sound  intensity  in  the  steady  state  is  given  by, 

(/»>,= 

=  Qn.  -J  IpVtj 

in  which  p,  vR  are  peak  magnitm! 
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$m  </„),  =  Z1  Q(k*  qc  cos1 6  Tj_  +  _ 1 _ 1 

2  (4irR  )2  IkR  k2R2  J 


(5.3.12) 


Similarly  the  two  components  of  sound  intensity  for  tangential  flow  Ie  are 

V,  (/„)„  =  0 

.in2  r  -i  (5-3.13) 

(/o)«  =  _  cos  6  sin  e  1  + _ L_ 

(47r)Jr3  L  k2r 2  J 

Integration  of  the  sound  energy  over  a  unit  sphere  shows  that  the  net  tangential  flow  of  energy 
vanishes  over  any  complete  spherical  surface.  In  addition  the  only  acoustic  intensity  component 
surviving  as  R-*°°  is  whose  angle  dependence  is  cos2  0. 


I 


DISCUSSION 

Eq.  5.3.7  indicates  that  the  n’th  directional  derivative  of  a  Green’s  function  describes  the  2  n’th 
multipole  of  the  field  corresponding  to  the  Green’s  function.  An  important  application  of  this 
mathematical  result  is  in  the  analysis  of  a  dipole  and  a  quadrupole  field  inside  an  enclosure. 

The  Green’s  function  of  an  enclosure  is  given  by  a  1-D  Sturm-Liouville  Green’s  function, 
3.4.5b 


G*(r|r„)=  —  4n 

"  k'  -  kL 


(5.3.14) 


in  which  the  <t>„,  are  normalized  eigenfunctions  of  the  Helmholtz  equation  in  the  geometry  of  the 
enclosure,  and  the  k„  are  the  corresponding  eigenvalues.  According  5.3.7  therefore  one  may  find  the 
dipole  field  in  an  enclosure  by  writing 


<t>2( r)  =  q2  X  U  *  Vo  (r0) )  (?) 

m  kl  -  kl 


(5.3.15) 


If  the  dipole  axis  s  (arrow  with  head  “plus”  and  tail  “minus”)  is  in  the  direction  of  the  z  axis, 
then  s  •  V0  signifies  3/ 3Zo  =  cos  6  3/ dr.  In  general,  for  unit  directions  s,.  Si  etc.  the  compound 
directional  derivative  required  by  5.3.7  is  given  by 


3.,  9,2 ...  d,n  =  H  +  jP*  +  kY«) 

*  (  i  _L  +  j  JL  +  k  JL 

V  3x'„  3y„  dz./J 


(5.3.16) 


where 


=  A,  Ai ...  A . 


A,  =  a,  JL  +  P.  JL  +  a,  JL 

3x,  3y,  3z, 
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Here  ait  /?,,  y,  are  the  direction  cosines  of  the  /'VA  axis  of  a  multipole  of  order  2"  and  the 
differential  operators  refer  to  the  source  coordinates  r0  only.  The  symbol  |""|  signifies  the  operation  of 
taking  a  product.  To  find  the  field  of  a  quadrupole  in  an  enclosure  we  let  n  =  2  and  obtain  for  the 
differential  directional  operators 


3,,  d,2  =  a  2  l  a , - 2L-  +  P, - 2L-  +  y, - ) 

V  dx,  0x2  dy,  dx2  dz ,  x2  J 

+  <*,(«, _ *1 _ +  P, _ £1 _ +  y, _ 21 _ )  (5.3.17) 

V  dx,  dy2  dy,  dy2  dz,  dy2J 

+  y,(«, _ 21—  +  P, _ 21—  +  y, _ £L_) 

V  dx,  dz2  dy,  dz2  dz,  dz2  J 


This  is  then  applied  to  the  Green’s  function  Gk  given  by  5.3.14.  In  a  typical  example  we 
may  construct  the  field  of  a  quadrupole  in  a  spherical  enclosure  as  follows. 


<Mr)  = 


x 


+  p  i — 2 —  +  y  i - - 

r'dd'  r'  sin  O'  d^' 

Pi — - —  +  Yi - - - \ 

r'  d6'  r'  sin  6  a<t>‘J 


x 


oo 

I 


( fo )  (r) 

ki  -  k2 


The  symbols  r'.  O',  <t>‘  are  the  coordinates  of  the  quadrupole  considered  as  a  source  of  sound. 


5.4.  ACOUSTIC  MULTIPOLE  DESCRIPTION  OF  VOLUME  DISTRIBUTED  SOURCES 

Acoustic  sources  may  be  classified  according  to  their  spatial  distributions  of  pressure  in  the  far 
field.  To  describe  this  classification  we  begin  with  the  integral  equation  of  linear  acoustics  1.7.7  for 
the  potential  field  ip  (?)  in  the  steady  state,  which  has  the  form, 

f  f  [v(^o) — - — g(r  |  r„)  -  g(r  |  r0) — 2 — q>(r„)l  dS0 
L  dn0  On  „  J 

+  f  f  f  g(r\  r0)q(r0)d  V„  =  tp(r)  (5.4.1) 


The  normal  d/dn o  points  away  from  the  medium. 
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In  this  section  we  will  consider  only  volume  distributed  sources  (  =  q  (r0))  and  defer  surface 
sources  to  a  later  discussion.  Let  the  medium  be  infinite  so  that  the  Green’s  function  g  (r/r0) 
corresponds  to  a  spherical  wave.  Expanding  this  wave  in  normalized  complex  spherical  harmonics  Ym 
(4,  0)  one  obtains  [61, 

g(r  I  r„)  =  -  =  -ik  Z  YZ,  (4o,  0o)  (0,  4) 

4n  R- 


x  j,  (kr0)h,(kr) 

R  =  1  r  —  f o | ,  r  =  |r|,  r0  =  |r0| 


(5.4.2) 


in  which  Y*  represents  the  complex  conjugate  harmonic.  Combining  5.4.1,  5.4.2  gives, 

V(r)--ttZ  y„,(0,4)A,<,'(*r)  f  YZ,(8oAo)  j,(kr0)qCro)dV0  (5.4.3) 

mj 


In  the  far  field  the  limiting  form  of  the  spherical  Hankel  function  is, 


lim  h,(kr)-~ 

°o  Arr 


The  field  V  ( r )  at  large  values  of  kr  may  thus  be  written, 


(5.4.4) 


in  which 


(a)M»(f)~  _£!L  Z  Aml  Yml(0, 4) 


(b)Amt  =  -  i-‘  Jv  YZ,  (0o,  4o)y'<  (kr0)q(r0)d  V0 


(5.4.5) 


Eq.  5.4.5a  is  a  general  description  of  the  far  field  for  an  arbitrary  distribution  of  acoustic 
sources  q  (r0).  We  now  limit  the  size  of  r0  to  distances  much  smaller  than  a  wavelength,  that  is,  we 
desire  kr0  to  be  very  small  (<?  1).  Noting  that 


lim  j,  ( kr0 )  — . 
kr0~*  0 


(5.4.6) 


we  modify  5.4.5b  to  read. 


Aml^ _ ~  jig _  fv  !  q  (fo)  fo  |  YZi  (0o,  4o)  d  V0 

1.3.5  ...  (2/  +  1)  0 


(5.4.7) 


*a'-- 

^  ■  *  M  *  ^  •  *  *  *  *  •  *  t  ’  ft  1  ft  *  ft  *  ft  '  -• 


/.v.v!v-V  * 
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5.4  Acoustic  Multipole  Description  of  Volume  Distributed  Sources 


Eq.  5.4.7  in  conjunction  with  5.4.5a  provides  the  basis  for  the  classification  of  sources  in  terms 
of  multipoles.  We  consider  first  a  source  consisting  of  a  time  varying  injection  of  mass  q  (r0)  =  - 
3 Q/dt,  which  for  steady  state  becomes  iwQ.  The  first  few  coefficients  Am,  then  have  the  forms 


(a)  Aoo  =  -  ico  f  Q  (r0) _ I _ d  V0 


(b)  Aot  =  f  Q  (r0)  r0  /.  3  cos  0O  d  V0 

3  V  4n 


(c)  A ,,  =  jdL  f  Q  (r0)  r„  /—l-  sin  0„  e  *°d  V0 
3  \/  8n 


A01  =  (r»)  rj  yOZ^lcos'e,,  -  d  K0 


(e)  /I  ,i  =  j^kl  )  Q  (r0)  rj  /  15  sin  0O  cos  0O 
5  V  8it 


(5.4.8) 


(0  A»  =  f  Q(r0)r}±  /HT  sin '9„e  "'°dV0 

5  4  V  8n 


Restricting  ourselves  to  field  contributions  which  are  independent  of  coordinate  (i.e.  restricting  m 
to  zero)  we  can  write  the  separate  contributions  I  =  0,  1,  2  ...  to  the  field  in  the  forms, 


Voo  ~  222!  (  )  J  Q  (r0)  .1  d  Vo 

r  v  V  4n  z'  V~4n 


(b)  4\,,~2_22l  OZcoseJiil  f  Q(r0)r0  [HI  cos  0O  d  V„ 
r  V  4n  3  V  4n 


(c)  v02  ~  AH  f  2  cosJ  0  -  _L  'l  *! 

r  V  4ti  \2  2/5 

J"  CMM'o  ^2  cos2  00  -  2^  d  V„ 


(5.4.9) 


^  ..a  • ..  •• 

•  V  .•  ,*  V  *•  .*  .•  < 
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DISCUSSION 

The  far  field  Voo  is  independent  of  direction.  It  is  called  the  monopole  field  and  is  usually  the 
predominant  component  at  low  frequencies.  The  field  4*,,,  depends  on  cos  0  and  is  called  the  dipole 
field  of  the  source  term  iwQ.  Its  amplitude  differs  from  zero  only  if  the  integrand  of  5.4.  (9b)  is  non- 
symmetrical.  Eq.  5.4.9c  is  an  example  of  a  higher  order  multipole  that  may  be  generated  by  the 
source.  Visualizing  the  source  distribution  Q  as  a  collection  of  point  sources  we  state  that  if  the  first 
moment  of  all  these  points  relative  to  the  origin  is  not  zero  there  is  a  dipole  field;  if  the  second 
moment  is  not  zero  there  is  a  quadrupole  field,  etc. 

We  consider  next  the  source  q  =  (dFfBXfiiwp)-1  which  corresponds  to  an  oscillating 
body  force  on  the  volume  of  fluid.  Using  5.4.1  above  we  can  find  the  field  at  r  by  writing 


V(r)  =///  S('r  I  h)  r_^L_l  dV0  (5.4.10) 

L  iwedx,  J 


Now  if  ff  is  the  vector  force  wh^e  components  are  F./iuQ 


V*(g  ff  )  =  Vg*  +*V-  (5.4.11) 

Hence, 

V(r)=  JVoV*(g  ff)dV o-  f  Vg*  fid  Vo  (5.4.12) 


The  first  term  on  the  right  may  be  converted  to  a  surface  integral, 

JVoV(gff)dv0  =  J,ogfi\dS„ 


If  &.(r„)  is  finite  in  spatial  extension  we  can  always  find  a  surface  of  integration  of  large 
enough  size  that  F„  is  zero. 

Hence  in  the  far  field  ( r>r0 ) 


V(r)  =  -  f  Vg'ffd  Vo  (5.4.13) 

VQ 

Now, 

V g  =  -  V  t -  =  e‘k'  f  -  ~  M  1  (5.4.14) 

4 nR  4n  L  R3  R‘  J 
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For  R  very  large  we  make  the  approximation 


R—r  -  h’a. 


Neglecting  the  term  in  R'}  we  reduce  5.4.14  to  the  form 


(5.4.15a) 


y g  2;  tk  € _ q  ih  (r0  ’a.)  q , 

4  JI  r 


Expanding  the  exponential  involving  r0  in  a  Taylor  series  about  r0  *  ar  =  0  we  have 


e  -  tk  •  a.)  ~  j  _  ( po .  q  )  _  k 2  }o  r0‘ar  •  a, 

2 


(5.4. 15b) 


(5.4.15c) 


Hence  5.4.13  may  be  reduced  to 


xp  ( r )  =  ik  e‘kr  ar  *  {  J  dV0  -  J  /'A:  (  xT  r„  ■  a r)d  K0 


4n  r 


-  K>  +  ••• 


(5.4.16) 


DISCUSSION 

All  terms  on  the  right  in  5.4.16  show  dependence  on  direction  of  observation.  Hence  an 
oscillating  body  force  exhibits  no  monopole  radiation  (at  least  for  the  limit  Arro~*0).  The  first  term 

depends  on  one  direction,  namely  the  angle  be- 
/  tween  xT  and  the  line  of  observation  ( =  ar).  It  is 

/  the  dipole  term.  The  second  term  depends  on  this 

\  /  a  /  same  angle  plus  the  additional  angle  between  the 

\  /*■  /  radius  vector  from  the  origin  to  the  force  tT  and 

/  the  line  of  observation  (see  Fig.  5.4.1).  It  is  the 

\  /  quadrupole  term. 

- -J  -  The  third  term  depends  on  the  square  of  this 

N.  /  latter  angle.  It  is  the  oclopole  term. 

- Quadrupole  radiation  can  also  arise  from  the 

^  source  term  involving  fluid  stresses  T„.  We  set 


Fig.  5.4.1.  Geometrical  relations  of  force  distribution. 


two  dx,  dXj 


£ 
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and  write  the  field  at  r  as, 


We  integrate  by  parts  twice, 


/'cop  dXi  dx. 

J  3  U- 

dTiJ  \  dVo 

J  dx.  1 

dx ,  J 

f  a  t, 

dXl 

lM-d  V0 
dx. 

ii 

£  - 

iLr.AdK 

dx.  / 

_  f  a2g 

T  d  K 

dX.  dx j 

(5.4.17) 


All  volume  integrals  of  divergences  vanish  because  the  distribution  of  T„  is  finite  and  the 
integral  over  a  large  enough  surface  ( =  Gauss  theorem)  vanishes.  Thus 


tfj(r)  =  -  J  d*  g  T,j  4  yo 
dx.  dXj  icoQ 


(5.4.18) 


The  quantity  3 2  g/ dx.  3„  is  a  dyadic  in  the  r0  coordinates  the  components  of  which  can  be 
obtained  by  introducing  the  approximation  5.4.15a  and  then  differentiating  5.4.15c  twice.  This  gives 

Wg~  -  tl  1  -  k2a.a.  +  ...l  (5.4.19) 

4nr  I  2  j 

Hence, 

V  (r)  ~  -  _*i  _  e‘k'-  fy  ctr  *  T.j'a.d  V0  (5.4.20) 

/'cop  8  nr  ° 


Since  this  field  is  a  function  of  two  directions  it  is  evidently  a  quadrupole  field. 
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5.5.  ACOUSTIC  MULTIPOLE  DESCRIPTION  FOR  SURFACE  DISTRIBUTED  SOURCES 

In  Sect.  5.4  the  theory  of  multipole  description  of  volume  distributed  sources  was  developed.  In 
this  section  a  similar  theory  is  constructed  of  surface  distributed  sources. 

Consider  a  surface  S  containing  source  points  \  (|,).  Let  rj  represent  the  location  vector  of  a 
fixed  point  on  the  surface.  In  the  medium  external  to  the  surface  is  a  field  point  x.  Define  r,  R  by  the 
formulas. 


r  =  [Z  (x,  -  U2]  2 ,  R  =  [  Z  (x,  -  rjy)J] 


(5.5.1) 


The  Green’s  function  for  the  infinite  domain  between  field  x  and  source  point  \  is  given  by 


G  (x  1 1 1  o>)  =  e‘tr/r 


(5.5.2) 


We  desire  to  study  the  field  at  Jr  as  a  superposition  of  fields  due  to  each  term  of  a  power  series 
decomposition  of  G.  To  this  end  form  a  Taylor  series  of  G  about  the  point  in  the  variable  4,. 
Symbolically 


G  =  +  Z  _Lrfir(t,r,.) 

R  v! 


(5.5.3) 


in  which 


(PT&.nd  = 


f(  -  -  r?.)—£_  +  (42-»h)JL  + 

L  ai,  ai,  J  r  '< 


It  will  be  useful  to  define  the  direction  cosines  of  R  by  the  relation 


R  =  R  [/cos  0,  +  j cos  6j  +  k cos  0,) 


cos  0,  =  Hi 
R 


(5.5.4) 


(5.5.5) 


(5.5.6) 


Now,  from  5.5.1  it  is  seen  that, 


dr  = 

n, 


-  dr 
dXj 


(5.5.7) 
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Transforming  the  operation  3/34>  to  -  3/3  x3  one  may  define  the  quantity  G*  by  the  relation, 


G*  = 


E!!l=  Z  iziH  a*  r* (£-,»),.) 

r  v=o  V! 


(5.5.8) 


dv  t*  (4.,  n.)  =  [(4, ->?,)  JL  +  (L-m)-?- 
L  dx,  dx2 


(5.5.9) 


+  (4,  -  i?3)_2_T_eil: 

dx3  J  r 


U  =  n 


To  find  the  field  at  x  fields  of  all  sources  on  S  are  summed  using  1.7.7  in  the  steady  state. 
For  the  infinite  medium  the  field  ( r )  is 


-  _L  /  (Am.)  ALdS  +  _!_/  (V)t  (  SH  )  ds  =  v(r)  (5.5.10) 

4n  V  3nV  r  4n  bn*  V  r  / 


Here  n*  is  the  normal  vector  pointing  away  from  the  volume  of  space  where  the  field  point  is 
located.  We  note  that 


3  =  V  •«*  =  «,*_£_  +  n?  3  »-*  3 


+  nj 


3n « 


34,  34, 


34, 


(5.5.11) 


Also,  we  define  another  derivative 


=  n 


3  3  jc, 


+  n. 


+  n; 


dx2 


dx3 


(5.5.12) 


Now  substitute  5.5.8,  5.5.9  directly  into  the  first  term  on  the  left  hand  side  of  5.5.10.  However, 
in  the  second  term  use  3/3 n+  in  lieu  of  d /dn*.  Noting  that 


=  Z  (-1)1' 


Z  (-i r+' 

v  =  o  v!  v=  i  (v  -  1 )! 


(5.5.13) 


and  using  5.5.7  write  5.5.10  in  the  new  form 


4n 


1  LzlKer  T*(t..r}.)dS 
l,  v  =  0  v! 


+  _L /(V).  _£_+  Z  (-\)vdv-lT*(tii,r),)dS  =  v{r) 
4rt  3  »=■ 


(5.5.14) 
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This  can  still  further  be  reduced  by  noting  that  for  v  =  0 

du  T*  =  e‘kK  /R 


Hence, 


4n  ip  (r)  =  -  _J'kK f  (  d  tp  \ 
R  \  dn*  ) 


+  1  (-1  )v~‘  f  |  /_£v  \  7"*  U..r».) 

v  =  i  (v  —  1 ) !  '  \dn*Ji.  v 

-  V_d_dv-t  T*(l,n.)\dS 

dn*  J 


(5.5.15) 


Expansion  of  the  first  few  terms  leads  to, 


4n  ip  (r)  =  ~e‘kH  f  (  \  dS 

R  \  dn*Ji 

/  j  (  -3^_  )  f«<-»l.)-L-  +  (4,-rll)_g_  +  UJ-r,J)-g_  1  -AA.|- 

1  v  3/t*  A  L  3*.  3x2  3x2  J  r  t=r 


dx, 

3*2 

3x2 

+  n}  3  +  /if. 

r 

.1  l 

dxi 

3x3/ 

r 

U=«iJ 

a ,-n.)‘  02 

-  +  (l2 

-rj2)2. 

d‘ 

3*? 

dxi 

+  2  a,-rh)tt>-<h) *1 —  +  2(|,-r|1)«3-/?3) _ £1_ 

dx ,  3x2  3x,  3x3 

+  2  -na)  (43-/13) _ £L_1  £^|„  . 

dxi  dx3  J  r  U  =  r 


-  (v),  (  /i,*_fL  +  nfJL-  +  /t  * — — —  ) 

\  dx,  dx2  dx 3/ 

x  +  «i -»?i)JL  +  \ds 
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In  the  far  field, 


(5.5.17) 


Neglecting  terms  in  1  /r2  it  is  seen  that, 


JL  c‘>r  ~  ikeikK  cos  0i 

dx,  r  R 


(5.5.18) 


As  a  general  rule,  in  the  far  field 

0«+7  +  J?  pikr 

dx‘  dx{  dx\  r 


.  ~  cos  0;  cos  9{  cos  0j  e‘‘ 


(5.5.19) 


Now,  restricting  ourselves  to  the  far  field  we  represent  the  field  from  a  source  of  “equivalent 
diameter”  a  by  the  formula 

4nV(*)x_£^L[-Ko 


+  ika  2!  K, 


ij  cos  6j 


+  (ika)2  X  Kijk  cos  0,  cos  0* 
j.k 


(5.5.20) 


in  which  the  K  symbols  (dimensions:  mV  sec)  have  the  form 

K0  =  f  Jv.  dS 
dn 

Ktj  =  f  f  (l  -  1j)  -  n  H il  dA 

la  dn  oj 

(4, -r]()  _  »?|  V  1  (4/-  *!»■)  (4*-q») 


These  equations  apply  to  the  far  field  only,  and  describe  the  far  field  from  an  arbitrary  source.  In  the 
near  field  conditions  are  much  more  complicated. 


W'.-  vV  vV,-  vV*.-  w  v 


--y-  .  .'vv'v'v 


,-v 
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DISCUSSION: 

The  symbol  K0  is  clearly  a  scalar  quantity.  All  the  subsequent  K  symbols  in  5.5.21  contain 
factors  in  (£,  -  r\f)/a  which  represent  angles  (see  the  analogous  formula  given  by  5.5.6,  above).  Hence 
they  are  components  of  a  tensor  of  rank  given  by  the  first  digit  of  the  subscript.  Each  term  in  5.5.20 
thus  represents  the  field  generated  by  individual  multipoles  into  which  the  surface  distributed  source 
has  been  decomposed.  In  particular  we  have 


the  monopole  field  -  K0 


the  dipole  field 
the  quadrupole  field 


/  ka  Z  K. 


cos  6, 


(ika)2  X  KVk  cos  8,  cos  6k 

j.  * 


etc. 


Except  for  Ka  all  the  K  symbols  are  not  unique  because  their  numerical  value  depends  on  the 
choice  of  reference  point  rj.  However  it  can  be  shown  that  for  a  particular  source  the  first  non¬ 
vanishing  K  symbol  in  5.5.20  is  independent  of  the  choice  of  17.  Eq.  5.5.20  is  convergent  for  all  values 
of  ka.  When  ka  <  1  the  rate  of  convergence  is  fast  and  the  lower  order  multipoles  determine  the  field. 
When  ka  is  large  the  number  of  multipoles  required  for  a  given  accuracy  may  tend  to  a  very  great 
number  and  the  higher  order  multipoles  may  determine  the  field.  The  numerical  calculation  of  the  K 
symbols  using  5.5.21  is  difficult.  However  when  ka  is  small  one  can  expand  in  an  ascending  power 
series  in  ka  with  coefficients  of  expansion  which  are  determinable  by  solving  potential  (rather  than 
wave)  type  of  problems.  Thus  for  small  ka  the  K  symbols  may  be  calculated  by  methods  of  potential 
theory. 


5.6.  NUMERICAL  CALCULATION  OF  ACOUSTIC  RADIATION  BY  SMALL  SOURCES 
LOCATED  IN  LARGE  BAFFLE 

The  radiation  of  a  scalar  field  by  a  multipole  has  been  described  in  the  previous  sections  for 
spatial  domain  which  are  essentially  free  field  (i.e. ,  the  baffle  effect  is  small).  When  the  multipole  is 
placed  on  or  near  a  curved  baffle  of  large  acoustic  size  the  radiation  issuing  from  it  is  strongly 
modified.  The  analysis  of  such  radiation  may  be  accomplished  using  the  methods  outlined  in 
Chapters  I,  II,  III.  These  standard  procedures  however  lead  to  solutions  in  terms  of  harmonic  series 
which  converge  with  such  extreme  slowness  as  to  require  thousands  of  terms.  Attempts  by 
mathematicians  to  improve  convergence  finally  proved  successful  in  the  work  of  Sommerfeld  [7]  and 
Watson  [8],  Both  of  these  authors  attacked  the  problem  of  finding  the  radiation  field  of  an 
electromagnetic  dipole  located  near  the  surface  of  the  earth.  To  improve  convergence  they  formed  a 
new  series  ( =  Sommerfeld- Watson  series)  obtained  by  contour  integration  in  the  complex  plane  and 
substituted  it  in  place  of  the  customary  harmonic  series.  A  few  terms  of  the  new  series  readily  yielded 
the  numerical  solution  of  their  problem.  Their  method  is  quite  general  and  applications  of  it  to  the 
problem  of  acoustic  radiation  are  presented  in  the  following  sections. 
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5.6a.  RADIATION  OF  SOUND  BY  A  SMALL  CIRCULAR  PISTON  IN  A  SPHERICAL  BAFFLE 

OF  LARGE  ka 

On  the  surface  of  an  acoustically  hard  sphere  (radius  a)  is  set  a  circular  piston  radius  a9() 
vibrating  with  a  velocity  and  generating  sound  waves  in  a  surrounding  fluid  medium  of 

characteristic  impedance  pc.  The  ratio  of  radius  a0o  to  the  wavelength  of  sound  (=  k)  is  much 
smaller  than  unity.  Under  these  conditions  the  radiation  field  pat  any  polar  point  r ,  9  (piston 
center  as  origin)  is  given  by  an  infinite  series  of  spherical  eigenfunctions  P„  (cos  9)  h„  (1)  (kr) 
which  are  products  of  the  Legendre  polynomials  P„  and  the  spherical  bessel  functions  hn.  The 
well-known  formula  formula  [9]  for  this  series  is 


P  ( r ,  8) 

(i/4)  QcVe do 


^  (2n  +  1)  P„  (cos  8)  hi"  (kr) 

n‘0  f  dhj"  (Z)~[ 

dZ  .  7  _ 


(5.6.1) 


Here  n  is  a  positive  integer  and  hence  P„  (cos  6)  is  continuous  for  all  values  of  0  <  6  <  n.  For  the 
acoustic  field  on  the  surface  r  =  a  the  series  on  the  right  converges  well  in  the  range  of  small  ka  (<  10) 
and  converges  poorly  when  ka  is  large,  requiring  at  least  n  ~2ka  terms.  In  the  latter  region 
convergence  can  be  improved  by  use  of  the  Sommerfeld-Watson  transformation. 

The  first  step  in  this  transformation  is  to  consider  the  right  side  of  5.6.1  to  be  the  residues 
of  a  contour  integral  J  dvA  (v)  in  the  complex  n  (  =  v)  plane  whose  integrand  A  (u)  contains 
(in  part)  the  general  form  shown  with  n  changed  to  v.  The  factor  P„  (cos  0)  then  becomes,  for 
v  not  integer,  a  hypergeometric  function  F,  defined  by 


Pv  (cos  6)  =  Ft 


v,  v  +  1 ;  1 ;  1  cos  A 
2 


(5.6.2) 


Hypergeometric  functions  of  non-integral  order  are  singular  when  the  fourth  (and  last) 
parameter  in  the  parenthesis  of  5.6.2  is  unity.  In  the  physical  problem  in  question  we  require 
this  singular  point  to  coincide  with  the  piston  center  at  9  =  0.  Hence  the  appropriate  form  of 
the  complex  eigenfunction  when  n  is  replaced  by  v  is  Pv(-  cos  9)hv  (kr)  which  is  singular  at  9 
=  0  and  regular  at  9  =  7r.  Noting  that 


P„  (cos  6)  =  ( -  1 )"  P„  ( -  cos  9) 


it  is  seen  that  the  residue  series  to  be  transformed  has  the  more  appropriate  form 


,  (2n  +  1 )  ( -  /)"  P„  ( -  cos  9)  h„  (kr)  /h'„  (ka) 


(5.6.3) 


.  .v's-'-v  v-v ; 
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The  sequence  (-1)"  is  recognized  as  the  residue  contribution  of  the  poles  of  1/sin  vn  if  the 
contour  of  integration  in  the  complex  v  -  plane  encloses  the  entire  positive  real  axis  on  which  the 
poles  are  located.  Selection  of  a  clockwise  direction  of  integration  and  including  a  divisor  of  2 ni  show 
that  the  desired  integral  takes  on  the  form, 


U=  -  J  2v+  1  P,f-  cos  fit  kv  (*')  dv 
c  2 i  sin  vn  hi  ( ka ) 


(5.6.4) 


Fig.  5.6.1.  Contour  of  integration  in  the  complex-v  plane. 


The  residue  series  of  5.6. 1  is  contained  in  the 
integral  5.6.4  if  C  is  closed  at  v  -*•  +  °°.  The 
second  step  in  the  Sommerfeld-Watson 
transformation  is  to  open  the  contour  C  (which 
does  not  change  the  value  of  U)  and  make  it  part 
of  a  larger  contour  with  the  objective  of  finding  an 
alternate  residue  series  that  converges  more 
rapidly  for  large  ka  than  5.6.1.  The  new  contour, 
shown  in  Fig.  5.6.1  consists  of  the  original 
contour  C  reversed  to  counterclockwise  direction 
(hence  designated  -C),  plus  the  contour  B 
running  along  the  imaginary  axis,  plus  a  contour 
D  surrounding  (but  not  closed  about)  all  the  poles 
of  hv'  (ka)  =  0,  which  are  located  in  the  first 
quadrant.  Since  the  new  contour  encloses  no  poles 
the  total  line  integral  along  its  path  must  vanish. 
Hence, 


J.  +  ■/»  /<■ 


(5.6.5) 


provided  the  contributions  of  all  dotted  contours  at  infinity  can  be  shown  to  vanish,  which  is  done  by 
reference  [7],  Now  if  the  integrand  of  5.6.4  were  an  odd  function  of  the  subscripts  then  the 
integration  along  the  imaginary  axis  (=  J B)  would  also  vanish.  This  condition  on  the  subscripts  can 
be  achieved  by  change  of  variable  v  -*  s  —  1/2.  The  integral  of  5.6.4  then  has  the  new  form, 


■  1/2  (-  cos  8)  hs_  i/2  (kr) 
K- 1/2  (ka) 


(5.6.6) 


Writing  the  hypergeometric  function  as 


P,~  i  ( -  cos 8)  =  F (  J_-s,  _L  +  s;l;_L  +  _L cos 8  \ 
T  V  2  2  2  2  / 


(5.6.7) 


''•'.■•'S'! W 
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it  is  easily  demonstrated  that  changing  s  to  -s  does  not  alter  the  value  of  F,  i.  e.,  F  is  an  even 
function  of  s.  The  ratios  of  spherical  bessel  functions  are  also  even  in  view  of  the  fact  that  they  are 
essentially  cylindrical  Hankel  functions  Hp  ( x )  of  half  order  and  that  H.p  (x)  =  e‘pn  Hp  ( x ).  The 
remaining  factor  s/ cos  sir  is  clearly  odd  hence  the  integrand  is  an  odd  function  of  s  and  the  integral 
of  5.6.6  along  B  vanishes.  To  evaluate  the  integral  along  D  we  close  the  contour  at  infinity  and  sum 
the  residues  at  the  roots  vm  of  h'v  -  1/2  (ka)  =  0,  replacing  s  by  the  dummy  variable  v  for 
convenience  of  literature  reference.  Using  5.6.5  and  the  above  conclusions  concerning  the  contour 
integration  we  arrive  at  the  result  that  the  U  of  5.6.4  is  representable  by  the  new  series 


U  = 


In  I 


v  Pv  -  J_  (  -  cos  6)  hv  -  J_  (At) 


cos  vn 


^3 K-i  (Ara)  j 
3  v 


v  =  v„ 


(5.6.8) 


The  roots  vm  are  located  in  the  first  quadrant  of  the  v  plane  and  are  complex  numbers  which 
monotonically  increase  in  both  imaginary  and  real  parts  as  ka  increases.  For  large  ka  Sommerfeld 
[10]  has  shown  that 


vm  ~  ka 


±(4  m+  l)3  / 

2  V  4  ka) 


(5.6.9) 


In  this  range  of  ka  the  hypergeometric  function  can  be  approximated  [11]  by  writing 


Pv 


2 


( -  cos  6)  = 


£  -  j  v  (it  -  0)  +  in/ 4 

'Z  2 n  (v  -  y)  sin  Q 


(5.6.10) 


Similarly  for  large  |v„|  one  can  write 


cos  vmn  =  e~'v-’,/2 


Asymptotic  forms  for  the  ratio  hv/(dhv/dv)  are  also  given  by  Sommerfeld  who  finds  that 

lim  _ hi _ =  hv  -  1 

ka-*00  -JL.[hv  +  ka  hv]  ka  3  [/i ka  a2 
dv  dv 


in  which 
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Noting  from  the  formulas  for  v„  in  5.6.9  that 


2_  _l_ 

R.  =  ka  +  0.443  (4m  +  l)3  (ka) 3 

2_  J_ 

[  =  v^T (0.443)  (4m  +  l)3  (ka) 3 


(5.6.11a) 


(5.6.11b) 


it  is  easily  computed  that  for  large  ka 


hv  _  1 

-d-(h'v)  IT* 

dv 


1-  m2 
(ka)  3  e  3 

1.772  (4m  +  1)2/3 


(5.6.11c) 


Collecting  all  numerical  coefficients  in  the  large  ka  approximation  to  5.6.8  and  allowing  |  v„|  = 
ka  it  is  seen  that  the  ka  dependence  of  the  surface  pressure  is  (ka)1'6  with  an  associated  magnitude 
multiplier  of  s/Hir  / 1.772.  The  phase  of  p(a,  8)  on  the  surface  independent  of  8  may  be  found  by 
transferring  the  term  i/4  to  the  right-hand  side  of  5.6.1  and  summing  all  contributions  of  constant 
exponentials.  This  is  exp  [2n//3  +  irt/4  +  i'n/2]  which  is  exp  (17ni/12)  or  exp  (-7ni/12).  The 
phase  of  p(a,  8)  which  is  dependent  on  angle  8  is  found  directly  from  5.6.11a,  5.6.11b).  Dividing  by 
the  factor  4(transferred  with  i/4)  it  is  concluded  that 


e)  =  0.707  QC  V8j  (ka)  6  2  g-Q.?67  (4m  +  1)  3  (to)  »  glK 


(sin  8)  (4m  +1) 


(5.6.12 


where 


K  =  z2jl 
12 


1  +  0.443  (4m  +  1) 3  (ka)  3  8-wl 


(5.6.13) 


This  formula  derived  by  Junger  [12],  shows  the  surface  pressure  for  large  ka  to  be  a  superposi¬ 
tion  of  damped  oscillatory  waves  radiating  from  the  source  at  8  =  0  and  traversing  the  sphere  in  a 
positive  8  direction  directly  into  the  “shadow  region”.  The  rate  of  damping  increases  strongly  with 
the  order  m  of  the  root  v„  and  with  the  magnitude  of  ka.  For  large  ka  only  a  few  terms  in  the  series  of 
12  are  needed  to  insure  convergence.  From  13  it  is  seen  that  curves  of  constant  phase  travel  through 
space  in  accordance  with  relation  d\m/dt  =  0.  Writing 


»*2oS5»S®s 

tus 
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in  which  c,  is  the  trace  velocity  of  the  wave  regarded  as  a  moving  point  on  a  meridian  circle  it  is  found 
directly  that 

V;  -  ck  _ £ _ _  (5.6.15) 

/  \  |  +  0.443  (4 m  +  1) 1 

V  dae  )  2 

(ka)  ' 

Thus  for  a  sphere  of  large  ka  the  trace  velocity  of  the  diffracted  waves  is  always  less  than  the  free 
space  sound  velocity  C  =  co/k. 

DISCUSSION 

The  presence  of  (sin  0)_  1/2  in  5.6.11a  indicates  infinite  (/.  e.,  non-physical)  amplitudes  at  0  =  0 
and  9  =  n.  The  infinity  at  0  =  tt  may  be  removed  by  use  of  less  restrictive  ka  approximations.  The 
infinity  at  0  =  0  is  an  essential  feature  of  the  method  since  it  indicates  the  presence  of  a  source  ( = 
singular  point  in  the  field).  Close  to  this  singular  point  and  in  the  range  0  <  0  <  90°  the  convergence 
of  5.6.11a  is  poor.  In  contrast  5.6.11a  converges  well  in  the  region  90°  <  0  <  180°  for  small  circular 
piston  radiators.  In  regions  of  poor  convergence  Junger  [12]  suggests  using  the  Kirchoff 
approximation  (=  geometric  acoustics  approximation)  which  ignores  the  curvature  of  the  sphere.  In 
this  approximation  the  trace  velocity  is  that  of  free  space  ( =  C)  rather  than  the  lesser  magnitude  C,. 
Adoption  of  this  approximation  thus  leads  to  an  error  in  phase  of  the  computed  wave,  particularly 
increasing  as  0  increases.  In  the  range  0  <  0  <  90°  the  wave  travels  a  longer  path  on  a  sphere  than  on 
the  projected  plane  so  that  the  amplitude  loss  of  the  wave  is  greater  in  the  actual  case  (a  sphere)  than 
in  the  approximation  case  (by  geometric  acoustics).  However  in  the  range  90°  <  0  <  180°  the  wave 
travelling  over  the  sphere  comes  to  a  focus  at  180°,  indicating  a  rising  pressure  as  the  point  0  =  tt  is 
approached.  This  of  course  is  not  predicted  by  the  Kirchoff  approximation.  The  approximation  that 
baffle  curvature  may  be  neglected  in  computing  the  acoustic  radiation  on  and  near  small  pistons  in 
large  ka  baffles  is  confirmed  by  Greenspon  and  Sherman  [13]  who  found  that  for  separation  of 
pistons  on  a  cylinder  as  far  as  1.5A  the  mutual  impedance  is  independent  of  piston  location  (i.  e., 
circumferential  or  axial).  It  is  noted  finally  that  the  reduction  in  amplitude  of  pressure  in  the 
“shadow  region”  is  exponential  rather  than  spherical,  and  that  the  rate  of  decay  with  0  increases  with 
the  order  m  of  the  travelling  wave  (called  “creeping  wave”).  Computation  of  field  pressures  by 
Junger  [12]  using  the  Watson  transformation  shows  values  closely  approximating  those  of 
(checkable)  harmonic  series  even  for  distances  as  near  as  1A  from  the  source,  provided  the  baffle  size 
is  large. 

The  previous  analysis  leading  to  5.6.12  gives  the  pressure  at  angle  0  arising  from  the  generated 
wave  traveling  in  the  positive  0  direction.  There  is  an  additional  pressure  at  angle  0  due  to  the  wave 
traveling  in  the  negative  0  direction.  This  may  be  accounted  for  by  replacing  5.6.10  with  the  new 
symmetrical  form, 


Pv  _  ( -  cos  0) 
2 


The  remaining  analysis  proceeds  along  the  course  already  given.  In  the  added  term  the  factor 
[sin  (2n  —  0) ] 1  /2  =  i  (sin  0)1/2,  showing  that  there  is  a  tt/2  phase  shift  as  the  negative  wave  passes 
through  the  point  0  =  tt  which  is  a  focal  point  of  creeping  waves. 


(5.6.16) 


P'r-ijV 


(sin  0) : 


sin  (2tt  -  0) : 


214 


5  .6  Numerical  Calculation  of  Acoustic  Radiation  of  Small  Sources 


5.6b.  RADIATION  FROM  AN  INFINITE  STRIP  IN  A  CYLINDER  OF  LARGE  DIAMETER 

On  a  infinite  cylinder  of  large  diameter  is  located  an  infinite  vibrating  strip  of  angular  size 
-  90  <  9  <  +  90.  The  normal  velocity  over  the  strip  is  Ve~lu>'  and  is  zero  elsewhere.  The 
pressure  field  at  point  (r,  9)  in  the  medium  outside  the  cylinder  where  the  sonic  velocity  is  c 
can  be  expressed  as  a  sum  of  cylindrical  multipoles  with  coefficients  A„ , 


p  =  Z  A„  cos(/i0)  Hi,"  (kr) 

n 


(5.6.17) 


The  surface  velocity  magnitude  |  v|  can  be  expanded  in  a  Fourier  cosine  series 


|  v  |  =  ^  80  Z  (  s‘n  n®° )  cos (nQ) 
n  «=°  V  n6 o  / 

60  =  1,  En*o  =  2 


(5.6.18) 


Since  the  normal  surface  velocity  is  related  to  the  gradient  of  pressure  by 


v  =  1  dP 

ikgc  d  r 


it  is  then  seen  that  the  surface  pressure p(Q)  may  be  obtained  by  combining  5.6.17  and  5.6.18  for  r  = 
a.  The  result  is, 


oo 

p(6)  =  <ec  Ve  9.  Z 

71 


G„  H*X)  ( ka >  sin  (”go>  cos  nd 
(ka)  (nd0) 


(5.6.19) 


This  is  called  the  “wave  harmonic”  or  cylindrical  multipole  series  for  frequency  w. 

As  indicated  in  Sect.  5.6a  harmonic  series  which  are  applicable  to  radiation  and  scattering 
problems  converge  poorly  when  ka  is  large  (i.  e.,  ka  >  10).  To  improve  convergence  in  this  range  of 
ka  the  harmonic  series  is  converted  by  a  Sommerfeld-Watson  transformation  to  residue  series  of  a 
contour  integral  for  which  often  one  or  two  terms  are  sufficient  to  yield  the  desired  answer.  The 
application  of  such  a  transformation  to  cylindrical  radio  wave  radiation  was  completed  by  Sensiper 
(14). 


The  first  step  in  the  transformation  is  to  represent  5.6.19  in  the  form  of  a  contour  integral  in  the 
complex  n  (  =  v)  plane.  The  range  of  n  is  initially  increased  to  cover  -  °°  to  +  °°  by  noting  that  since 


=  e U) 
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one  may  write 


Hi"(ka)  =  e~inn  HI"  e '"<»  +  eM  Hi" 

Hi"'  (ka)  2  e-in'Hll'J  2  Hi,"' 


so  that  5.6.19  takes  on  the  new  form, 


nirn  =  ‘QcVOo  y  Hi"  (ka) 
jl  n=-oo  TTiiTTI^T 


(5.6.20) 


for  the  case  sin  n  6„~  n90. 


Now  5.6.20  can  be  considered  a  sum  of 
residues  of  a  contour  integral  /  in  the  complex  v 
plane.  The  appropriate  form  of  I  is  given  by 

/=  X  A  (v)  dv 

sin  vn 


in  which  the  contour  c  encloses  the  real  axis  in  a 
clockwise  contour  (Fig.  5.6.2)  and  A(v )  has  no 
singularities  within  C. 


Fig.  5.6.2  Contour  of  integration  of  integral  I. 


Applying  the  theory  of  residues  one  obtains. 


/  =  -  2ni  Z  A  <v>  | 

d  (sin  vn)  I 
dv  (  v  =  n 


(5.6.21) 


=  -2/ 


Comparing  5.6.20  and  5.6.21  it  is  seen  that 


ein”  A  ( n ) 


p(B)  =  ‘<icVeo  (  1  ^  X  //»’>  (ka)  e've e ~ l*m  dv 

n  \-2iJ  c  Hi"' (ka)  sin  vr 


(5.6.22) 


The  contour  C  is  next  reversed  to  a  counterclockwise  circuit  ( =  -  C),  opened  at  +  00  and  -  °° 
and  then  made  part  of  two  larger  contours  as  shown  in  Fig.  5.6.8.  The  new  branches  C0  make  loops 


v  %  " .  *\  • . 

*.  v*'  o  .  * .  ?  •  •  ,v, 


around  the  poles  of  A(v)  in  the  first  and  third 
quadrants.  The  poles  of  A(v)  are  the  zeros  vm,  m 
=  0,  1, 2  ...  which  satisfy  the  relation  Hvm(  1)'  (ka) 
=  0.  If  vm  is  a  zero  then  -  vm  is  also  a  zero  as  may 
be  seen  from  the  Hankel  function  formula  of  the 
simple  connection  between  Hv  and  The 

closures  at  infinity  can  be  shown  [15]  to  add 
nothing  to  the  value  of  the  line  integral.  Since  the 
new  contours  enclose  no  poles  the  integrals  along 
their  course  vanish.  Hence,  for  each  contour 


Fig.  5.6.3.  Modification  of  the  contour  of  Fig.  5.6.2. 
Eq.  5.6.22  thus  transforms  to, 


p(0)  =  i?-cV.6. 2_(— n)  Z 


H'"m  (ka) 


li 


L  § c 


Hj"(ka) 

dHj"'  (ka)  sin  vmn 
3  v  J  v  =  vm 


£  -  ivm  (0  -  it) 


(5.6.23) 


T  3 Hi"'  (A:a)1  -  sin  v"n 

L  3  v  J  v-  -  vm 


Recalling  that 


Hi"  (z)  =  le 1 

sin  vn 


[  g-ivn/2  J'  (Z)  _  givn/2  y_'  (z)  I 


and  that  Hv(l)'  {ka)  =  Oatv  =  vm,  it  is  seen  that  of  the  three  terms  in  the  derivative  (3///  3  v)  taken 
at  v  =  v.  only  one  term  survives,  so  that 

3  Hj"'  ( ka )  1  =  ie~iv-n/2 
dv  sin  v„n 


x  J_|L[e-'vn/2  J'Vm(ka)  -  e~ivn/2 


Now  the  procedure  of  replacing  v„  by  -  vm  changes  the  value  of  the  bracketed  quantity  by  a  negative 
sign.  Using  once  again  the  relation 


Hi"  ( ke )  =  e-iv”H'"vJkQ ) 


m 


■ 


I 


>  -  **.'  .*•  >  .*•  . 

*  *  • » ~  -  *■<  •  *  •  * .  ■ . 

■  v  ■  .S- 
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it  is  seen  that  the  two  terms  in  5.6.23  can  be  combined  to  give  the  result  that, 


p(8)  =  jgfj^g  p-iut 


|(-  2n)  Z 

]  m  =  0 


-  HI"  ( ka )  cos  vm  (8  -  tr) 


d  W"’  (ka) 

L  dv  J  v  =  vm 


The  series  in  5.6.24  is  over  positive  roots  vm  only  and  is  thus  suitable  for  computation.  However 
the  waves  emanating  from  the  vibrating  strip  travel  in  both  the  positive  and  negative  0  direction.  To 
show  the  presence  of  these  negative  waves  the  last  factor  in  5.6.24  may  be  written  in  the  form, 


cos  vm  (n  -  0)  _  e~ iv  ~  0) 
sin  v„  n  2  sin  vn 

giv  (n  -  8) 

2  sin  vn 


(5.6.25a) 


The  factor  (1/sin  vn)  may  be  expanded  in  two  ways: 


J _  =  -2/  2!  eivni\  +  2q ) 


=  2/  Z  e~ivn{l+2q) 


(5.6.25b) 


(5.6.25c) 


Inserting  5.6.25b  in  the  first  term  of  5.6.25a  and  5.6.25c  in  the  second  term  one  obtains  the  result  that 


oo 

COS  V  (n  —  0)  I  _  _  j  ^  |  g -iv  (0  +  2n q)  I 


(5.6.25d) 


4.  giv(9  +  2nq)  I 
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^1 
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«  -  *  • 


Thus,  for  each  value  of  w  there  are  two  waves,  one  circumnavigating  the  cylinder  in  the  positive 
direction  q  times,  and  one  in  the  negative  direction  q  times.  Since  v„,  =  v,  +  iv2  these  creeping  waves 
decay  exponentially  in  amplitude  as  |0|  increases.  The  rate  of  decay  increases  with  the  order  m  of  the 
root.  For  large  ka  the  series  given  by  5.6.24  converges  rapidly  since  the  first  root  v„  is  of  the  order  of 
ka.  One  term  is  often  sufficient  to  give  a  very  accurate  value  of  the  pressure  at  angle  9. 

For  finite  width  strips  we  reinsert  sin  nd0/n60  =  j0  (v0o)  inside  the  summation  sign  of  5.6.24. 
Writing  v  =  v,  +  iv2  it  is  seen  that 


where 


jo(vdo)  =  \j0(vQ)\eia 


Uo  (v0o)  | 2  =  s‘ni  cos  +  cos2  v,  60  sin  h2  i/j  Q 

vf  +  v| 


a  =  tan 


i  I  tan  h  v2  d„  \ 
\  tan  v,  do  J 


-  tan-1  _i 


(5.6.26a) 


(5.6.26b) 


(5.6.26c) 


To  find  explicit  forms  of  5.6.24  it  is  necessary  to  express  the  ratio  of  Hankel  functions  as 
complex  numbers  having  magnitude  and  phase.  Following  Sensipcr  [14]  one  can  write  for  the 
condition  ka  large  that 

v"  =  1  -  +  ... 
ka  2 


dv~  =  1  -  JLdi 


where 


6„=  (  3v„  \  ye  ,n/3 


and  r„  is  the  solution  of  J2/}  (r)  -  J  21  (r)  =  0. 

By  using  the  differential  equation  for  cylinder  functions  Sensiper  shows  that 


Hv  (ka) 


dvm\d(ka) 


’dH'v  (ka)  j  _  ,  v„  v, 
3  v  „  _  v  V  ka  ) 
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Hence,  retaining  terms  in  6 2  only  one  arrives  at 


HVm  ( ka )  (ka) 3  e2,n  - 

dHi  (ka)  1  Orm)2/i 


(5.6.27) 


'  dH'v  (ka)  ' 
dv  J  v  = 


Junger  [12]  designates  (3 r„)2  1  by  the  symbols  4 Cm  for  the  purpose  of  facilitating  use  of 
published  values  of  roots  vm  by  Franz  [16].  The  first  few  numerical  values  of  Cm  are 

Co  =  0.4043,  C,  =  1.2920,  C1  =  1.9130,  C,  =  2.4461 

For  calculation  we  may  set  q  =  0  in  5.6.25d  because  of  the  rapid  attenuation  of  the  creeping 
waves.  Considering  only  the  positive  values  v  =  vm  because  of  symmetry  in  polar  angle  one 
substitutes  5.6.25d,  5.6.26a,  5.6.26b,  5.6.27  into  5.6.24  obtain 


where 


(a)p(9)  =  qc  VQo(ka) 3  ^  U°  (v-Qq)!  e  -  9  . e" 
m‘°  2  C„ 


(b)K  =  ~  -L"  +  a„  +  Re  {v„}  G  -  cut 
3 


(5.6.28) 


This  equation  was  derived  by  Junger  [12], 

The  constant  -  1/3  n  arises  because  of  a  residual  negative  sign.  In  the  region  of  the  image  strip 
(i.  e.,  at  and  near  0  =  n)  there  is  interference  between  the  waves  circumnavigating  in  positive  6  and  in 
negative  0.  To  account  for  the  latter  one  adds  to  additional  terms  by  allowing  the  polar  angle  to  be  2n 
-  0  instead  of  0.  Usually  one  such  added  term  is  sufficient.  Outside  the  interference  region  (i.  e., 
width  of  the  image  strip)  such  additional  terms  are  not  needed. 

Convergence  of  the  series  in  5.6.28  will  clearly  be  poor  in  the  small  region  over  the  radiating 
strip.  For  this  region  Junger  suggests  using  the  following  formula  for  a  strip  set  in  an  infinite  plane 
baffle 


p(9 )  =  yecK  {G[£cr(0  +  0O)  ±  Oka  (9  -  0„)} 


(5.6.29) 


in  which 


G  =  J*Q  H0(\)dx  =  x//0(x)  +  ~  x 


x  lH,(x)H0(x)  -  // 1 ( x ) A/0 ( x ) ] 


where  H„  is  the  Struve  function. 
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The  plus  sign  refers  to  values  of  0  in  the  cone  -  60  <  6  <  +  0O,  and  the  minus  sign  refers  to 
values  of  0  outside  this  cone.  Thus  by  use  of  5.6.28,  5.6.29  one  may  calculate  the  complete  pressure 
field  over  the  entire  surface  of  the  cylinder,  including  the  region  directly  on  and  adjacent  to  the  strip 
at  0  =  0°,  and  at  the  antipodal  image  strip  at  0  =  180°.  The  formulas  recorded  in  this  section 
however  are  best  suited  to  cylinders  of  large  acoustic  size,  say  ka  >  20,  although  good  approximations 
are  obtained  by  them  in  the  range  ka  ^  3. 


5.6c.  RADIATION  FROM  A  RECTANGULAR  PISTON  SET  IN  AN  INFINITE  CYLINDER  OF 

LARGE  DIAMETER 

On  a  rigid  cylinder  radius  a  of  infinite  length  is  set  a  rectangular  piston  of  axial  length  2 z0  and 
circumferential  width  2 ad0.  The  piston  moves  with  a  velocity  Ve_,“'  and  radiates  sound  into  an 
infinite  medium  of  characteristic  impedance  pc.  The  acoustic  size  ka  of  the  cylinder  is  assumed  to  be 
very  large  relative  to  the  wavelength  A  =  2nc/ta  of  radiation  while  the  piston  itself  is  assumed  to  be 
small  relative  to  this  A.  The  acoustic  field  p(r,  0,  z)  may  be  constructed  of  standing  waves  in  the 
0-direction  and  travelling  waves  in  the  radial  r-direction  and  the  axial  z-direction.  In  the  0-direction 
the  field  is  periodic,  while  in  the  z-direction  the  field  is  non-periodic.  Introducing  the  Fourier  integral 
for  the  field  in  the  non-periodic  direction  we  can  describe  the  acoustic  pressure  at  any  point  r,  0,  z  as 


P  (r,  0,  z)  = 


2n 


fp(r,  0,  k,)eikAz*z)dz' 


(5.6.30) 


where  p  ( r ,  0,  k,)  is  the  periodic  field  in  the  0-direction  and  is  given  by 


(a)  p  ( r ,  0,  k.)  =  X  E„A„  cos  nO  Hi,"  ( krr ) 

n  =  0 


(5.6.31) 

(b)  kr  =  \/  k2  -  k] 


When  r  =  a  and  z  =  0  it  is  required  that  the  normal  particle  velocity  u,  over  the  piston  be  Now 


u,  =  1  AJL(r,e,k,) 

ikQC  dr 


J  €„  kr  A„  cos  nd 

n  0  ikQC 


dH„  (x)  ~ 

dx  J  .v  =  k,a 


(5.6.32) 
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Expanding  the  known  value  of  |wr|  in  the  Fourier  series, 

oo 

(a)  |«r|  r=a  = - -  2.  €-  jAn6u)  cos  n6 

z  =  0  "  -=° 

( b )  j0  (at)  =  sin  x/x 


(5.6.33) 


5.6.32  and  5.6.33a  are  equated  to  find  the  value  of  expansion  constants  A„.  This  result  reduces 
5.6.31a  to  the  form 


p  (r,  9,  kt)  =  5!  6„  y&o  ikQC  j0  (n90)  cos  nQ  //<•>  (£/) 
"=0  n  kr  H'„  (kr  a) 


(5.6.34) 


Since  this  is  independent  of  z  we  may  next  evaluate 


J  e~  '*■*'  c(z'  =  2 /  s‘n  ^  Z°  \ 
'  R  z  z0  / 


The  final  form  of  5.6.30  as  restricted  to  the  surface  pressure  is  thus 


p(a,e,z)=  ipcVika  I  e.  j0(n8„)cosnO 


x  f +  °° Jo  (***<>)  *‘*-z  M"  [(k!-k!)'  ;a]  dk 
■“  J  k'-ki  H'"' [(k'-klY'-a) 


(5.6.35) 


As  indicated  in  Sec.  5.6a  the  convergence  of  this  “harmonic”  series  is  also  poor  when  ka  is 
large  and  so,  by  a  suitable  SommerfciJ-Watson  transformation,  a  new  series  may  be  evolved  which 
converges  more  rapidly  in  the  desired  range.  Following  the  procedure  of  Sect.  5.6.28  and  noting  in 
particular  that  5.6.27  becomes  transformed  to 


Hv_  ( k,a )  ~  (k;  -  kl) 3  a  3  e2m/i 

d  Hi  (k,a)  1  (3r„,);i 


(5.6.36) 


dH'vlkra)  ~ 

dv  -I  V  =  V„ 


it  is  easily  deduced  that  the  appropriate  Sommerfeld-Watson  series  is  the  same  as  given  by  5.6.28  with 
the  argument  of  the  Hankel  functions  changed  from  ka  to  a  \J  kl  -  k!  Thus 


5.6  Numerical  Calculation  of  Acoustic  Radiation  of  Small  Sources 


(a) p  (a,  0,  z)  =  qc  V80  ( ka )  (z0/a)a  3  e  +  "  31 


X  lj°  <l/’"  e°'>  1  (z>  eh 


2c„ 


(5.6.37) 


in  which 


;  + 00  . 

°(k‘Zo)  e-  $ 
(k1  -  kl) 1 


K(.v)6]  |*,c  +  K.  {v.  (.1)  0  1 1  tff. 


and 


(c)x  =  a\ /  -  Ar? 


The  numerical  values  of  am  are  found  in  ref.  [12].  In  this  reference  the  author  has  evaluated  the 
integral  lm  (z,  0)  by  the  method  of  stationary  phase  which  is  applicable  when  ka  is  large.  Designating 
the  helix  angle  v  to  be  tan'1  ( a8/z )  he  finds  that  the  acoustic  pressure  at  any  point  of  the  surface 
excepting  near  the  piston  ( 6  =  0)  and  near  its  image  (0  =  180°)  to  be  given  by 

j_ 

p(y  0)  _  qc  V  0q  (ka  sin  y) 6  tan  y  sin  (kz0  cos  y) 

(2tt0)|/2 


X  2^  I  Vo  (Vm  0o)  j  g -a. (*esin /)’  1  0 +  !$_<)>,  0) 

m  -  0  Cm 


(5.6.38) 


where 


c pm  (y,  0)  =  -  7  n/I2  +  am  +  kad/ sin  v  +  c„  (kasin  v)1  1  0  -  tot 


The  constants  a„,  cm  are  used  to  define  the  exact  roots  v„  of  Hv  (x)  =  0.  These  together  with 
constants  br  and  dm,  appear  in 


[v.(jf)|  =  a„X'  -  +  b„X  11 
Re  [v„  (jc)]  =  X  +  cmX"  -  dmX  " 


Numerical  values  of  these  constants  may  be  found  in  ref.  [12]. 
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Pressure  calculations  generated  by  a  small  piston  on  a  large  cylinder  using  5.6.38  in  simplified 
form  have  been  made  by  [12)  using  sums  of  three  terms  m  =  0,  1 , 2  on  a  desk  calculator.  Comparison 
was  then  made  with  the  numerical  results  on  an  identical  problem  solved  by  the  wave  harmonic  series 
method  in  a  work  by  Greenspon  and  Sherman  (13).  The  piston  size  in  question  was  2 x 
2z0,  00  =  2.5°,  k:0  =  7r/2,  located  on  a  circular  cylindrical  baffle  ka  =  36.  Typical  compari¬ 
sons  of  normalized  pressure  amplitude  \p(9,  z  =  0)  1/pcT  are  given  below  for  angular  spacing 
9f  of  the  field  point  on  the  baffle  greater  than  3°. 


9,  (degrees) 


Comparison  of  Methods 


Harmonic  Series 

0.4109 

0.1478 

0.0538 


Sommerfeld-Watson  Ser. 

0.410 

0.150 

0.0545 


The  agreement  is  good.  Comparisons  of  phase  angle  calculated  by  the  two  methods  also  agree 
to  within  a  few  degrees.  Pressure  distribution  adjacent  to  and  directly  over  the  piston  must  be 
calculated  by  other  means,  e.  g.,  the  Kirchhoff  formulas  for  a  piston  in  an  infinite  baffle.  The 
numerical  advantage  of  the  Watson  procedure,  evident  here,  must  however  be  weighed  against  the 
serious  difficulty  of  finding  the  roots  v„  which,  though  relatively  simple  in  the  above  case,  may  prove 
extremely  tedious  for  other  geometries  and  other  surface  impedance  conditions. 

5.7  MULTIPOLE  EXPANSIONS  AND  PLANE  WAVE  REPRESENTATIONS 


A  volume  source  of  velocity  potential,  q(r0)  exp (-/&>/)  (units,  s  '),  which  vanishes  outside  a 
radius  |r|  =  /?,  radiates  a  monochromatic  field  < i»(r)  in  infinite  free  space: 


l'„,«  ?(ro) 


(5.7.1) 


(see  Eq.  (1.7.8).  Using  Weyl’s  expansion  one  substitutes  4.4.1  and  interchanges  the  order  of  integration 
to  get. 


ili(r)  =  f  d/3  f  da  sin  a  q  (K)e'K  'r 
2n  J -*  */c± 


(5.7.2) 


*(*)“/ 


q(r0)e  r°d3r0 


(5.7.3) 


s  =  /  sin  a  cos  /3  +  j  sin  a  sin  0  +  k  cos  a .  K  =  ks 


(5.7.4) 


Here  C*  are  contours  of  integration  shown  in  Fig.  5.7.1.  Contour  C  is  used  when  z  >  R  and  contour 
C~  when  z  <  R.  Eq.  5.7.2  defines  the  angular  spectrum  of  plane  waves.  Eq.  5.7.3  appears  to  be  a  Fourier 
transform  in  the  conjugate  variables  K  and  r0.  As  such,  K  must  be  real.  But  q(ra)  is  finite  and  continu¬ 
ous  hence  g(K)  itself  is  the  boundary  value  (taken  on  the  real  Kx,  Kv,  K:  axis)  of  an  entire  analytic 
function  in  3-D  complex  K  space  [17].  Thus  K  in  5.7.2  takes  on  real  and  complex  values  along  contours 
C± ,  that  is,  variable  a  =  Rea  +  ilma  in  the  unit  vector  s.  To  generate  a  multiple  expansion  of  the 
acoustic  wavefield  one  next  expands  the  spectral  amplitudes  q(K)  into  a  series  of  spherical  harmonics 
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lrr\8 


Red 


Fig  5.7.1.  Definition  of  contours  of  integration  C+  and  C 

?(*)  =  £  t  (-i)‘aml  Yml(a.p)  (5.7.5) 

1-0  m — ( 

where  the  coefficients  am/  (called  multipole  moments)  have  the  form, 

Omt  “  i1  f  dp  f  da  sin  a  q(K)  K*/  (a,  p)  (5.7.6) 

•f  -n  0 

Here  only  real  values  of  a  are  used.  Once  the  set  amt  is  found  Eq.  5.7.5  can  be  shown  to  be  valid  also  for 
complex  values  of  a  all  along  the  contours  C1. 

Substitutions  of  5.7.3  into  5.7.6  and  rearrangement  of  terms  lead  to  a  formula  of  a„,  in  terms  of 
the  volume  source  q(r0), 

°-"'“47r  X0«*  <?<'-oM;,(ro)rfVo  (5.7.7) 

where 

A  ;,(/■„)  =  (i)'-r-  f*  dp  f"  da  sin  a  Yml(a.  pie'**  '  (5.7.8) 

4tt  u  ~n  u  0 

Assuming  all  the  a„,  are  found  one  can  substitute  5.7.5  into  5.7.2,  interchange  the  order  of  integration 
and  summation,  and  arrive  at  a  formula  for  the  velocity  potential  field  at  field  point  r : 

>li(r)  =  *  L  Z  °m/nm((r)  (5.7.9) 

1-0  t—m 

nm/(r)  -  (-/■)'  f"  dp  f  da  sin  a  Ymt{a,  p)elks  r  (5.7.10) 

By  performing  the  integration  it  can  be  shown  [18]  that, 

nn,(r)  -  h,'"U kr)Yml(9,  <b)  (5.7.11) 

in  which  r,  fl,  <f>  are  the  spherical  polar  coordinates  of  vector  rand  A/1’  is  spherical  Hankel  function  of 
the  first  kind.  Formula  5.7.9  is  the  multipole  expansion  of  t li(r)  in  terms  of  the  multipole  moments  am, 
which  depend  on  the  volume  source  through  5.7.7  and  5.7.8. 

In  the  farfield,  in  direction  u  —  r/|r|,  the  approximation  |r  -  r0l  —  r  -  r„,  u  is  substituted  into 
5.7.1,  and  5.7.3  is  used  to  give, 

ilt(ru)  —  q(K)t<-ku  ~~  (5.7.12) 


tt/2 
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It  is  seen  that  q(K)  is  the  radiation  pattern  of  the  farfield  radiated  by  the  source  q(r0)  and  q(Ku)  is  the 
complex  amplitude  of  a  simple  plane  wave  propagating  in  direction  u.  Thus  along  contours  C*  the  only 
unit  vectors  that  contribute  to  the  farfield  are  those  that  are  real ,  that  is,  only  that  portion  of  the  contours 
which  lie  along  the  real  axis  of  a.  The  contributions  of  the  unit  vectors  along  the  complex  part  of  C1 
yield  evanescent  waves  which  die  out  before  reaching  the  farfield.  The  contributions  of  all  real  plane 
waves  traveling  in  directions  other  than  u  cancel  each  other  by  destructive  phase  interference  [19], 


In  terms  of  multipole  moments  ami  given  by  5.7.7,  the  farfield  may  be  expressed  as  a  summation  of 
spherical  harmonics: 

I l>(ku)  ~  — —  X  £  Fm/(0,  <£)  (kr  —  °°).  (5.7.13) 

r  1-0  m — / 


When  the  source  q(ro)  is  localized  in  an  area  o-R  the  vector  r0  is  two-dimensional  (2D).  The 
transform  q(K)  becomes  2-D  also  and  appears  as  q(KT)  thus  the  farfield  directorate  function  becomes  the 
2-D  (or  transverse)  transform  of  the  "aperture"  distribution  across  the  surface.  The  magnitude  of  KT  is 
seen  by  5.7.4  to  be, 

\KT\-k  =  w/c  (5.7.14) 

If  q(KT)  vanishes  for  all  components  of  KT  which  satisfy  5.7.14  then  the  source  density  q(r0)  generates 
only  evanescent  (nonradiating)  waves.  This  means  that  a  (possibly)  complicated  nearfield  can  exist 
without  any  real  radiation  getting  into  the  farfield  [20].  It  is  then  seen  that  all  the  multipole  moments  am/ 
associated  with  the  source  q(r0)  also  vanish. 

A  further  observation  is  of  considerable  importance  in  the  theory  of  radiation.  In  Fig.  5.7.1  the 
part  of  the  contours  C*  which  goes  from  a  =  rr/2  to  ±°°  can  be  quite  arbitrarily  modified  without  dis¬ 
turbing  the  part  along  the  real  axis.  Thus  a  measured  farfield  can  be  associated  with  one  of  any  number 
of  nonradiating  modes  in  the  nearfield.  Indeed  one  can  specify  a  desired  evanescent  wavefield  arbitrarily, 
independent  of  the  radiation  into  the  farfield  [20]. 
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CHAPTER  VI 


ACOUSTIC  POWER  AND  RADIATION  IMPEDANCE  OF 
ACOUSTIC  RADIATORS 


6.1.  INSTANTANEOUS  AND  HARMONIC  ACOUSTIC  INTENSITY  AND  POWER 

The  real  instantaneous  intensity  of  an  acoustic  field  at  a  point  (r,  t)  is  the  product  of  a  real 
vector  particle  velocity  and  a  real  scalar  acoustic  pressure, 


I(r,  t)  =  p(r,  t)  u  (r,  t ) 


(6.1.1) 


In  linear  acoustics  both  p  and  u  are  derivable  from  a  scalar  velocity  potential  ip  (see  Chap.  I), 

p  =  Q  aV  (r,  0;  u  =  -  Vv(r,  t) 

at 

The  negative  sign  has  the  meaning  that  if  the  potential  is  increasing  in  a  particular  direc¬ 
tion  the  particle  velocity  is  increasing  in  the  opposite  direction.  In  terms  of  velocity  potential 
the  instantaneous  intensity  is, 


/  =  -  c  JLvvip 
at 


(Units:  Nm~'  s'1)  (6.1.2) 


In  general  the  intensity  over  an  area  S  varies  from  point  to  point.  Thus  the  instantaneous 
acoustic  power  propagating  through  the  area  is, 


fV=  -  #eJ^L(r,  t)Vip(r,  t)dS(r) 

at 


(6.1.3) 


When  the  time  variation  in  the  acoustic  field  is  harmonic  (exp  -icjt)  the  acoustic  field  is 
expressed  in  complex  amplitudes  P,  U : 


p  =  Pe  IMI  +  P  e  *‘wl  -  Re  P  cos  cot  +  lmP  sinwt 
2 


(6.1.4) 


u,  =  \!±  e  l(w' f  6>  +  \Li  e  ‘tui  91  =  Re  Uj  cos  (c ot  +  6)  +  l m  V,  cos  (cut  +  6) 


r 
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in  which  Uj  is  a  component  of  particle  velocity  in  the  vector  u.  In  6.1.4  both  p  and  u  are  real  quantities 
expressed  as  complex  variables. 

Here  0  is  an  arbitrary  phase  angle.  Substitution  of  6. 1 .4  into  6.1.1  yields  the  harmonic  intensity. 


/  =  X  [P*  Uj  e  ~m  +  PU*e  +  ,e  +  PU e +  fl>  +  p*y*e2Hwt  +  e»j 


When  averaged  over  time  of  many  cycles  the  last  two  terms  vanish.  The  average  (or  root  mean 
square)  intensity  is  then. 


IAV  =  ±_{2cose/?£?[Pt/;]  +  2  sine  /„  [PU'] }  (6.1.5a) 

4 

In  the  usual  case  0  =  0;  then. 


Lv  =  J -Re{PU^ 

2 

Similarly,  when  ip  is  a  sinusoid  with  complex  amplitude  d>, 


(6.1.5b) 


tp  = 


H>e  —  iojt  l||  *  £  +  iiot 

2 


=  Re'Vcoswt  +  ^m*flsinu)f 


it  is  seen  that  M*  plays  the  role  of  p,  and  V4*  the  role  of  u.  Hence,  for  0  =  0,  and  for  component  w,, 
IAV  =  \Re  { PU* }  =  y  Re  {-  iwe  \Re  O  +  /  /„,  <l>]  [Re  U,  -  i  /„(/,] 


In  particular  cases  one  can  take  the  phase  of  U,  to  be  a  reference  phase,  and  set  it  to  zero.  Then, 


IAV(r\u>)  =  y  wc  \J,  (r|u>)  /,n^(r|w) 


(6.1.6) 


Clearly  6. 1 .6  takes  its  origin  in  6. 1 .4  where  p,  u  are  real  quantities.  An  alternative  case  occurs 
when  velocity  potential  is  inherently  a  complex  number, 


ip(r\u))  =  A(r)e  lu”  =  Re  A  (r)  cos  cot  +  /„  A  (r)  sin  wt 
+  /[  A  (r)  cos  wt  -  ReA(r)  sin  art] 


(6.1.7) 


6.2  Radiated  Intensity  and  Power  of  a  Point  Source 


Then  the  time-averaged  intensity  at  r  from  6.1.2  and  6.1.5b  is, 


Iav  (r)  =  -4r  q  Re  {  -  iw  A(r)  [-VA  (r)l*  } 


(6.1.8) 


The  time-averaged  acoustic  power  W  is  obtained  from  6.1.5,  or  6. 1 .8  by  integration  of  intensity 
over  area, 


w  =  $iAV(ndS(?) 


(6.1.9) 


6.2  RADIATED  INTENSITY  AND  POWER  OF  A  POINT  SOURCE 
(MONOPOLE,  DIPOLE,  QUADRUPOLE) 

A  simple  (point)  source,  of  effective  radius  a  much  less  than  a  wavelength,  generates  sound  in  a 
medium  by  a  time-varying  injection  of  mass,  (units:  m*  s~').  Because  the  field  of  velocity 

potential  is  governed  by  the  linear  equation  of  propagation  (V*  +  k2)  y  -  0,  k  =  2n/A,  one 
immediately  finds  that, 


iff  =  A  (r)e -,aj' ;  A  (r)  =  A0elkr/r ;  A„  = 


Substitution  of  6.2.1  into  6.1.8  leads  to  the  radiated  intensity. 


(6.2.1) 


■  Te“Re  {‘%r  -r1  [-£  -tH  -t)]  1 


(6.2.2) 


”  =  _L  ec| 

2  16  ti2  rl 

In  this  formula  \  QU  \  is  a  peak  amplitude. 

At  a  spherical  surface  r  =  a  the  time-averaged  acoustic  power  radiated  is  found  from  6.1.9, 


WAV  =  J_  sc\Qwy  k‘ 
2  4tt 


(6.2.3) 


When  the  mass-injection  is  transient  Q(t),  the  associated  radial  particle  velocity  of  the  sound 
field  is  u(0  =  Q(t)/4n  a2.  From  the  wave  equation  (V2  -  c'2  3  /  d  I2)  p  =  0  the  field  of  pressure  in 
spherical  coordinates  has  the  form  p  =  P  (r  -  cl)/r.  The  pressure  p  is  governed  by  Newton  law  , 
-  3 p/dr  =  edu/dt,  so  that, 
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j_  dP(r-ct)  _  P(r-ct)  =  _  Q  d  Q(t) 

r  dr  r 1  dt 


(6.2.4) 


Choosing  P(r  -  ct)  =  exp  ( ikr  -  ict),  anti  allowing  ikP/a  <?  P/a1  because  a  <5  A  for  a  point 
source,  one  again  is  led  to  6.2.2  and  6.2.3. 

For  a  dipole  point  source  of  strength  D  ( =  Qd,  d  being  the  vector  distance  between  the  + 
source  and  the  -  source),  the  (particle)  velocity  potential  is, 


=  £>*Vog(r|r0|cu)<r 


(6.2.5a) 


In  general  D  is  arbitrarily  oriented  relative  to  the  x,  y,  z  coordinate  system.  It  has  three 
components  D„  D„  D„  The  contribution  of  one  component,  say  £>,,  to  the  field  at  (R,  0*,  4>) 
measured  relative  to  r0  is: 


V,  (/?,  0*|  to)  = 


ikD,  e'iK 
4rt  R~ 


cos  0*  e 


(6.2.5b) 


R  =  |  r- r0\ 

D„  Dy  also  contribute  to  the  field  at  (R,  -0*,  <fr). 


The  intensity  of  radiated  sound  at  (R,  0*,  $)  contributed  by  D,  is  obtainable  from  6.1.8: 


1,  -  —  Re  {p  u ,*} .  Hence, 


/« (R,  6r|cu)  =  ±Re{  f  -  **  D'  <?c  cos  0*  (  1  +  J—)] 


cos2  0 


in  which  0*  is  the  spherical  angle  of  the  vector  R.  In  this  formula,  \D\  is  a  peak  amplitude. 

For  a  quadrupole  point  source,  of  tensor  strength  Q(units:  m* s  ')  the  velocity  potential  at  r 
( r ,  0, 4>)  is, 


ty(rjw)  =  (3  :  V„g(r\r0\w)V0)e 


#. 


6.3  Acoustic  Radiation  Impedance 


E 

& 


fl 


In  general  Q  has  9  components,  of  which  only  six  are  independent  because  of  symmetry.  There 
are  three  components  of  intensity:  in  spherical  coordinate,  /r,  /„,  /*;  in  rectangular  coordinates,  /,,  /,, 
/,.  One,  several,  or  all  six  components  of  tp  may  contribute  to  one  component  of  intensity  at  a  field 
point.  For  example,  using  6.1.8,  the  contribution  of  the  Q„  component  to  lx  is 

I,  =  ±Re  {put}  =  ±  Re  I  -Iwq  (6.2.8) 

2  2  1  dx‘  I  dx  dx2\  \ 

g  =  R  =  \r-r0\ 

4n  R 

The  contributions  of  all  other  components  to  lx  are  additive. 

6.3.  ACOUSTIC  RADIATION  IMPEDANCE. 

A  surface  radiating  acoustic  waves  experiences  a  force  of  the  medium  acting  back  upon  it.  The 
force  is  of  two  types:  a  spring-like  force  associated  with  the  compressibility  of  the  medium;  and  a 
mass-like  force  associated  with  the  acceleration  of  the  fluid.  Because  of  the  matching  of  pressure  and 
particle  velocity  between  medium  and  radiating  surface  at  the  boundary,  this  reaction  of  the  medium 
is  formulated  in  several  ways.  First  there  is  the  specific  acoustic  impedance  (units:  Ns/m  ')  which  is 
the  ratio  of  acoustic  pressure  to  particle  velocity.  Such  a  ratio  is  local  on  the  plate.  By  integration 
over  a  portion  of  the  plate,  or  the  whole  plate,  one  obtains  a  second  measure  of  medium  reaction,  the 
mechanic  impedance  (units:  Ns/m),  which  is  the  ratio  of  force  to  particle  velocity.  A  third  measure 
of  reaction  of  the  medium  is  acoustic  impedance  (units:  Nsm ~5)  which  is  the  ratio  of  acoustic  pressure 
to  volume  velocity. 

The  calculation  of  impedance  can  be  carried  out  in  two  alternate,  but  equivalent  ways:  in 
the  first  way  the  acoustic  pressure  on  the  surface  is  obtained  by  methods  of  chapters  1-5.  By 
integration  over  surface  area  the  total  force  F  of  the  medium  upon  the  surface  is  calculated. 
Finally,  a  reference  velocity  Vref  is  calculated  as  a  function  of  ka  at  some  arbitrary  point  of  the 
surface  and  the  ratio  Z  =  F/  kTef  formed.  Fref  is  the  complex  particle  velocity  at  that  point 
and  is  calculated  from  the  gradient  of  pressure  at  the  surface  point,  In  the  second  way  the  radi¬ 
ated  power  W  is  obtained  by  methods  of  this  chapter.  The  three  impedances  are  then  defined 
in  terms  of  this  (steady  state)  power: 

—  ^  P  I  surface  —  ^ ref  • 

While  the  pressure  on  the  surface  may  be  calculated  from  a  specified  normal  component 
of  surface  velocity  the  form  of  the  particle  velocity  in  the  medium  must  account  for  in-phase 
and  out-of-phase  components  (which  is  the  nearfield  effect).  Hence  the  specified  normal  com¬ 
ponent  of  surface  velocity  and  normal  component  of  particle  velocity  are  different  physical 
quantities.  The  former  is  an  elastic  plate  entity  while  the  later  is  an  acoustic  entity. 

Z(Ct>)  =  ./  ^i,  (units:  Nsm  ')  (6.3.1) 

I  VreJ] 1 


(6.3.1) 


Z(w)  = 


Z(«)  = 


S  |  Vref\ 1 
2  W 

Sl\VrefV 


(units:  Nsm  ') 


(units:  Nsm  ') 


(6.3.2) 


(6.3.3) 


.\y-A.v. 
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Vref  =  ^  V{r„)dS  (/•„)  (units:  ms  ")  (6.3.4) 

S 

In  the  following  sections  several  cases  of  the  calculation  of  acoustic  power  and  impedance  are 
discussed  in  detail. 


6.4.  RADIATION  OF  STEADY  STATE  ACOUSTIC  POWER  FROM  A  LARGE  FLEXURAL 
PLATE  WITH  FIXED  VELOCITY  DISTRIBUTION  IN  AN  INFINITE  RIGID  BAFFLE. 


In  the  steady  state  the  surface  of  a  vibrating  flexural  plate  upon  which  there  is  a  complex 
distribution  of  normal  velocity  v,  (x,  y,  |  co )  and  complex  pressure  p  (x,  y\w)  will  radiate  acoustic 
power  according  to  6.1.9: 


W  =  -jRe§{pv'\  dS 


(6.4.1) 


in  which  p  and  express  peak  amplitudes.  For  a  rectangular  plate  2  L ,  wide,  2  Lv  long  in  an 
infinite  rigid  baffle,  the  radiated  power  is  calculated  by  use  of  the  velocity  potential  4.1.9: 


i ,  i , 


W 


=  iL  Re  (  f  [  f  f  (-iooQ)i _ F,  (kx,  ky)  expi(k,x  +  k,y)  1 

2  Jix  J,v  L  J  i  V  kl  -  ki  -  k?  (2n )2  J 

oo 

x  [-ff  (-/)(-  /)  V'(k’xx  k'y)exp  -  i(k,x  +  kfv)  dk'  1  dx  dy 
L-qo  k  i  (2a)J  J 


(6.4.2) 


Now, 


t\  t , 


lim  f  f  e‘ik-  k  "  e‘{k-  *•>>’  dx  =6  lk[  -  Ar[)  6  ( kv  -  k[.) 
/,  (2  n)z 


(6.4.3) 


Thus,  if  2 Lx  and  2 Ly  are  "large  enough," 

oo 

lim  f  f  Vi  (k.,  kl | oo)'  2L,  sin  [Z.,  (k,  -  £,)]  2  L,  sin  [Z.,  (A,  -  A,)]  dk[  dk 
Lx,Ly  —  °°  -«  2nL,(k,-kl)  2nL,(ky-kl) 

=  k;  (k„  ky\w) 


(6.4.4) 


The  acoustic  power  radiated  by  the  flexural  plate  then  becomes, 

V,  (kx,  dk 


fV (k,  w)  =  _L  Re  J  cog  ff 

^  l  -  oo 


,  tfA:,  1 

J 


-  *,2-  A:,2  (2r 

Here;  the  units  of  F,  (Ar„  A:,.  |o>)  are  m'  s  ' . 

In  6.4.5  the  radiated  power  is  real  when  the  integrand  is  real,  that  is,  when 


(6.4.5) 


k‘<k!  ;  k‘  =  k!  +  k ! 


(6.4.6) 


6.4  Radiation  from  a  Large  f  lexural  Plait' 


Alternatively,  the  condition  is  (k,/k)‘  +  (A,/A)2<  1.  Since/:,  =  2n/A,  ,A,  =  2tt/A, ,  where  A, . 
A,  are  wavelengths  in  the  x,  y  directions  respectively,  in  the  plate,  and  k  =  2 ti/A ,  where  A  is  the 
wavelength  in  the  medium  the  condition  of  radiation  of  real  power  may  also  be  expressed  as. 


When  the  left  hand  side  is  greater  than  unity  the  power  radiated  out  to  infinity  is  imaginary.  It 
is  reactive  power  associated  with  a  pressure  field  which  decays  exponentially  in  the  near  field  of  the 
radiating  source.  Each  wavenumber  A,,  A,,  A  is  a  function  of  frequency  to.  The  particular  frequency 
to,  at  which 


k‘  (to,) 
k‘  (to,) 


(6.4.8) 


is  the  coincidence,  or  critical,  frequency.  It  is  the  lowest  frequency  in  forced  drive  at  which  a  flexing 
plate  can  radiate  real  power.  The  function  k,,  (to)  exhibits  dispersion  of  progressive  flexural  waves  in 
the  plate.  Dispersion  relations  depend  on  dynamics  of  plate  vibration.  Two  useful  special  cases  of 
dispersion  are  discussed  below, 


Case  I.  Power  radiated  by  a  force  driven  flexural  plate  that  is  elastically  thin  and  lossless. 

A  large,  thin,  undented  elastic  plate,  of  bending  stiffness  D  =  Eh'/\2  (1  -o‘)  (units:  Nm), 
where  E  is  Young’s  modulus  (units:  Nm'1),  h  is  the  plate  thickness  (units:  m),  o  is  Poisson’s  ratio 
(units:  none),  supports  progressive  flexural  waves.  Their  phase  speed  C,,  depends  on  frequency, 


C„ 


(units:  ms  ')  (6.4.9) 


mass 

volume 


^  units:  NS‘  j 


[If.  The  wavenumber  corresponding  to  this  speed  is, 

k.  =  m.  =  a,'  >  r  rj 

C„  L  D  J 


(units:  W)  (6.4.10) 


By  definition,  the  wavelength  of  the  corresponding  flexural  wave  is  A,,  =  2tt  A,;',  or 
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1/2 

D 

/ 

Pn,h 

(units:  m) 


(6.4.1 1) 
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Similarly,  the  wavelength  in  the  medium  is  A  =  c/f.  Thus  the  requirement  6.4.6  for  radiation  of 
real  power  can  be  expressed  by  the  relation, 


A  =  sin  0,  0  <  0  <  n/2 
A„ 


(6.4.12) 


sin  0 


(6.4. 1  V) 


(2t r/)1 


This  0  is  the  physical  angle,  measured  from  the  normal  to  the  plate,  at  which  plane  waves  in  the 
medium  are  radiated  from  progressive  plate  waves  whose  phase  advances  across  the  plate  in  a  straight 
line  (called  “straight-crested”  waves).  Fig.  6.4.1a  shows  the  geometrical  configuration  in  terms  A,  A,,, 
and  also  in  terms  of  -k,  kp.  As  the  frequency  diminishes  sin  6  increases.  At  the  lowest  frequency  (  = 
critical  frequency)  for  radiation  of  real  power  0  =  n/2  (i.e.  A  =  A,,);  the  acoustic  wave  travels  parallel 
to  the  plate  at  a  temporal  frequency, 


(units:  s'1)  (6.4.14) 


Fig.  6.4.1a.  sin  0  =  A/A. 


Fig.  6.4.1.  Plane  waves  radiated  from  a  plate 


Fig.  6.4.1b.  sin  0 


As  the  drive  frequency/ rises  above/,  the  acoustic  wavelength  decreases  as  f  '  while  the  bending 
wavelength  decreases  as /  1  :.  Thus  A/A,,,  and  hence  0,  grows  smaller  as  the  frequency  rises.  At  very 
high  frequency  A/A^-0,  hence  0-0,  and  the  radiated  plane  waves  leave  the  plate  nearly  in  the 
direction  of  the  z-  axis.  The  acoustic  pressure  radiated  can  then  be  calculated  from  6.4.5  on  the 
assumption  that  k2  4  k2.  First,  one  notes  by  Rayleigh’s  theorem  that, 


JJ  |  V,(k„  *v|u>)|2iAl.  =  JJ  |  V,(x,y\  w)|!  d,dr 

-  a,  2n  ’’n 


(6.4.15) 


’  "  m  *  •  '  "  4  #  •  *  •••*-■*•.  *  ■  '  .  *  •  ‘ 

‘  ‘  \ v'  * '■ 


■  ■  ■  v  • 

v  v  :  ' 


6.4  Radiation  from  a  Large  Flexural  Plate 


The  right  hand  side  of  this  equation  can  serve  to  define  an  average  squared  velocity  by  division 
with  area  S: 


oo 

|  K  |Jv  —  n  I  VA*.  y\o>)\1  dxdy/ S 

—  oo 


(6.4.16) 


Thus  the  acoustic  power  radiated  at  high  frequencies  becomes, 


W(  w)  =  -i-ccSlKliv 


(6.4.17) 


in  which  \V,\  is  the  peak  amplitude  of  the  normal  component  of  surface  velocity  averaged  over  the 
plate.  It  is  often  useful  to  try  to  include  the  effect  of  the  wavenumber  ratio  in  the  same  high- 
frequency  range.  One  can  then  approximate  6.‘4.5: 


1H<o)  =  -L  gfS-H7'!2-.,  f>/c  (6.4.18) 

2  \/  1  -  k^/k1 


Case  II.  Power  radiated  by  a  force-driven  plate  that  is  elastically  thin  and  lossy 

When  the  vibrating  plate  is  damped  the  phase  speed  of  the  plate  bending  waves  is  complex, 

C*  =  D  (\  ~  irf)  (6.4.19) 

Q~h 


that  is,  C'oe  (1  -  /T))l/4,  where  17  is  a  damping  parameter.  In  usual  elastic  plates  tj  <  1;  the 
phase  speed  is  then  approximated  as  Cp  <x  1  -  /tj/ 4,  and  because  kp  =  oj/cp  the  important 
damping  quantity  becomes. 


h  1  y+_n_(  yl '  - 

2  V  k  )  16  \  k  J  . 


At  frequencies  much  less  than  the  critical  frequency  the  effects  of  damping  are  important.  In 
this  range  (k„/k)‘  P  1;  neglecting  the  term  in  rj1  because  it  is  small  the  above  quantity  is 
approximately, 


\TZ 
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The  reciprocal  of  this  is 


JL  +  / 

4 


) 


nL  +  i 

16 


Since  one  is  interested  only  in  the  real  part  of  this  entity  one  arrives  at  the  approximation  that, 

Re  J^l  -  y  ^  1  +  !R  '  S_n_  Ji_  ,  1  (6.4.20) 

In  this  wavelength  region  kp  is  very  large  and  proportional  to  /',2.  Thus  k/kp  changes 
slowly  with  /  and  can  be  assumed  constant,  that  is,  6.4.20  can  be  placed  outside  of  the  integral 
sign  in  6.4.5  as  long  as  k/kp  <1.  Eq.  6.4.5,  thus  modified,  can  be  evaluated  approximately  by 
use  of  6.4.15  through  6.4.18.  However,  in  addition  to  this  damping  which  accompanies  near 
field  (=  evanescent)  wave  fields,  there  is  a  damping  that  accompanies  the  propagation  of  waves 
traveling  over  the  plate  into  the  far  field.  A  simple  model  of  this  type  of  damping  consists  in 
making  the  propagation  constant  complex,  kp  (1  +  /rj/4)  and  giving  each  traveling  wave  on  the 
plate  a  phase  of  amount 


exp  ik„  r0 


11+  ir> 

)  =  exp  (  -  »j  r„  k"  ) 

\  4  , 

)  \  4  ) 

exp  ikr,  r„  =  i  x0  +  j  >'o 


Thus  the  power  absorbed  in  the  near-and  farfield,  attributable  to  damping,  is  proportional  to 
(exp  -  rjr0kp/4)2  =  exp  ( -  r\k„r0/2).  The  power  absorbed  by  the  vibrator  at  very  low  frequencies  is 
therefore 


W(r0\u>)  =  ±e<-S|  VM\\ve-**''n  (  JlL  ) 
2  V  4k,,  ) 


(6.4.21) 


An  important  physical  fact  described  by  this  formula  is  that  the  plate  radiates  sound  at  drive 
frequencies  well  below  the  critical  frequency  provided  the  plate  is  damped.  The  same  damped  plate 
naturally  radiates  at  drive  frequencies  well  above  the  critical  frequency.  But  this  radiation  diminishes 
as  the  progressive  wave  spreads  across  the  plate  from  the  center  of  force  input.  Thus  the  real  radiated 
acoustic  power  density  (that  is,  power  per  unit  plate  area)  depends  on  where  the  unit  radiating  area  of 
the  plate  is  located,  whicn  means,  in  this  case,  the  location  r„: 


W(r„\u)  =  1  oc\  y\ie 


V:  r)k,  r„ 


I  units:  Nms  1  w  2  (6.4.22) 


6.5  Mechanical  Radiation  Impedance  of  a  Circular  Membrane 


6.5.  MECHANICAL  RADIATION  IMPEDANCE  OF  A  VIBRATING  CIRCULAR  MEMBRANE 
IN  AN  INFINITE  RIGID  BAFFLE. 

A  circular  membrane,  radius  a,  is  assumed  to  have  a  displacement  w  ( R0 )  given  by  4.3.5.  At  the 
steady  state  frequency  w  this  displacement  becomes  a  sinusoidal  acceleration  w  (R0),  and  thus  causes 
sound  to  be  radiated. The  velocity  potential  of  this  sound  field  is  given  by  4.3.6a.  The  acoustic  power 
radiated  is  obtained  from  it  by  6.1.3  expressed  in  steady  state: 


W  =  ±{§pV:ds) 

in  which  p,  v,  are  peak  amplitudes.  Making  the  substitutions  called  for,  one  obtains, 
W  =  ±_  f  J  r"  dr"  d\"  (-iwQ)st  (-mj)cosmf'  f.  Jm(kr") 

2  so  so  m=0  so 

X  /m(l )  e-'J  l‘-k‘  z  4^4  |"(  — /u>)  w,„  (r"  $")  cos  m  * 

By  interchanging  the  order  of  integration  of  r"  and  4  it  is  seen  from  4.3.6b  that 

(a)  \fm  (4)]*  =  Jn  Jm  (4  r")  [  Wm  (r",  <(>"))*  r"  dr"  (unitsi/w1) 


also, 


2n 

€m 


(6.5.1) 


(6.5.2) 


(6.5.3) 


€„  =  1 ;  =  2,  m  f  0 


Because  r"  and  r  must  be  the  same  in  order  to  calculate  the  power  radiated  by  each  elementary 
area  on  the  vibrating  membrane,  6.5.2  at  z  =  0  reduces  to  the  form, 


W 


=  JL/or'e  I  iif  \f~_wm 

m  =  U  (Z  •'0  - 

2  v  v-k2 


(6.5.4) 


in  which  fm  (4)  is  the  same  as  both/„,"  (4),  6.5.3a,  and fm  (4),  4.3.6b. 

In  6.5.4  |/m  (4 ) 1 1  is  a  real  number  and  \J  4 2  -  kl  is  purely  imaginary  when  0  <  4  <  k.  Thus  the 
power  radiated  is  purely  real  in  this  range,  and  purely  imaginary  when  4  >  k.  For  each  Fourier 
component  therefore, 
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Re  Wm  =  na)Je  f  I /-  (6.5.5) 

e-  sTW^V 

3m  Wm  =  nuji  g  f  I/"  (6.5.6) 

e-  *  v/T1-*1 


Where,  as  before,  /m(|)  is  based  on  peak  amplitudes  of  displacement.  Equations  6.5.5 
and  6.5.6,  enable  us  to  find  the  mechanical  radiation  impedance  by  use  of  the  relation  6.3.1. 
Application  of  6.3.1  requires  a  selection  of  Vref  In  this  case  it  is  convenient  to  choose  the  dis¬ 
placement  at  the  center  of  the  membrane  given  by  the  m'th  Fourier  component,  ujm  (0),  4.3.5, 
and  write, 

[Vref]„  =  -  iw  w„(0)  (6.5.7) 


The  m’th  (Fourier)  mechanical  radiation  impedance  is  defined  as. 


Z„  =  =  R„  -  iXm  (6.5.8) 

i  Vref\l 


The  appearance  of  a  negative  sign  before  the  reactive  component  Xm  is  due  to  the  choice  of  time 
representation  is  exp  (-/cor),  and  the  fact  that  Xm  is  an  inertial  impedance,  coAf,  where  M  is  the 
effective  mass.  From  6.5.5,  6.5.6  it  is  seen  then  that  the  components  of  Zm  are  given  by, 


/?  =  n  u’q  i  r*  i/„«)ii4rf4 

(  units:  Ns  ) 

|  VrefV  Ju  sf-k'-V 

V  m  J 

x .  =  aiM...  = n  a,j  p  i  r  !/„(i)i’4</i 

(  units:  'i 

6-  \Vref\' 

V  m  ) 

(6.5.9) 


(6.5.10) 


Eq.  6.5.10  also  serves  to  define  the  effective  mass  of  the  medium  in  the  m’th  Fourier 
component  of  surface  displacement. 


6.6.  CALCULATION  OF  RADIATION  IMPEDANCE  FROM  DIRECTIVITY  OF  RADIATED 
SOUND. 

The  analysis  of  acoustic  power  and  impedance  of  a  circular  membrane  in  an  infinite  rigid  baffle 
given  by  6.5. 1  through  6.5.10  can  be  modified  to  show  how  acoustic  impedance  can  be  obtained  from 
a  knowledge  of  the  directivity  of  the  radiated  sound. 


«*  / 


6.6  Radiation  Impedance  from  Directivity  of  Sound 


In  Fig.  4.3.1  the  direction  of  radiation  q  from  an  elementary  area  dS  is  specified  by  the 
wavenumber  k  a,  in  which  a,  is  a  unit  vector  which  makes  an  angle  0  with  the  x,  y  (or  r,  $)  plane. 
Thus  the  component  of  the  wavenumber  in  the  direction  ?is  k  cos  0.  This  is  identified  with  4  of  6.5.5: 


ReWm  =  f  |/m  (k  cos  6)  | 2  k  cos6  (- k  sinO  d  8) 

j  k  sin  0 


f.n/2 

_  n  u,3  k  J  |/„  (k  cos  0)|2  cos  0  d  6 

r~  “/L) 


(6.6.1) 


In  6.5.6,  the  quantity  \J  42  -  k1  is  always  real  and  can  grow  indefinitely  large.  It  is  convenient 
then  to  let  4  =  k  cosh  0: 


g  H/  _  n  <u3  e  f  |/„  (fm  (k  cosh  0)  k  cosh  0  (k  sinh  OdO) 
m  m  ?  Jo  /»  a 


k  sinh  0 


X°° 

\fm  (k  cosh  0)  |2  cosh  Odd 


(6.6.2) 


It  is  useful  to  attempt  to  write  6.6.2  in  terms  of  trigonometric  instead  of  hyperbolic  func¬ 
tions.  Thus  let  0  =  iir,  then  cos  OdO  =  /  cos  udu ,  and  6.6.2  becomes. 


X-  »oo 

\fm  (k  cos  w)  |2  cos  u  t 


(6.6.3) 


Since  the  integration  in  6.6.1  is  over  the  range  0  =  0  to  n/2,  one  can  translate  u  by  a  change  of 
variable  u  =  n/2  -  4  so  that  6.6.3  begins  integration  over  the  variable  4  at  n/2. 


—  n/2  +  /  “> 

1 ...  wm  =  J  2  |/m  (A:  sin  4)|2  sin  4  ( -  </4) 


(6.6.4) 


Replacing  2n/Gm  by  C.3.7b,  it  is  seen  that 


J-2n  ^ n/2  J  /°° 

J  |  cos  m  ^>/m  (£  cos  4)  | 2  sin  t,dt,d$ 

£  ()  ^TT/Z 


(6.6.5) 


Because  the  total  power  of  the  m’th  Fourier  component  is. 


=  Re  Wm  +  i  /  W„ 


"*  *’*-«'  »  *  •  ^ .  »  .  -  .  «-  •  •*  ■  . 

■;  .%v\  ..  w  \  \  . 
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One  can  combine  6.6.1  and  6.6.5, 

^2n  **n/2  +  /'°° 

Wm=±.u>Qk  Jo  d\  Jo  |tf„,(£,4)|2sin£tf£ 


(6.6.6) 


where 


I Km(t,  4)1 2  =  |  coswi4/„(A:cos£)l2 


(units:  w6)  (6.6.7) 


The  path  of  integration  of  variable  £  is  shown  in  Fig.  6.6.1. 

Now  from  the  definition  of  the  far  field  the 
velocity  potential  4.3.6a  has  the  asymptotic  value 
for  each  Fourier  component, 

{  JJ_  +  /'oo 

2 

ipm(R,  -tco Kma,  0)i_  (6.6.8) 

R 

Re  t  in  which  /?  is  the  radial  distance  from  the  origin  to 

- j - -  the  field  point.  The  potential  of  an  omni- 

y  directional  source  above  the  plane  of  the  vibrating 

membrane  is 


Fig.  6.6.1.  Path  of  integration  of  {  in  6.6.6 


Wo  (R,  0, 0)  -  -  ico  K0  (0, 0)  (6.6.9) 

R 


From  the  theory  of  the  monopole  point  source  6.2.1  it  is  seen  that 


K„  (0, 0)  =  x  2 

4rt  ( -  ico) 


(6.6.10) 


in  which  the  factor  2  is  inserted  because  of  radiation  into  half  space,  and  Qw  =  VAV  S,  where  VAV  is 
the  peak  amplitude  averaged  over  the  area  S  of  the  membrane. 

The  directivity  of  radiation  D  is  defined  then  as  the  ratio, 


D  =  \pm 


Wo 


I 

m  =  0 


*..(£,♦> 


K0  (0,  0) 


(6.6.11) 
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Now, 


D-D*  =  |D|2 


oo 

I  X  tf,„(M)l2 

m  =  0 


1*0  (00)|2 


(6.6.12) 


Because  the  partial  potentials  are  orthogonal  over  the  intervals  0  <  <(>  <  2ti,  the  cross  products 
Km  K„  generate  no  power  in  the  integral  6.6.6.  Thus, 


oo 


I  2 


I 


m  =  0 


(6.6.13) 


The  total  rms  power  W  radiated  into  half  space  is  therefore  the  sum  of  the  m  partial  powers. 
From  6.6.6,  6.6.10,  6.6.11  and  6.6.12  it  is  seen  that, 

Jm2n  **n/2  +  <°° 

„  d*  f  J&iil  |D(£,<t>)|2sin£d£ 

a  0  Jo  4n2  co2 

(6.6.14) 

”  =  _J_*2ec|F„v|2S2  f  1^(4.  <|>) | 2  sin  £</£ 

4rt  Jo  In  ,/0 


This  is  an  important  formula  which  states  that  the  radiation  from  the  membrane  in  an  infinite 
rigid  baffle  can  be  calculated  as  the  radiation  from  a  monopole  point  source  fFm„„„,,„,r  of  peak  source 
strength  Q  =  F,,  S  radiating  into  half-space  multiplied  by  a  directivity  factor /„: 


W  =  W, 


munopolr  ^  So 


Wm„ . =  _J_A:2Cc|  F„,|2S2 

4n 


So 


i 


2n 


J*2n  —  n  2  ♦  t°° 

„  d\  Jo  |  D  ({,*)  |2  sin  idt 


(6.6.15) 


The  radiation  impedance  of  this  membrane  can  be  obtained  directly  from  6.3.1: 

2tt  — n  2  *  i°° 

dJ—  f  \D(t,  <(>)|2  sin  t,d(,  (6.6.16) 

()  ~  (> 


2  k*QC 

l 

Vref 

l 

Ifl 

2  71 


in  which  Fref  is  the  peak  amplitude  of  acoustic  complex  particle  velocity  (having  inphase  and 
out-of-phase  components)  at  the  reference  point. 
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Eq.  6.6.14  can  be  generalized  for  any  type  of  acoustic  radiator  by  referring  the  power  to  full 
space  instead  of  half-space.  Thus,  in  general,  a  radiator  which  generates  a  directivity  pattern  D  (£, 4>) 
in  the  far  field  radiates  a  total  rms  power  into  all  space  given  by, 

2  1  . 2  2  r~n  C  jr+,°° 

W=  k-pc\VA,V  s-  I  dif  j  IDtf.DI'sinWt  (6.6.17a) 

2  •  2(47r)(27r)  ° 

in  which  VAV  is  the  average  over  5  of  the  peak  amplitude  of  surface  velocity.  The  first  factor  2 
in  the  denominator  is  inserted  because  the  radiation  resistance  of  the  medium  is  halved  when 
the  infinite  rigid  baffle  is  removed,  meaning  that  for  fixed  volume  velocity  the  radiated  power  is 
halved.  The  second  factor  2  is  inserted  because  the  radiation  space  has  been  doubled. 


As  a  check  on  6.6.17a  let  the  radiation  be  a  point  source.  Then  !D(£,<H»)|2  =  1  and,  for 
real  angles  £  only. 


w  _  *vigjnr ^  27r .  2 


2  •  2  •  4jt  •  2r 


W  = 

rms 


k2pc\Q„(  1)1  "*k  k2pc\QJ\)\2 


Sn 


4n 


in  which 


QJU  \u=  l*V  s\iok. 


peak  ■ 


This  result  agrees  with  the  classical  theory  of  radiation  from  a  monopole  point  source  of 
source  strength  Q u  (units:  m3/s). 


In  the  far  field  the  evanescent  waves  associated  with  complex  values  of  £  vanish.  For  a 
surface  normal  velocity  the  radiated  power  becomes 


w,ms=  32^  />/;  ,/-(8^)i2sin*^ 


units: 


Nm 


6.6.17b 


DO 

=  f  f  ew(rn)e  0 


units: 


m 


6.6.17c 


in  which  replaces  VavSD(1,,  <£).  The  far  field  intensity  in  a  particular  direction  is 


units: 


Nm 


m2s 


6.6. 1 7d 


In  these  equations  vw  is  peak  amplitude. 

Two  cases  of  6.6.17  are  treated  below. 


6.6a.  CALCULATION  OF  REAL  POWER  RADIATED  BY  TWO  IDENTICAL  SPHERICAL 
SOURCES. 

Let  each  spherical  source  have  a  volume  velocity  Qw  (units:  m3  s  ').  Then  in  6.6.17a, 
VAVS  =  2QJ\) 


\ 

•j 

%1 


%  , 

S 


;a 

v. 


§ 

ft! 


I 

■y- 

>? 
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4  = 


6.6  Radiation  Impedance  from  Directivity  of  Sound 

&2pc-4|£Ml)|2  A;2pc !(?-(!)  |2 


32n2 


Sir2 


in  which  l0w(l)|  is  a  peak  value.  Now  the  rms  intensity  /  (2)  radiated  by  two  coincident  point 
sources  is. 


/  (2)  = 


k2pc\QJ2)\2eak  _  k2pc\QJ\)\leak 


32: rV 


8ttV 


Thus, 


A  =  *  TT-  /-(2)  = 

8:r2  fc2pc 


Because  the  field  is  rotationally  symmetric  D  (4,  4>)  =  £>  (4).  Integration  over  <|>  yields  2n.  The 
real  power  of  two  sources  is  then, 

ReW(2)  =  r2  /,mJ(2)  x  2n  x  fj  |Z>(4)|2  sin  4</4 

In  terms  of  the  intensity  /  (1)  of  one  source,  /  (2)  =  4/(1).  Extending  the  integration  in  4  over 
all  space,  one  has  the  real  power  of  two  sources, 


Rewa)  =  8nr‘/rms(\)  fg  |/>(4)|2sin4rf4 


(6.6.18) 


Now  the  directivity  D  (4)  of  two  equal  sources  is  equal  to  the  directivity  of  one  source  />,  (4) 
multiplied  by  the  directivity  of  two  point  sources  Dt  (4).  For  a  rotationally  symmetric  point  source, 
D,  (4)  =  Pn  (cos  4),  in  which  P„  is  an  n’th  order  Legendre  polynomial,  and  Dt  (4)  =  cos  ( a  cos  4),  a 
=  kd/2,  where  d  is  the  separation  distance  between  the  sources.  Thus  from  6.6.18  the  real  power 
radiated  by  two  identical  spherical  sources  is: 


ReW( 2)  =  8n/-J/(l)  Jo  /V  (cos  4)  cos2  (a  cos  4)  sin  4</ 4 
Assume  first  that  the  sources  are  coincident  ( a  =  0).  Then, 


(6.6.19) 


f 


Pi  (cos  4)  sin  4 d 4  =  2 


2rt+  1 


and  so, 


Re  W(2)  =  4  [4wr2  /(1>)  ,  n  =  0,  1.  2  ... 
2n  +  1 


(6.6.20) 


For  the  case  n  =  0,  corresponding  to  a  breathing  sphere,  the  power  of  two  sources  given  by 
6.6.20  is  four  times  the  power  of  one  source.  For  nf  0,  the  power  of  one  source  is 


! 

; 


* 


f  / 


ft  ‘ 
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When  0,  the  ratio  of  the  real  power  of  one  source  in  a  group  of  two  sources  is  obtained  from 
6.6.19  and  6.6.21: 


Re  W( 2)  =  4n/-2/(l)  I  Pi  (cos  4)  cos2  (a  cos  4)  sin  4^4 


2  Re  W(\) 


4 nr1  /  (1) 


cos2  (a  cos  4)  =  -L  ( 1  +  cos  2  a  cos  4) 
2 


(6.6.22) 


it  is  seen  that  6.6.22  becomes, 


/?e  f^(2)  _  (2«+l)|j_. — 2 —  +  J_  f  />*  ( j)  cos  lay  dy  l 

2Re  W(\)  1  2  2n+  1  2  J  1  J 


(6.6.23) 


Two  values  of  «  are  frequently  important.  They  are, 

a.  n  =  0.  Then,  P0  (>>)  =  1,  and 

Re  W  (2)  _  |  +  sin  kd 
2ReW(\)  kd 

b.  n  =  1 .  Then  P,  (,y)  =  y,  and 


Re  W  (2)  _  j  +  -j  sin  kd  +  6  cos  kd  _  6  sin  /W 
2/?e^(l)  {kd)‘  ~(kd)'  ' 


(6.6.24) 


(6.6.25) 


Since  the  ratio  of  real  powers  is  the  same  as  the  ratio  of  radiation  resistances  6.6.24  and  6.6.25 
show  how  the  radiation  resistance  of  a  pair  of  identical  spherical  radiators  vary  with  their  separation 
distance  d.  The  terms  in  d  can  then  be  interpreted  as  expressions  of  mutual  resistance. 

6.6b.  CALCULATION  OF  THE  ACOUSTIC  POWER  RADIATED  BY  A  PAIR  OF  UNIFORM- 
VELOCITY  DISKS  IN  AN  INFINITE  RIGID  BAFFLE. 

Two  disks,  each  radius  a,  are  symmetrically  placed  relative  to  the  origin  in  the  xy  plane  and 
separated  by  a  distance  d.  The  total  rms  acoustic  power  generated  by  a  uniform  velocity  V„  over  the 
surface  of  the  disks  and  radiated  into  half-space  is  given  by  6.6.14,  in  which, 


VavS  =  2  (fra2)  Va 


The  directivity  function  of  both  disks  combined  is  known  to  be  the  product. 


D  (4, 4>)  =  2  J i  (ka  sin  4)  cos  /  *d  sjn  £  sjn  ^  \ 
ka  sin  4  V  A  / 
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(2).  Here,  the  field  point  in  spherical  coordinates  is  r  =  (r,  £ ,  f)  where  £  is  the  polar  angle 
measured  from  the  z-axis,  $  is  the  azemuth  angle  measured  from  the  x-axis  and  r  is  the  radial  distance 
from  the  origin.  Using  the  trigonometric  relation  cos2  a  =  (1  +  cos  2  a)/2  one  obtains  from  6.6.14 
the  power  W(2)  of  two  sources, 


W(2)  =  (fra)2gc(na2)  yi  J  ^  J 
2n  0 


4  J\  (ka  sin  £) 
(ka  sin  £)2 


x  sin  £r/£ 


1  +  cos  (kd  sin  £  sin 


(6.6.26) 


in  which  V0  is  a  peak  velocity  amplitude.  The  radiation  impedance  6.3.1  of  one  disk  in  the  pair  is 

7(1)  =  Z  <2)  =  1  2W  (6.6.27) 

2  2  |  VrefY 


Because  the  reference  velocity  VrcJ  is  assumed  to  be  (here)  the  same  as  the  uniform 
velocity  k'o,  one  can  reduce  6.6.27  to  a  sum  of  two  terms, 

Z (1)  =  Z,,  (ka)  +  Zil(ka,  kd) 


in  which  ZM  is  the  self  radiation  impedance  (units:  Nsnr')  and  Z12  is  the  mutual  radiation 
impedance.  The  form  of  Z„  is, 

Z, ,  (ka)  =  R„  -  i  Xn  =  itoV_Q£W)  C  d*  J  J'Aka  sinA  sin  £tf£  (6.6.28) 

n  (ka  sin  £)2 

The  integrals  have  closed  forms: 

Rn  =  na2QC  fl  -  J'  <2  =nazoc  [~2  f  J i (ka sm  Q  sjn  ^c/cl  (6.6.29) 

L  ka  J  L  °  (ka  sin  £)2  J 

X..  =  naloc  H'  (2ka)  =  nal qc  \2  f  JA  {ka  sin  0  sin  £</£]  (6.6.30) 

ka  L  (ka  sin  £)2  J 

H|  (2  ka)  is  the  Struve  function,  a  tabulated  quantity  [3]. 

Eq.  6.6.26  also  provides  a  means  of  calculating  the  mutual  impedance. 

7  =na1oc  ( ka f  db  f  Jt  (ka  sin  £)  cos  (fa/ sin  £  sin  <t>)  sin  £cf£  (6.6.31) 

"  n  Jo  Jo  (ka  sin  £)2 

The  integral  here  also  has  a  closed  form  solution. 

oo  oo 

Z,2  =  tt  a2  qc  2  2  X  r(m  +  n+'/ z)  /  a  J„.,(ka)J„.,(ka)hL"..(kd)  (6.6.32) 

m  n  <i-o  m !  n !  '  d  ' 


in  which  h^L  (kd)  is  the  spherical  Hankel  function  for  out-going  waves  and  I'  is  the  gamma 
function. 
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6.7.  RADIATION  FIELD,  POWER  AND  IMPEDANCE  OF  A  COMPOSITE  SOURCE  ON  A 
SEPARABLE  SURFACE  HARMONICALLY  EXCITED. 

An  M  x  N  array  of  extended  sources  is  located  on  a  surface  S  (4 ,  rj )  whose  normal  is  4.  Assume 
(1)  that  the  radiation  field  from  the  elements  in  the  steady  state  is  governed  by  the  Helmholtz 
equation  (2)  that  the  Helmholtz  equation  in  the  velocity  potential  tp  is  separable  in  coordinates  4 ,  17,  4 

(3)  that  this  condition  of  separability  generates  a 
complete  set  of  characteristic  functions  which  are 
orthogonal  over  the  surface  of  the  baffle. 

Fig.  6.7.1  shows  a  baffle  surface  S  (4 ,  rj)  in  a 
rectangular  x,  y,  z  coordinate  system.  Two 
4  elements  of  the  M  x  N  array  are  shown:  one 
element  labelled  (00)  is  at  the  center  of  symmetry 
of  the  array.  Its  center  is  the  origin  of  the  4,  rj 
coordinates  on  the  surface  S.  A  second  element 
labelled  ( mn )  is  the  mn’th  element  in  the  array.  Its 
'  center  is  at  distance  7m„  from  the  origin  in  the 
(00)  element.  The  spherical  coordinates  of  any 
point  in  the  baffle  are  R,  8,  <f>. 

The  construction  of  the  radiation  field  is 
based  on  the  three  assumptions  noted  above.  Let 
the  velocity  distribution  of  the  mn’th  element  on 
the  surface  S  have  the  fixed  form  Vm„  (4 ,  rj  |  co).  By 
Fig.  6.7.1.  Geometric  parameters  of  composite  means  of  assumption  (3)  it  can  be  expanded  in  a 
sources  in  a  baffle.  set  of  orthogonal  functions  X„  (4),  Xp  (n): 


K.a,n  |  «)«=*-«■"  £  Va  (m)  Xa  (4)  Vp  (n)  Xp  (17)  (6.7.1) 

a.  0 

K  .  yf  „  X  K-tt.px;  (,,)«(/ 1,1)  (6  7 


Here,  a,  p  are  characteristic  numbers.  They  are  discrete  when  the  range  of  integration  C  (or  C  ) 
is  finite;  and  continuous  when  C  (or  C  )  is  infinite.  C  (or  C  )  itself  is  the  interval  of  orthogonality, 
and  /44,  An  are  the  scale  factors  of  the  curvilinear  coordinate  4,  >7  respectively.  Na,  are  the 
normalization  constants, 


No  =  J  [X„(4)]Id(A{4);  Np  =  /  [Xp(r))]2 </(/!, 


(6.7.3) 


Because  of  coupling  to  the  fluid  thus  velocity  Vmn  generates  a  potential  field 
mn  (£,  tj,  0-  By  assumption  (2)  noted  above,  <t>mn  can  also  be  expanded  in  the  same  set  of 
orthogonal  functions, 


(4,  »?>  £)  =  e 


4)Xp(n) 


(6.7.4) 


in  which  is  the  radial  separation  function  and  «/» is  an  expansion  constant.  At  the 

surface  4  -  (0  the  boundary  condition  is  the  continuity  of  the  normal  component  of  surface 
velocity; 

K.„(4,r,)  =  JL*(4,n,i)  (6.7.5) 

dn  4  =  4. 
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6.7  Radiation  Field,  Power  and  Impedance  from  a  Helmholz  Separable  Surface 


Customarily,  a  minus  sign  should  appear  on  the  right  hand  side  of  6.7.5  (see  discussion  in  Sect. 
1.11).  However,  the  positive  normal  is  defined  here  as  pointing  away  from  the  medium  (that  is,  into 
the  surface  S).  Substituting  6.7.4  into  6.7.5,  and  comparing  with  6.7.1  shows  that, 


4^r>  =  V°  ^  V/1  (6.7.6) 

dRgptt) 

d(A^)  i  =  L 


Thus  the  velocity  potential  everywhere  generated  by  the  mn’th  element  is, 

V,.  =  <?-'“'£ _ KtmL. Mol _ Raptt)Ktt)Xp(n)  (6-7.7) 


By  linear  superposition,  the  total  field  is  the  simple  sum  of  all  elementary  fields, 

m  n 

ip(t,r,,i)  =  e-“'  2  1  (6.7.8) 

m  =  1  n  =  1 


The  acoustic  power  Wm„  (units:  Nms~x)  radiated  by  the  mn’th  element  will  be  determined  by 
integrating  the  product  of  the  normal  component  of  velocity  Vm„  (|,  y )  and  the  pressure  p  (i, ,  rj)  due 
to  all  the  elements  of  the  M  x  N  array  including  itself  over  its  surface.  Here,  V„„  is  arbitrarily  fixed, 
but,  in  general,  it  must  be  determined  by  solving  the  differential  equations  of  motion  of  the  vibrating 
surface  subject  to  internal  driving  forces  and  external  reaction  of  the  medium.  Thus,  the  time- 
averaged  sinusoidal  power  radiated  is: 

wm„=±_  ff  (6.7.9) 

2  J 


The  factor  Vi  appears  here  bcause  p  and  Vm„  are  peak  magnitudes.  From  W„,„  one  may  obtain 
the  mechanical  radiation  impedance  Z„„  (w).  This  is  defined  by  6.3.1  in  terms  of  a  reference  velocity 
Vref,  6.3.4: 


Zm„(cc)  =  ^/"”1  (units:  Ns m~')  (6.7.10) 

I  Vref  I1 

=  ^ff  dSm.u.ri)Ptt,n)  KT.U.n)  (6.7.11) 
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Substitution  of  6.7.7  and  6.7.8  into  6.7.11  leads  to  the  form, 
Zm.  (co)  = 


VrefY 


JJds . a,n)  J.  X  (-itoe)'l  X  v?w  VI> {k)  .RapiteKltoXfito) 

°  P  d  R„ 


j  -  I  A  -  I 


lyp 


d(A^) 


4  =  4 


(6.7.12) 


x  K*„  U,n) 


For  purposes  of  clarity  the  radiating  elements  are  relabelled  (jk)  to  distinguish  them  from  the 
particular  element  j  =  m,  k  =  n  on  which  the  impedance  is  being  calculated.  In  this  context,  J  =  M, 
K  =  N.  When  the  double  sum  over  j,  k  is  reduced  to  one  term  j  =  m,  k  =  n,  one  obtains  the  self 
mechanical  impedance  of  the  mn’th  element.  When  this  term  in  the  sum  is  excluded,  one  obtains  the 
mutual  mechanical  impedance  of  the  mn’th  element. 

The  limits  of  integration  in  6.7.12  depends  on  the  geometrical  parameters  of  the  elements  in  the 
array.  Several  cases  are  listed  here: 

Case  I.  The  radiating  elements  are  (curvilinear)  rectangles  t  units  long,  w  units  wide  in  an 
infinite  rectangular  lattice,  their  centers  spaced  uniformly  at  d  units  apart.  Then, 


//  dS„ 


(6.7.13) 


Case  II.  The  radiating  elements  are  circular,  radius  a,  their  centers  spaced  uniformly  d  units 
apart  in  an  infinite  rectangular  lattice.  Then, 


J  f  d Sm„  U,ri)  — 


rm„  =  d\f  ml  +  n 2 


(6.7.14) 


Case  III.  The  radiating  elements  are  periodic  in  one  dimension  (that  is,  a  matrix  consisting  of 
one  row  or  one  column).  Then  one  sets  m  (or  n)  to  zero  in  6.7.13,  or  6.7.14.  A  special  case  is  that  of 
radiating  rings  on  a  cylindrical  baffle  of  radius  a: 

/ /  d  S„„  (4 ,  i)  -*• 


Xrr  ~  nd  ♦  w  2 

nad\  ^  dn 


(6.7.15) 


Eq.  6.7.12  is  the  mechanical  impedance  of  one  element  in  the  array.  Often  it  is  necessary  to 
calculate  the  total  impedance  of  the  array.  This  is  a  simple  sum, 

w  \ 

Z(gu)  =  Z  Z  Z,„„(oj)  (6.7.16) 

m  l  n  \ 
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6.7a.  RADIATION  FIEI.I),  ACOUSTIC  POWER  AND  MECHANICAL  IMPEDANCE  OF  AN 
ARRAY  OF  VIBRATING  RINGS  ON  AN  INFINITE  RIGID  CYLINDRICAL  BAFFLE.  [4] 


An  an  ay  of  2  N+  I  ring  radiators,  each  height  h,  radius  a,  is  arranged  periodically  with  period 
d  on  an  infinite  rigid  cylinder.  Fig.  6.7.2  shows  the  geometric  parameter  of  this  array.  Let  the  radial 
velocity  of  the  n'th  radiating  ring  be  fixed. 


V„  ( a ,  4>,  z)  =  v„  /(4>)  F(z), 


=  0 


\z  -  nd |  <  A 

2 

otherwise 

(6.7.17) 


Here  v„  is  chosen  to  include  a  phase  angle  to 
account  for  an  arbitrarily  selected  steering  in 
direction  of  the  polar  angle  0„, 


v„  =  V  exp  ( ik„  •  r„ ) 

”  =  V  exp  (ind  y„) 

y„  =  k  cos  0„ ;  k  m  ^  (6.7.18) 


Fig.  6.7.2.  Geometrical  parameter  of 
an  array  of  2  N  t-  I  ringv 


The  array  shown  in  Fig.  6.7.2  is  symmetrical 
relative  to  the  xy  plane. 


To  find  the  radiated  field,  acoustic  power  and  mechanical  impedance  of  this  array  one  employs 
the  developments  in  6.7.1  through  6.7.16.  First,  the  characteristic  functions  Xa,  Xu  in  cylindrical 
coordinates  r,  4>,  z  which  satisfy  Helmholtz’s  equation  in  the  steady  state  are  of  the  type, 


cos  m  <)>  exp  i  yz 
sin  m 


(6.7.19) 


Since  the  coordinate  is  periodic  in  2n  the  characteristic  number  in  is  an  integer,  in  =  0,  1 ,  2,  ... 
00 .  However,  for  a  single  ring  on  an  infinite  cylindrical  baffle  the  wavenumber  y  is  continuous.  Thus, 
setting  a  =  m,  (i  =  y  in  6.7.1,  and  choosing  cos  in  <j>  exp  iyz  of  the  two  choices  in  6.7.19,  one  has. 


V,„  = 


f  „  /($)  cos  m\dht 


(units:  none) 


(6.7.20) 


rr  e... 


K  =  f  mF(z.)  exp  (-iyz)dz 

£„  =  2;  =  1 ,  m  0. 


(units:  in)  (6.7.21) 
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The  minus  sign  in  exp  (-  iyz)  is  the  conjugate  function  required  by  6.7.2.  The  convention  also 
is  adopted  that  the  direct  Fourier  transform  does  not  employ  a  'An  factor.  Now  F  (2)  is  periodic. 
Thus  6.7.21  is  the  transform  of  a  periodic  function, 


/co  ' 

F(z)  exp  (  -  iyz)  dz  =  2!  exp  (- indy)  1  (y) 

-  00  n  ,\ 


(6.7.22) 


and 


1  ( y ) 


exp  ( -  iyz)  dz 


(units://?)  (6.7.23) 


Second,  for  cylindrical  waves  the  radial  function  Rafl  in  6.7.4  is  a  Hankel  function  of  the  first 
kind  (that  is,  outgoing  w'aves  for  time  exp  -iwt). 


R„„  =  k'-Jl) 


dRmy  =  -  y2  d  H„  1  (x)  _  _  y‘  hif 

dn  dx 


(6.7.24) 


Substitution  of  6.7.20  through  6.7.24  into6.7.7  and  6.7.8  leads  to  a  formula  for  the  field  of  the 
velocity  potential  at  any  point  on  or  outside  of  the  array  due  to  the  n’th  ring: 


t//„  (r,  <h  z) 


=  Kl 


V„,  cos  m 


„  ,,  r7(y)W  (rV^'-y')e";  dy 


(6.7.25) 


\/  k‘-y‘  HI"'  ( a  \/  kl-y‘)  2 n 


The  factor  1/2tt  is  inserted  because  of  the  previously  noted  convention  on  Fourier 
transforms.  Now'  the  acoustic  power  radiated  by  the  /t'ring  due  to  the  velocity  potential  contri¬ 
buted  by  the  n'th  ring  is  equal  to  the  integration  of  the  product  of  the  acoustic  pn  ( r .  p,  z)  con¬ 
tributed  by  the  n'th  ring  and  the  velocity  of  the  //'ring  over  the  area  of  the  //  ring:  a 


r "  r"«‘h  -  r” 

W (n\n\  =  IWQV  I  ad< )>  J  dz  2.  V„cosm$  J  e  m,l'y  (y)e‘y: 

dJ_  x  \v-( 

In  L 


HL"  (rV  k’-y1) 


in  r/y„ 


\/  k1  -  y‘  HI"'  (a  \f~k‘  -yl)  2t 


f(*)F'(Z) 


(6.7.26) 


Because, 
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and  adding  the  contributions  of  all  n  rings,  it  is  seen  that  the  power  radiated  by  the  n  ring  is, 


W:  =  -  /aj6  121!  a  X  €J  f  I  Tfvtl2  H""  <rv/  k'-y1) 

4  m‘°  ”  \/  k'-y1  HL"'  ( a  \/  *2-y2) 


x  X  exp  [- i(n- n')  (y  -  y0)d]dy 


(6.7.28) 


Here,  the  additional  factor  of  2  appearing  in  6.7.26  and  6.7.28  is  inserted  because  V  is  taken  to 
be  a  peak  value. 

The  mechanical  radiation  impedance  is  obtained  from  6.3.1  in  conjunction  with  6.7.28. 
Assuming  |  V\i  =  \  VreJY  one  finds  the  self -impedance  (where  n  =  n)  to  be, 


OO  OO 

(z: U  =  -Ziggf.  X  I  Vm\>  J_j  7(y)|J 


2  m  =  0 


_ W’  (fl  V  k1  -  y2) _ 

A:2  -  y2  HL"'  ( a  \J  k1  -yl) 


dy  (6.7.29) 


The  mutual  inpedance  is  twice  6.7.28  divided  by  |  K|2  for  the  condition  n  ^  n'. 


It  is  often  desired  to  know  the  total  mechanical  radiation  impedance  of  2  N  +  1  rings.  This  is 
found  by  summing  Wf  over  all  ri .  Because  it  is  easily  verified  that, 


I  X 

n  -  -  S  n  -  •  .V 


e  Ha  n  )<y  -  yn)d 


=  1  I 


,  miy  -  y„\d  1 1 


the  total  impedance  reduces  to, 


7  —  ~  i<o  n  3" 

7-  TOT  ~  -  a  7— 


l^La  X  e„\V„\‘  f  I  7r (v) I2  HL"(a\Tk^7) 

2  m*°  V  k2-y2  HL"'  (a  V  k‘ -  y2) 


(>  inly  -  Y«)d  12 


(6.7.30) 


When  the  number  of  rings  becomes  infinite  a  great  simplification  occurs  because  then  a 
specific  choice  of  w'is  immaterial  one  can  set  n'  =  0.  Then,  in  6.7.28  it  is  required  to  find  the 
sum, 


T=  X  e  2nm' .  s  =  (x  ~  7o)  d 
"  ’  “  2  n 


(6.7.31) 


This  sum  may  be  found  by  use  of  Poisson’s  Sum  Formula.  First,  the  Fourier  Transform  of  each 
term  in  6.7.31  is  determined.  It  is  equivalent  to  taking  the  transform  of  unity: 
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vT  {exp  (-  2nins)  •  1  }  = 


-n)  =  6  j\ 


(r-yoM 

2n 


—  (  y-y«  - 

2  nn  \ 

.  2n  V 

d  )  J 

■  d  y  -  y« 


Next,  in  accordance  with  the  Sum  Formula,  the  sum  of  all  terms  6.7.31  in  real  space  is  equal  to 
the  sum  of  all  terms  in  Fourier  transform  space, 


I  2n  £  <5  (y  —  y„) 


y.  =  yo  + 


2nn 


(6.7.32) 


The  acoustic  power  radiated  by  the  n  ’th  element  is  then  found  by  substituting  6.7.32  into  6.7.28 
under  the  condition  n'  =  0: 

oo  co 

W.=  -i*e_\V\2a  H  em\Vm\'(*L\  I  |?T(y-)|*  HL"{aP„) 

4  V  d  /  n=  "  HL"' (a  (i„) 


(6.7.33) 


0-  =  \fk*-yi  ;  y„  =  y«  + 


This  formula  enables  us  to  apply  6.3.1  to  obtain  the  mechanical  radiation  impedance  of  then’lh 
element  in  an  infinite  array  of  ring  elements.  Often,  this  impedance  is  normalized  with  respect  to  qc  A 
where  A  =  2nah.  It  is  then  useful  to  define  a  normalized  impedance  *•«,  such  that, 


where, 


(Z„)„,  =  (ec2na/i]>« 


2  dh  m  "  «  "  ap„  HL"'  (aft„) 


(6.7.34) 


When  the  number  N  of  rings  in  an  array  is  no  longer  infinite,  but  large  enough,  one  can 
approximate  the  total  radiation  impedance  of  the  composite  as  if  the  array  were  infinite: 


6.7.35 
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6.7b.  RADIATION  FIELD,  ACOUSTIC  POWER  AND  MECHANICAL  RADIATION 
IMPEDANCE  OF  A  PLANE  PERIODIC  ARRAY  OF  RECTANGULAR  RADIATORS. 
[5] 

Lot  an  indefinite  number  of  identical  radiating  elements  be  arranged  with  centers  at  the  points 
of  a  rectangular  lattice  in  a  infinite  rigid  baffle,  and  let  them  all  be  identically  oriented  in  space  at 

angle  yi.  Fig.  6.7.3  shows  the  location  of  the 
centers  of  the  lattice.  A  center  (mn)  is  located  ma 
units  in  the  x  direction  and  nb  units  in  the  y 
1 1  y  direction.  Because  the  lattice  is  skewed  the  center 

4  (1,2)  is  shifted  2 1  units  to  the  right,  and  occupies 

y  the  center  (I)  2  ).  The  distance  l  by  definition  is 

,,  „  /,  ,,  r ,  given  by  the  relation: 


i  y 

(1.2) 

(1.2) 

/ 

l  / 

/ 

X 

(0.0) 

(1.0) 

\ - 

<  ■ 

b 

| 

=  JLL  =  L 

nb  b 


(6.7.36) 


Fig.  6.7.3.  Location  of  array  centers 
in  a  skewed  lattice. 


Thus  the  x  component  of  a  skewed  center  (m,n)  is, 
ma  +  nl 

Two  elementary  areas,  one  in  element  (m,n) 
and  the  other  in  element  (0,0)  are  located  by 
distances  R„  Ry  in  the  non-skewed  lattice  of  Fig. 
6.7.4.  An  arbitrary  point  in  the  m,n’th  element  is 
written  (x„,  y'„). 

Assume  each  radiator  is  given  a  fixed 
distribution  of  normal  surface  velocity  and  is 
steered  in  angle  y.  Thus,  o:i  surface  m,n: 


Vm„  =  V  w  (x'„ ,  v„ )  exp  (  -  iy  „  ) 


(6.7.37) 


Fig.  6.7.4.  location  of  elementary  areas 
in  a  non-skewed  lattice. 


Here  V  is  a  peak  reference  velocity  (units: 
ms'1)  w  is  a  dimensionless  distribution,  and  ym„  is 
the  phase  shading  parameter.  The  velocity 
potential  anywhere  in  the  half-space,  on,  or 
above,  the  baffle,  radiated  by  the  m.n'ih  radiator 
is  given  by  Rayleigh’s  formula  1.8.18, 


H>„Ax,  y,  z)  =  Vexp(  J  J  W  (x„,  y^)  .1'*  A  d  S  (xm,  W.) 
2  7!  R 


(6.7.38) 
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in  which, 


R  =  R  [i  sin  0  cos  <j>  +  )  sin  0  sin  4>  +  k  cos  6]  =  ~i  R,  +  j  R,  +  k  Rs 
k  =  k  [I  sin  ©  cos  <t>  +  j  sin  ©  sin  <t>  +  k  cos  © ) 

R  =  I(jc  —  xm)‘  +  O' -y'„Y  +  z2] v'  (6.7.39) 


In  this  formula  the  vector  R  originates  in  the  elementary  area  of  the  mn’th  radiator  and  points 
in-  the  direction  of  the  field  point  (x,  y,  z).  To  calculate  the  radiated  field,  acoustic  power  and 
impedance  of  one  elementary  radiator  we  choose  the  (0,0)  radiator,  and  locate  the  field  point  at 
arbitrary  (xm,  y„,  z).  A  first  step  in  the  analyses  is  to  examine  exp  (ikR)/R.  A  plane  wave  expansion 
in  spherical  coordinates  is  given  by  Wegl’s  formula,  4.4.1.  In  it  we  choose  z  =  z0  =  0,  so  that, 


exp  (ikR) 


R 


=  ik 

—  ft/2  -  f 00 

J  de  Jv 

Z  =  *„  =  0  2" 

Jo  Jo 

>  exp  i  (k  R,  sin  6  cos  4>  +  kR,  sin  0  sin  4> ) 


(6.7.40) 


x  sin  OdO 


Here,  as  before,  the  plane  waves  in  the  range  0<6<n/2  represent  progressive  (outward 
traveling)  waves,  while  the  waves  in  the  range  O</0<  -  °°  represent  evanescent  (or  inhomogeneous) 
waves.  The  distances  R„  R,  are  calculated  according  to  the  conventions  of  Figs.  6.7.3  and  6.7.4, 


R ,  =  ma  +  nt  +  x'm  -  x'a 
Ry  =  nb  +  yl  -  y'a 


(6.7.41) 


The  steering  parameter  y„„  can  also  be  written  in  spherical  coordinates  0O,  4>o,  of  the  steered 
direction: 


y„„  =  k(ma  +  nl)  sin  0ocos  +  k  (nb)  sin  0O  sin 


(6.7.42) 


However,  from  Fig.  6.7.3, 

f  sin  0O  cos  <j>0  +  b  sin  0O  sin  <t>0  =  \/  I*  +  b1  sin  (<f>0  +  h) 

(6.7.43) 

tan  n  =  J_ 
b 


Hence, 


(6.7.44) 


6.7  Radiation  Field,  Power  and  Impedance  from  a  Helmholz  Separable  Surface 


Returning  to  6.7.41  one  notes  that  R ,  contains  ma  +  nt ,  and  Ry  contains  nb,  both  of  which  are 
independent  of  integration  over  the  primed  coordinates  in  6.7.38.  Because  m, n  can  be  negative  as 
well  as  positive,  the  phase  factors  in  6.7.38  that  can  be  taken  out  of  the  integral  sign  can  be  written 
for  each  mn  in  the  convenient  form: 


tp  =  e2""”1  elnm‘  (6.7.45) 

where, 

s  =  _J_  k  a  (sin  9  cos  $  -  sin  90  cos  <j>0)  (6.7.46) 

2n 

t  =  JL  k\/  t2  +  b2  [sin  6  sin  (<j>  +  p)  -  sin  90  sin  (4>0  +  ^)]  (6.7.47) 

2n 


The  velocity  potential  \y  anywhere  due  to  all  the  radiators  in  the  array  is  obtained  by  summing 
6.7.38  over  all  m,  n.  Because  V„„  is  the  same  for  each  radiator,  only  one  integration  is  needed  over 
one  radiator.  The  additive  effect  of  all  the  other  radiators  is  found  from  the  sum. 


0  = 


oo 


1 


n  =  -  00 


pin  ini 


(6.7.48) 


which  is  outside  the  integral  sign.  A  similar  situation  was  found  in  the  calculation  of  the  radiation 
field  of  rings  on  a  cylindrical  baffle,  6.7.22,  6.7.23.  They  both  conform  to  the  general  rule  that  the 
radiation  field  of  composite  arrays  is  the  product  of  the  field  from  one  element  in  the  array  multiplied 
by  the  field  of  an  array  of  point  sources  fixed  at  the  same  lattice  points. 

Now  by  Poisson’s  Sum  Formula,  analogous  to  6.7.32,  one  may  write  6.7.48  in  the  form. 


0  = 


I 


m  -  oo 


I 


n  =  oo 


<5  (m’  -  s)  6  (n  -  t) 


(6.7.49) 


where  m',  n‘  are  the  Fourier  pairs  of  m,n  respectively.  Since  they  are  integers  over  the  same  ±  °° 
range  as  mn  the  prime  may  be  dropped. 

Substituting  6.7.49,  6.7.46,  6.7.47,  6.7.40  into  6.7.38,  and  summing  over  all  mn,  one  finds  the 
velocity  potential  at  point  (jrd,  y0,  z )  on  surface  S0,0  due  to  all  the  array  to  be, 


0  (JCo.  >\.) 


oo 


n 


I 


1 

2  7T 


ik_ 

In 


sin QdQ  d$d(m-s)d(n-t) 


exp  [  -  ik  (x„  -  x'„)  sin  9  cos  $]  exp  [  -  ik  (ym  -  y'„)  sin  0  sin  <|> ]  dS  (x„,  y'„ ] 


(6.7.50) 
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This  formula  enables  us  to  determine  the  acoustic  power  radiated  by  the  central  element  of  the 
infinite  array. 


p(x o,  y'0)  V0’udS(Xo,  yi>) 


(6.7.51) 


Since  this  element  is  not  steered  one  sets  0O  =  0  =  <j>0.  Noting  that  p  =  -  iu> tp,  and  substituting 
6.7.50  and  6.7.37  into  6.7.51  one  finds  that  the  required  integral  over  x„,  y„  is  independent  of  that 
required  over  x'm,  y'„ ;  but  identical  with  it  excepting  it  is  its  conjugate.  The  result  of  this  repeated 
integration  over  area  S0,0  and  Smn  is  the  absolute  square  of  the  integral  over  the  central  element  area 
alone.  It  is  also  proportional  to  the  directivity  factor  of  the  central  element. 


|  £)  (0  ^)  | 2  =  I  $$  w  (*«»  -Vo)  exp  [-/Ar  (x0  sin  6  cos  $  +  y0  sin  0  sin  4>]  dSa,„  |2  (6  7  $2) 


in  which  S.„  is  the  effective  (or  weighted)  area  of  one  element,  defined  by, 

Seff  =  II  w  (x„,  y0)  d  S0.o 


(6.7.53) 


Thus  the  acoustic  power  radiated  by  the  central  element  of  an  infinite  planar  array  of  elements 
is  given  by, 


“  ”  -n/2  -  i»  fin 

Wo.o  =  ±  2.  2.  \  sin  Ode  J  d^S}„  |£>(0,  *)|2 

2  m  =  -  oo  n  =  a,  2n  2 n 

(6.7.54) 

x  d  (m  —  JL  sin  0  cos  $)  6  \  n  -  \/  tl  +  b1  sin  0  sin  (0  +  p)| 

A  L  A  J 


in  which  we  have  used  the  fact  that  k  =  2rt/A.  Eq.  6.7.54  is  analogous  to  6.6.17  because  it  expresses 
radiated  power  in  terms  of  an  integration  over  directivity. 

To  evaluate  6.7.54  a  change  of  variables  is  made: 


u  =  sin  0  cos  :  v  =  sin  0  sin  (<(>  +  p) 


sin  0 


u‘  +  ^ 


\/  r  +  b1 


(6.7.55) 


tan  ^  -  JL  * 
u  cos  i 


-  tan  p 
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The  limits  of  integration  for  both  u  and  v  become  -  oo  to  +  oo.  Because 


6  (m  -  £_  sin  0  cos  <j>)  =  A.  6  (u.  -  u)\  um  = 

A  a  a 


(6.7.56) 


n  -  \J  l 2  +  b1  sin  0  sin  (4>  +  p)  =  L 
L  A  xTTTV 


6  (v„  -  v);  v„ 


(6.7.57) 


r  +  b1 


and  because  the  Jacobian  is  cos  0  sin  0  so  that  du  dv  =  cos  0  sin  0  dQd\  the  integral  over  0  and  $  is 
directly  performed  so  that  6.7.54  reduces  to, 


tn„  =  _L  X  I  (-icae)iX}L  Wi _ !*>(“-.  on _ 

2  271  2n  fi  -  -  u-ty  -  ulV 


(6.7.58) 


ka  k  \J  r  +  b1 


The  mechanical  radiation  impedance  of  the  central  radiator  is  obtained  from  6.3.1, 


Z0,0(co)  =  >_. 

\vv 


(6.7.59) 


I D(u„,  v„)|' 


The  real  part  of  the  radiation  impedance  6.7.59  is  built  up  with  those  values  of  um,  v„  such  that 
the  denominator  is  real.  All  the  remaining  um,  v„  contribute  to  the  reactive  impedance.  The  mutual 
impedance  between  the  mn’th  element  in  the  array  and  the  central  element  is  found  by  using  the 
mn'th  term  alone.  The  self-impedance  is  found  by  using  only  the  term  m  =  0,  n  =  0. 


Because  the  array  has  an  infinite  number  of  elements  the  radiation  impedance  of  the  mn’th 
element  is  the  same  excepting  for  steering.  To  account  for  steering  one  replaces  6.7.56  and  6.7.57  by 
the  following  new  values: 


_.  m  A 


u  =  sin  0ocos<t>„ 


(6.7.60) 


tl  +  bl 


v  =  sin  0O  sin  ($0  +  u>) 


(6.7.61) 


•  %-v . -Vv'v  y >\v •'.'v-' v  -A  , 
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|  In  arrays  of  a  finite  number  of  elements  all  the  above  formulas  are  calculated  with  m,  n  finite. 

The  radiation  pattern  of  an  infinite  lattice  of  radiators  in  a  plane  appears  as  an  infinite  number 
of  lobes,  all  of  the  same  size  as  the  central  lobe.  The  lobe  structure  is  due  to  mutual  constructive  and 
destructive  interference.  Eq.  6.7.50  indicates  that  lobes  occur  in  directions  given  by  angles  0,  $  such 
that, 

s  =  m,  or  JL  (sin  9  cos  <j>  -  sin  80  cos  <j>0)  =  m,  m  =  0,  ±  1,  ±  2,  ... 

A 


n,  or  VJHIL 
A 


[sin  6  sin  ($  +  /i) 


(6.7.62) 

sin  60  sin  (<t>„  +  m)]  =  n,  n  =  0,  ±  1,  ±  2,  ... 


The  above  development  applies  to  radiating  elements  of  any  shape.  An  array  often  occurring  in 
practice  consists  of  circular  pistons,  radius  dr,  located  in  a  equi-spaced  rectangular  lattice,  a  =  b  =  d, 
in  which  the  skew  1=0,  and  steered  in  elevation  0O,  but  not  steered  in  azimuth  (<t>0  =  0).  The  radiation 
impedance  of  the  central  single  radiating  disc  is  obtained  by  6.7.59: 

Znn  =  QC  S'"  £  X  (  2  7,  (kd,  \J  uj  +  v* )  V 

V  kd,  \/  u‘m+  v,  / 

V  1  -  ui  -  vi  (6.7.63) 


u„  =  m)t  +  sin  B0;  v„ 
d 


HL;  d>2dr 
d 


It  is  emphasized  that  this  is  a  formula  for  an  array  consisting  of  an  infinite  number  of  elements. 


6.7c.  RADIATED  ACOUSTIC  POWER  AND  ACOUSTIC  FIELD  OF  A  RECTANGULAR 
WAVEGUIDE  WITH  A  PERFORATED  WALL.  [6] 


Fig.  6.7.5.  Waveguide  with  a  perforated  wall. 


A  segment  of  a  rigid  wall  waveguide,  length 
L,  width  D,  height  a,  has  one  wall  perforated  with 
holes  of  diameter  d  much  less  than  a  wavelength  A, 
spaced  sufficiently  apart  so  as  to  be 
moninteracting.  Fig.  6.7.5  shows  the  waveguide 
and  its  associated  coordinate  system. 

To  restrict  the  number  of  modes  inside  the 
waveguide  to  be  considered  assume  the  acoustic 
size  ya  of  the  cross-section  is  so  small  as  to  admit 
only  the  plane  wave  mode  at  frequency  or.  The 
field  in  the  waveguide  is  then  described  by  the 
velocity  potential  , 

ift,  =  A,  expil.x  cos  yz  (6.7.64) 

V  +  y‘  =  kl  (6.7.65) 
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Here  4,  y  are  the  x  and  z  components  of  the  propagation  vector  K, 

K  =  ?4  +  ky  (6.7.66) 

and  k  ( =  a >/c)  is  the  propagation  constant  of  the  medium.  The  field  outside  the  waveguide  can  be 
quite  complex.  A  simple  case  occurs  when  the  perforated  wall  radiates  a  single  two-dimensional  plane 
wave,  potential  ip2,  given  by, 

ip2  =  A2exp  i  K '  f  =  A  2  exp  /( 4*  +  y z)  (6.7.67) 

The  constants  A,,  A2  are  determined  by  specifying  that  at  x  =  0  the  particle  velocity  is  known  to 
be  uniform  across  the  cross-sectional  area,  and  to  have  the  peak  value  V,.  Thus, 

ip,  =  exp  (4* cos  yz,  0  <  z<  a  (6.7.68) 

-#4 


At  each  perforation  it  is  assumed  that  the  j-component  of  particle  velocity  is  continuous  across 
the  wall, 

=  Hjfil,  z  =  a  (6.7.69) 

dz  d  z 


Using  6.7.68  and  6.7.67,  and  allowing  sin  ya  =  ya,  exp  iya  =  1 ,  it  is  seen  that, 

ip2  =  K  expi(£x  +  yz),  Z>a  (6.7.70) 

-4 

In  addition  to  boundary  condition  6.7.69  there  is  the  requirement  of  balance  of  forces  at  the 
interface  z  =  a.  For  a  specific  acoustic  admittance  y,  at  the  interface,  1 .8.22  states  that. 


a 


* 


s 


lp2  -  ip,  = 


v,  _  v.S 


(6.7.71) 


y-  y a 


in  which  yA  is  the  (generally  complex)  acoustic  admittance  of  the  perforation.  Now  v..  is  continuous 
through  the  perforation.  Thus  we  can  use  6.7.68, 


3ip,\  =  -K,y,_ 


3Z  \  z  =  a 


(-  sin  yz)  exp  i$x 

z  -  a 


^  y  sin  ya  exp  i  lx 

»4 


Furthermore  the  field  i p2  is  of  order  ya  which  makes  it  negligible  in  6.7.71, 


■/v  ,v/-V  • 


*  « p «  «  • 


*■  ■ ’'e  'y  y' 
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V,  = 


v,  5 

yA 


or, 


Yl  exp  i  £x  cos  y a  =  V|  s'n  ya  exp  i  4  z 

-  *4  '4  .y* 


This  reduces  to  a  dispersion  relation  which  fixes  the  value  of  y, 


cos  ya  =  ya  ^  sin  ya 
T/i  a 


(6.7.72) 


A  simple  solution,  consistent  with  all  assumptions,  is  to  take  ya  <  1,  and  write, 

!  ^  (ya)2  S 
yA  a 


or 


This  unique  value  of  y  allows  one  to  obtain  the  unique  value  of  4  from  6.7.65, 

4  =  vrF^P  =  -  *  [  i  _  1 

a^  L  2(ka)2\ 


(6.7.73) 


(6.7.74) 


These  values  of  y  and  4  explicitly  fix  the  normal  component  of  particle  velocity  and  acoustic 
pressure  on  the  surface  z  =  a,  and  thus  allow  one  to  calculate  the  radiation  everywhere  by  evaluation 
of  an  integral.  However,  6.7.74  is  a  real  number.  As  such  it  does  not  account  for  the  loss  of  acoustic 
energy  as  the  wave  propagates  down  the  waveguide.  A  simple  mathematical  model  of  this  loss  is  to 
define  an  attenuation  factor  a  such  that  the  diminution  of  acoustic  pressure  follows  the  law  exp 
( -  ax).  Assuming  that  the  magnitude  (y/k)‘  <3  1  one  can  write  1 4 1  =  k.  Thus  the  acoustic  pressure  on 
the  surface  z  =  a  is, 


p  (x,  a  |  cu )  =  -  icaQ  ya  Yl  exp  i  (4.v  +  ya)  exp  ( -  ax) 
-k 


(6.7. 75) 


=  iqc  V\  (ya)  e  °*  exp  i  (4-v  +  ya) 


262 


V'  • 


.  vV-V-' 


6.7  Radiation  Field,  Power  and  Impedance  from  a  Helmholz  Separable  Surface 


Similarly,  the  normal  component  of  particle  velocity  at  the  surface  z  =  a  is. 


v,  =  -  d  Vi  =  -  (ya)  K  jy  exp  i  (lx  +  ya)e 
dz  ;  =  u  -k 

(6.7.76) 

=  i  e'°‘ exp  i  (ix  +  ya) 

ka 


The  acoustic  intensity  at  the  surface  is. 


/ o(x,  a|co)  =  J_Re  {pv!} 

2 

”  =  _1_  qC  (ya)'  e  :«> 

2  ka 


(6.7.77) 


The  acoustic  intensity  inside  the  waveguide  at  any  cross-sectional  area  is  that  of  a  plane  wave 
with  particle  velocity  V,  at  x  =  0: 


/,  (x)  =  J__ qc  Vie 
2 


(6.7.78) 


The  change  of  intensity  for  an  incremental  distance  Ax  is. 


A  1  (*>  =  K{(-2o)e 

Ax  2 

A  balance  of  the  real  acoustic  power  radiated  from  the  surface  z  =  a  across  an  area  DAx  and  the 
power  reduction  inside  the  waveguide  in  this  same  length  Ax  is  given  by, 

I „  DAx  =  -  ^  A  L_  ^  a  DAx 


1  qc  Vi  (Ya)  *  e  2o>  =  -  J_  qc  V\  ( -  2o)  e  2o'a 

2  ka  2 


The  attenuation  is  then, 


a  =  (ya)' 


(6.7.79) 
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Now  the  acoustic  pressure  field  everywhere  is  obtainable 


P(r  |o>)  = 


•  lU)Q\p 


■  ICDQ 


4tt 


-S,[ 


V,  (r0)  + 


P  (r0) 


COS  y 


-  eik\f~r„\ 
I  r  -  r„ 


QC 


d  S  (r„) 


(6.7.80) 


It  is  to  be  noted  that  the  factor  4rr  rather  that  2n  because  this  segment  of  the  radiating 
waveguide  is  assumed  to  approximate  a  point  source  when  observed  in  the  far  field.  In  terms  of 
spherical  polar  angle  0  and  azimuth  angle  $  the  far  field  approximation  is: 


|  r  —  r  o  |  =  r  -  x  sin  8  cos  $  -  .y  sin  0  sin  $ 
cos  y  =  cos  6 


Using  the  approximation  one  substitutes  6.7.75  and  6.7.76  into  6.7.80  to  obtain. 


rt(r.0.4>|cu)  = 

i  K  (ya)  exp  iy a 

1  +  A  cos  0 

e<kr  ( 

4  n 

ka 

y 

r  J 

(6.7.81) 


X  e  /A:[x  sin 6 cost  -  ysinflsmtl  dxdv. 


To  simplify  the  evaluation  of  the  integral  the  attenuation  over*  can  be  averaged  separately, 


1 

L 


e  ° x  dx  =  *  [  1  -  e 

a  L 


al  1 


Choose  L  such  that  aL  =  1,  that  is  L  is  the  distance  such  that  the  travelling  wave  in  the 
waveguide  decays  to  e  1  of  its  initial  value  at  x  =  0.  Thus  the  attenuation  magnitude  is 
approximately  1  -  e  '  or  approximately  0.6.  Because  the  x  and.y  factors  in  the  integrand  are  separate 
one  finds, 

sin  r  KP  gl 

I  e  ,kiy  dy  =  D  k  2  -I  g  =  sin  0  sin  <(> 

"2  ID_e 

2 


r: 


e  ,kt-y  dx  =  Le'a  k 


sin  [(£  -  kO  -y] 


,  4  =  sin  8  cos  4 
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In  the  horizontal  plane  0  =  n/2.  The  pressure  in  the  far  field  is  then, 


in  which 


(b)  /„  = 


oi  ge 

V ,  (ya)1 

pikr 

(exp/yo) 

_  [ exp  /  (4  -  k  cos$)^_ 

4  71 

ka 

r 

L  2  J 

sin 

r  kp  sjn  ^,1 

sin  [  kL 

(  J_  -  cos  <j>  )  1 

_ 

L  2  J 

v  L  2 

s  k  /  J 

kD  sin  $ 

kL  / 

^  -  cos  ) 

2 

1  V 

k  J 

IhLD 

(6.7.82) 


In  the  vertical  plane,  <j>  =  0.  The  pressure  in  the  far  field  is  then, 


(a)  plr.6, 0|oj)  =  wee  V'  (exp iya)  e‘k[  exp/(4-£)ii  fvLD 

An  ka  r  L  2  . 


sin  (f-k  sin  0)  L_ 

(b)  fv  = - L - _U -  1  +  _  cos  6 j 


(6.7.83) 


k  sin  e)L 
2 


In  6.7.82  and  6  7.83  the  wavenumbers  y,  4  are  specific  entities  given  explicitly  by  6.7.73  and 
6.7.74.  Both  6.7.82b  and  6.7.83b  illustrate  the  product  theorem,  see  Sect.  4.7a. 


6.8.  PRINCIPAL  DIRECTION,  ANGULAR  DEVIATION  RATIO,  RADIATION  FACTOR, 
GAIN  FACTOR  [7] 


A  symmetrical  directional  sound  source  designed  for  underwater  signalling  will  have,  for 
unshaded  operation,  a  principal  direction,  in  the  far  field  in  which  the  acoustic  pressures  generated 
by  all  elements  of  radiating  surface  arrive  with  the  same  phase.  The  ratio  of  the  acoustic  pressure  p  in 
any  direction  (given  by  the  spherical  angles  0,  o)  to  the  pressure p„  in  the  principal  direction  is  defined 
to  be  the  angular  deviation  ratio  V(6,  $),  Since  the  acoustic  power  flowing  through  a  spherical  area 
(radius  R)  in  the  far  field  is  proportional  to  the  square  of  the  pressure  amplitude  the  effect  of 
directionality  on  power  may  be  calculated  by  finding  the  coefficient  (  Q  )  of  the  square  of  the  average 
angular  deviation  ratio  over  the  total  far  field  spherical  area,  i.e. 


0  = 


L  *2ds 

4tt  R1 


(6.8.1) 


This  average  defines  the  radiation  factor,  that  s,  a  factor  by  which  the  real  acoustic  power  due 
to  an  omnidirectional  radiator  of  pressure  /;„  is  reduced  when  replaced  by  a  directional  source  with 
the  same  pressure  p„  in  the  principal  direction  only.  When  comparing  powers  the  quantity  Cj  1 
shows  try  how  much  the  pressure  in  the  principal  direction  of  a  directional  radiator  is  increased  over 
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the  pressure  of  an  omnidirectional  radiator  of  the  same  power.  This  quantity  is  called  the  pressure 
gain  factor  l': 


v=  0 


(6.8.2) 


6.8a.  PRESSURE  GAIN  FACTOR  OF  ARRAYS  OF  DIRECTIONAL  SOURCES 

In  the  far  field  of  an  array  of  n  point  sources  the  acoustic  pressures  at  a  field  point  in  a  specified 
direction  due  to  any  two  sources  will  have  phase  angles  of  arrival  which  will  differ  by  an  amount  A  = 
kb,  b  being  the  path  difference  between  the  sources.  Selecting  an  arbitrary  reference  point  we 
describe  the  phase  angle  of  arrival  from  the  p  th  source  relative  to  this  reference  as  Ap.  Hence  for 
plane  waves  the  phase  of  the  p  th  source  relative  to  the  reference  is  exp  (j Ap).  Let  there  be  a  special 
direction  (different  from  the  principal  direction)  in  which  the  radiation  from  all  sources  is  artificially 
adjusted  to  be  in  phase  in  the  far  field.  This  is  the  shaded  direction  in  which  the  natural  phase  angle 
from  the  p’th  source  relative  to  the  reference  point  is  A M'  =  kb' .  The  phase  shading  in  the  shaded 
direction  is  accomplished  by  making  AM  +  Ap'  =  0,  or  to  each  point  source  we  give  a  phase  angle 
-kb'  where  b'  is  the  path  difference  between  the  radiation  in  the  shaded  direction  and  the  reference 
point.  The  phase  in  any  other  direction  is  therefore  exp  [j  (Ap  +  AM')J.  We  now  replace  the  n  point 
sources  by  n  directional  sources  such  that  the  pressure  from  the  p  th  source  at  point  (6,  is  given  by 
R(M,  <t>).  Considering  the  sound  field  of  all  the  directional  sources  together,  one  can  form 
the  resultant  pressure  in  the  far  field  at  angle  0,  d>  when  all  the  sources  are  shaded  to  be  in 
phase  in  the  shaded  direction  to  be, 

n 

p(6,\)  =  X  M  (0, 4>)  eylA“  "  ^  (6.8.3) 

M  =  I 


In  the  shaded  direction  AH  +  AM'  =  0  and  T’p(0,<j>)  =  1,  hence  the  angular  deviation  ratio 
of  the  array  of  n  sources  becomes, 


A 


Pv  Up  (0,  $)  eJ(i“  “ 


(6.8.4) 


If  all  the  sources  have  identical  angular  deviation  ratios  and  principal  pressures  then, 


VA 


V  (8,  jj 

n 


n 

y  *  v 

M  -  1 


(6.8.5) 


We  des  re  now  the  gain  factor  for  an  array  of  n  point  sources.  Sctt  ng  R(9,  41) 

that, 


Pi 


n  n 

2!  X  cos  (AM  -  -  AM  +  Av/) 

tin  ) 


vve  see 


(6.8.6) 
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To  perform  the  integration  J"s  V2  dS  let  the  line  joining  the  two  sources,  p  and  v,  be  the  axis  of 
the  sphere  over  which  the  surface  integration  is  to  be  performed.  The  result  of  the  integration  is  a 
pressure  gain  factor  for  n  sources: 


(6.8.7) 


sin  ka M,.  cos(AM-Aj 


in  which  aIJV  is  the  distance  between  the  sources  p,  v.  This  in  generalized  form  is  Rayleigh’s  formula 
[  ].  In  a  special  case  let  =  sk/2,  s  =  1 , 2,  3  ...  .  Then,  for  the  condition  of  no  shading  the  double 

sum  in  the  formula  is  equal  to  n,  the  number  of  sources  in  the  array,  and  so  the  pressure  gain  factor 
reduces  to  V  =  n'  Hence  for  arrays  of  n  point  sources  separated  by  integer  multiples  of  half- 
wavelengths  the  sound  pressure  on  the  principal  axis  in  the  sound  field  is  n1'2  times  the  sound  pressure 
due  to  one  source.  By  symmetry  the  radiation  impedance  is  the  same  for  all  sources  in  this  special 


6.8b.  SUMMARY  OF  FORMULAS  DESCRIBING  ANGULAR  DEVIATION  RATIO  AND 
PRESSURE  GAIN  FACTOR  OF  ARRAYS  OF  POINT  SOURCES. 

The  Straight  Line  Array  —  An  arrav  of  n  equidistant  point  sources  on  the  jr-axis  (separation 
distance  between  points  =  a)  (Fig.  6.8. 1 )  generates  a  far  field  pattern  which  depends  on  one 
parameter,  the  angle  y  between  the  x-axis  and  the  vector  to  the  field  point  P.  If  the  sources  are  shaded 
so  that  the  far  field  pressures  from  all  the  sources  are  in  phase  at  the  angle  y'  then  the  far  field 
shading,  the  angular  deviation  ratio,  and  the  pressure  gain  factor  at  any  other  angle  y  are  given  by, 


(a)  k  (b  -  b)  =  ka  (cosy  -  cosy) 


(b)  T(y,y)  = 


sin  n  X 
n  sin  X 


f  ig.  6.8.1.  Geometry  of  a  line  array 
of  point  sources. 


COS  u  ka  cos  y 
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The  requirement  (often  found  in  practice)  to  have  vanishing  side-lobes  imposes  conditions  on  the 
entity  na/k.  For  y'  =  90°,  namely  for  the  state  of  no  shading,  the  condition  of  no  side  lobes  is 

by  making  na/k  <  1.  For  y'  =  0°,  we  must  set 
i  ( 2na/k )  <  1 . 

.  p 

f  The  total  length  of  the  line  is  I  =  (n  -  1  )a. 

/  If  the  number  of  point  sources  in  length  l  is 

/  increased  indefinitely  with  a  corresponding 

//  s'  •;  diminution  of  a  to  zero  then  no-*  l,  the  array 

/  /  s'  becomes  a  continuous  line,  Fig.  6.8.2.  The  angular 

_ L _  .1' _  _ f _ v.  deviation  ratio  and  pressure  gain  factor  in  turn 

s'  Q  s'  become, 


(a)  (y,  y  )  =  sin  Y 

Y 


Fig.  6.8.2.  Geometry  of  a  line  array. 


(b)  Y  =  [cosy  -  cosy  ]  (6.8.9) 

A 


cos  klf-  1  +  cos  klg  -  1  +  2 Si  (klf)  +  2  Si(klg) 

Zi  klf  Vi  klg 

(d)  f  -  \  -  cos  y',  g  =  1  +  cos  y'.  Si  -  sine  integral  —  J  sin  x  dx 

x 


The  Circular  Array  —  Let  n  be  an  even  number  of  point  sources  on  a  circle  in  the;ry  plane  and 

select  origin  of  coordinates  at  center  of  the  circle. 
These  n  sources  can  be  thought  of  as  m  (=  n/2) 
linear  arrays  each  containing  two  point  sources, 
spaced  like  spokes  on  a  wheel  at  equal  angle 
separation  on  a  circle  of  diameter  d  Fig.  6.8.3.  The 
angular  deviation  ratio  of  each  of  these  m  arrays 
is  T'  =  cos  x,  x  =  na/k  [cos  y  -  cos  y].  We  label 
these  arrays  p  =  0,  1 , 2,  ...  m  —  1 ,  the  array  ^  =  0 
lying  along  the  jr-axis.  Let  the  positive  z-axis  be 
determined  by  the  right-hand  rule  (=  clockwise 
rotation  of  the  x-axi^  into  the  v-axis).  If  the  field 
point  vector  is  projected  on  the  xy  plane  and  the 
clockwise  angle  from  the  x-axis  (i.  e.  from  u  =  0) 
to  the  projection  be  designated  as  <*,  then  the  angle 
between  the  projection  and  the  ^-th  two  point 
array  will  be  a  +  \x n/m .  Let  y  be  the  angle 
Fig.  6.8. a.  Geometry  of  a  circular  between  the  field  point  vector  and  the  .v-axis  and  ft 

array  of  point  source' .  the  angle  between  the  field  point-vector  arid  its 
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projection  in  the  xy  plane.  We  see  from  these  definitions  that  cos  y  -  cos  ft  cos  Designating  the 
shaded  direction  by  the  angles  ft',  a'  we  may  obtain  the  angular  deviation  ratio  at  angles  ft,  a  by 
summing  m  two-point  source  arrays,  and  by  substituting  in  6.8.2  obtain  the  pressure  gain  factor. 
These  are, 


(a)  ft 


= 

m 


X  cos  J  nd  cos  ft  cos  (  a  +  p  JL  )  -  COS  ft'  cos  (a'  +  ^  — )1  1 
e  =  <>  1  A  L  \  rnJ  mjj 


(6.8.10) 


(b)  V  = 


1 

n‘ 

/  ^ 

sin  1  kd  sin  P  v  n  > 
n  ’ 

cos 

kd  cos  sin  j 

a  +  M  +  v  „  j  sin  M-v  „ 

/  M.-t 

kd  sin  p  -  v  n 
n 

n  ) 

When  it  is  required  that  the  side  lobes  vanish  we  must  set  (2nd/A)  4  2.4  if  ft'  -  0,  and  (nd/A)  <i 
2.4  if  ft'  =  90°.  The  value  of  ft  in  depends  upon  o,  ft,  a',  ft ' .  To  simplify  calculation  one  may  obtain 
a  “latitude  section"  by  setting  ft  =  b  ,  and  a  “vertical  section”  by  setting  a  =  a' .  Using  the  series 
developments, 


cos  (at  sin  co )  -  J0  (x)  +  2  X  Jh,  (at)  cos  2pu> 
/>=  i 


cos  (x  cos  co)  =  J0(x)  +  2  X  (-  1 )"  J2t,  (at)  cos  2  par 

p  =  i 


the  angular  deviation  ratio  at  a  for  the  condition  ft  =  ft'  is, 

ft  «  =  ,)'  =  \Jo(V)  +  2l  Jlqm(V)co^2qm  V  =  2nd  cos  ft  sin  (6.8.11) 

<?=>  2  A  2 

and  the  angular  deviation  ratio  at  ft  for  the  condition  a  =  o  '  is, 

00 

ft  a  =  a  =  I  +  2  Z  (-  iry2,„(»r)cos2<7na'  |,  W  =  JlfLicosp  -  cos/3  )  (6.8.12) 

<t= 1  A 


The  Circular  Line  —  When  every  point  on  the  circular  array  is  a  point  source  the  new 
configuration  is  a  radiating  circular  line  Fig.  6.8.4.  If  an  arbitrary  plane  is  passed  through  the  origin 
perpendicular  to  the  field  point  vector  (through  the  origin)  the  circular  line  (radius  R )  will  be 
intersected  at  two  reference  points  corresponding  to  the  selected  field  point.  Let  A,B,C  be  the 
direction  cosines  of  the  field  vector.  Any  point  on  the  circular  line  will  contribute  a  ray  to  the  field 
point  with  a  path  difference  of  b  w  ith  respect  to  the  reference  points  where  b  ~  R  (A  cos  a  +  B  sin  a). 
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Let  the  shaded  direction  of  the  circular  line  be  given  by  a',  p',  and  fix  a  plane  through  the  origin 
perpendicular  to  the  field  point  vector  in  the  shaded  direction.  An  element  on  the  circular  line  will 
contribute  a  ray  with  path  difference  b‘  with  respect  to  the  new  reference  points.  Thus  the  angular 
deviation  ratio  due  to  all  circular  line  elements  ds  =  Rda  becomes, 


(  2 it/? 


gjk  [b  ~  b  )  ^ 


(6.8.13) 


Recalling  that  J„  (z)  =  C/'"/tt)  (J  eJ“°’  '  cos  n  I 
dt)  and  that  A  =  cos  a  cos  p,  B  =  sin  a  cos  ft,  the 
formulas  for  the  angular  deviation  ratio  and  the 
gain  factor  may  be  reduced  to. 


(a)  = 


=  Jo  \jld_ 

L  A 


(Ft  +  F2)' -  , 


d  =  2 -V, 


Ft  =  (cos  a  cos  ft  -  cos  a'  cos/?')2, 


(6.8.14) 


Fig.  6.8.4.  Geometry  of  a  circular  line  array. 


F2  =  (sin  a  cos  ft  -  sin  o'  cos  p')\ 


(b)  L0=o  = 


2  J !  (  ~kd  cos  p'  1  Z  4<2vi|  ( kd ) 
r  =  0  V  2  J  P  =  0 


€n  —  1 


,  £r  =  2,  r  ^  0 


(c)  Fft  _  90”  - 


2  Z  y,„ . ,  (kd) 

P  =  o 


(d)  V,1  =  p-  -  1  .cos/?' sin  j[, 


(e)  =  o  = 


Ja  (  -J:nd  [cos/?  -  COS/TJ  j|. 


We  note  that  for  t  =  d,  d  P  A,  the  pressure  gain  factor  of  the  radiating  circular  line  is  larger  than  the 
gain  factor  of  the  radiating  straight  line  by  about  \J  tt  . 


y-V  'Sv  .  ■ 

■v'.'-V  .-Ivlv 


%  A  '.  A 
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The  Spherical  Array  —  In  Fig.  6.8.5  we  divide  the  polar  angle  it  of  a  spherical  source  of 
diameter  D  into  s  +  1  equal  parts  and  define  s  circles  of  latitude  with  designations/?  =  1,2,  ...s.  The 
diameter  d„  of  the  p  th  circle  of  latitude  is  d,,  =  D  sin  (pn/s  +  1 ).  If  each  circle  defined  in  this  way  is  a 
radiating  circular  line  its  angular  deviation  ratio  for  a  “latitude  section”  (i.  e.  ft  =  B  )  from  6.8.1 4d 
is. 


I*  = 


J„  I  ^TtP  cos  p'  sjn  a  a  sjn  prt 
V  A  2 


5  +  1 


(6.8.15) 


Now  the  magnitude  of  the  pressure  from  the  p  th  circle  is  proportional  to  its  diameter,  hence 
proportional  to  sin  {pn/s  +  1).  Since,  in  the  compensation  direction  R„  =  1  it  is  seen  that  the 
angular  deviation  ratio  in  a  latitude  section  of  a  sum  of  s  coaxial  rings  for  the  condition  /}'  =  0  is. 


V  p  =  i 

K(l  = P  '  = 0=  — — 


2.  sin  (  Pn  ) 

V  5+  1  / 


(6.8.16) 


Recalling  that 


X  sin  | 

'  P”  ) 

=  cotangent  (  71  \ 

it  i< 

/>=  i  1 

v  5+1  ) 

V  2(s+l)/ 

he  angular  deviation  ratio 

is. 

=  tf>  n 

s 

X  j„i  _ 

2nD  sin  a -a'  sin  pn 

\  sin  Pn 

2(5+  1) 

p=  1  V 

A  2  5+1 

)  5+1 

it  is  seen  that  for 


(6.8.17) 


For  a  vertical  section  (i.  e.  a  =  o')  we  may 
similarly  add  the  pressures  due  to  5  circles  of 
latitude  to  find  T? .  However  there  is  an  additional 
phase  difference  at  a  field  point  in  a  vertical 
section  due  to  the  varying  location  of  thep  th  ring 
along  the  vertical  axis.  This  appears  as  a  factor  x 
in  the  following  formula  for  the  vertical  section, 


=  tx. 


2  (s+  1) 


p  i 


Jo  O')  sin 


COS  .V 


(6.8.: 8) 

A'  =  (nD/ A)  cos  (pn/s  +  1)  (sin  ft  -  /)  ) 


I  ig.  6.8.5.  Cicometry  of  a  spherical  array. 


y  -■  (nD/ A)  (cos  /?  -  cos  p  )  sin  ( pn/s  +  1 ) 
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The  Radiating  Spherical  Surface  —  We  now  assume  that  the  sphere  is  completely  covered  with 
point  sources  and  is  shaded  in  the  direction  of  the  z-axis.  We  expect  a  rotationally  symmetric  pattern 
so  that  the  polar  angle  t  (Fig.  6.8.5)  between  the  z-axis  and  the  field  point  vector  is  the  only  variable. 
The  angular  deviation  ratio  for  a  spherical  radiating  surface  shaded  in  the  j-direction  and  the 
pressure  gain  factor  may  be  derived  to  be. 


(a)  V  = 


(b)  V  = 


sin  t  2nP  sj 
V  A 

_2jtD_  sin 
A 

A :rDl 
C  +  In  2 kD  - 


(6.8.19) 


V  C  +  In  2 kD  -  Ci(2kD) 

in  which  C  =  0.577  is  Euler’s  constant.  For  no  side  lobes  we  require  that  (2D/A)  <S  1. 


Combination  of  Arrays  —  In  an  array  A  of 
point  sources  having  the  angular  deviation 
ratio  -ft  A  we  may  replace  each  source  by  a 
secondary  array  B  having  a  ratio  If  the 
intensities  and  directivities  of  all  the  secondary 
sources  are  equal  then  the  angular  deviation  ratio 
of  the  combination  array  is  the  product  V  A  V„. 
This  is  called  the  Product  Theorem  (see  Sect.  6.6). 

We  dispose  the  primary  and  secondary 
arrays  in  the  xy  plane,  and  seek  to  find  the  angular 
deviation  ratios  of  combinations  commonly  used 
in  array  practice.  Each  combination  is  accompanied 
by  a  sketch. 


Case  l.  Fig.  6.8.6.  Four  Source  Points 


Fig.  6.8.6  Array  of  four  source  points. 


X1  =  cos  ^  na'  cos  y  ^  cos  ^  na‘  cos  6  'j 

6.8.20) 


Case  ll.  Fig.  6.8.7.  n  +  1  points  (distance  a 
between  them)  on  a  line,  each  point  m  ( tn  0,  1, 
2  ...  n)  with  intensity  given  by  the  binomial 
coefficient  (")  in  sequence. 


Fig.  6.8.7.  Array  of  n  +  1  sources  on  a  line 
with  biomeal  shading. 


(6.8.21) 
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Case  III.  Fig.  6.8.8.  n  x  n  array  of  points  in  xy 
plane,  separation  a,  in  ^-direction  and  a2  in 
y-direction, 


sin  ^  ntia,  cos  y ^  sjn  ^  rtna2  cos  ^  ^ 
rt  sin  ^  Z!£l  n  cos  yj  n  sin  ^  nai  cos  d  J 

(6.8.22) 


v>| 


Fig.  6.8.8  Rectangular  array  of  point  sources. 

i  z 


Case  IV.  Fig.  6.8.9.  The  n  linear  array,  each 
element  of  which  is  also  an  n  linear  array  disposed 
in  same  direction.  The  linear  intensity  distribution 

is 

1,  2,  3,  ...  n  ...  3,  2,  1.  for  which 


Case  V .  m  linear  basic  components  each  of 
which  is  an  n  +  1  binomial  array. 


Fig.  6.8.9.  Linear  array  of  n  array 
each  having  n  elements. 


'fj  _  /  sin  mx 


Fig.  6.8  10.  Linear  Array  of  circular  arrays 
of  point  sources. 


/  sin  mx  \  cosn  x 
\  m  sin  x  J 


(6.8.24) 


Case  VI.  Fig.  6.8.10.  p  (=  even  number)  point 
sources  in  a  circle  of  diameter  d  (thought  of  as  m 
=  p/2  two-source  arrays),  and  rt  such  circles 
arrays  in  linear  array  on  x-axis. 


sin  (  nna  cos  y  ^ 

£  =  .1  A  _ Z_  1 

n  sin  ^  nQ  cos  y  J  m 

- 1 

L  cos  ^  cos  (6.8.25) 


ctfj  =  a  +  fz  n/m 
cos  yM  =  cos  oM  cos  /) 


I’WCiM 
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Case  VII.  Fig.  6.8.11.  n ,  (=  even  number) 
point  sources  on  a  circular  ring,  each  point  source 
being  itself  a  circular  ring  of  n2(  =  even  number) 
point  sources. 


nd, 

~r 


cos  yM  j 


1 


m2 


cos 


11  \ 

cos  y„  \ 


m, 


Hi,  ml  =  Hi.  (6.8.26) 
2  2 


Case  VIII.  Fig.  6.8.12.  Rectangular  piston 
diaphragm,  sides  1 , ,  1 2 


I>  =  sin  *  sin  Y  (6.8.27) 

^  Y 


X  -  (  t  f ,  /A )  cos  y 


Y  =  (n  !i)  cos  6 
A 


Case  IX.  Fig.  6.8.13.  Elliptical  Piston 


27,  /  _tH L  V  x]  cos'  y  +  t'f  cot 1  6  } 
_ v  A _ ; _ >_ 

^ n  V  x‘,  cos2  y"  +  »•;  cos'  (1 
A 


(6.8.28) 


274 


1 


6.8  Arrays  of  Point  Sources.  Radiation  Factor.  Gain  Factor 


Fig.  6.8.15.  Circular  array  of  source  arrays. 


Case  X.  Fig.  6.8.14.  Circular  Piston 


-u  = 


27, 


l 


nd 


cos  ft 


^  cos  ft  \ 


(6.8.29) 


Case  XI.  Fig.  6.8.15.  Circular  Array  of  2 
source  arrays  (both  in  v  plane). 


I'  = 


sin  2na  cos  $ 
A 


2  sin  n—.  cos  6 
A 


1 


m 


x 


m  -  l 

X  cos  COS  £„ 
M  =  o  ,V 


(6.8.30) 


General  Rule  1 :  Let  a  be  the  separation  distance  of  the  sources  on  a  2 -source  array,  d  be  the  diameter 
of  a  circular  radiating  line,  (  be  the  length  of  a  radiating  straight  line,  D  be  the  diameter  of  a  spherical 
surface,  and  d  be  the  diameter  of  a  circular  piston  surface  radiator.  Then  if  t  =  d  =  a  =  D  the  half 
angle  at  the  main  lobe  3  db  points  are  in  the  ratios  as  \J  2:  \J  4:  \f  6:  \J~~6:  \J  8  for  the  two- 
source,  circular  ring,  straight  line,  spherical  surface,  circular  piston  respectively. 


General  Rule  2:  If  the  beam  width  of  a  radiator  is  to  be  independent  of  steering  angle  in  a  plane,  the 
shaded  circular  array  is  useful;  in  space,  the  shaded  spherical  array  is  useful. 
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6.9  RADIATION  RESISTANCE  OF  VIBRATING  ELASTIC  PANELS  IN  TERMS  OF 
MODAL  CORRELATION  FUNCTIONS. 


An  elastic  panel  supported  at  its  edges  in  an  arbitrary  way  is  driven  by  a  force  F(xs)e 
so  that  it  radiates  from  one  surface  S(x)  =  S(x,y)  into  the  contiguous  medium.  At  the  same 
time  it  is  subject  to  an  acoustic  pressure  on  this  surface  arising  from  the  reaction  of  the 
medium  and  from  the  radiation  of  possible  distant  sources  Q( r)e~'t",  r  =  x0-x,().  Under 
these  excitations  the  displacement  field  w(x,)e normal  to  the  plate  surface  and  the  field  of 
velocity  potential  <j>(xs)e  ,u“  on  the  surface  can  be  described  by  a  set  of  coupled  inhomogene¬ 
ous  differential  equations: 

Jf h  „{  w(xs)l  +  (xv ) }  =  F(xs)  (units:  A)  (6.9.1) 

(xs)l  -fjf*  »{w(xs)l  =  Q(xs)  (units:  s~n  (6.9.2) 

Here  J^H,  etc.  represent  integral-differential  operators  which  have  simple  interpretations: 
lFhw{w\  is  the  force  required  to  drive  the  panel  at  point  x5  on  the  plate  and  I  is  the  force 

of  reaction  of  the  medium.  The  other  operators  have  similar  definitions. 


We  make  now  several  assumptions.  (1)  the  panel  notion  can  be  described  as  a  sum  of 
(spatial)  modes,  that  is. 


w(xs,U>)  =  £  Wm( to)  Wm(x5) 

m 


in  which  Wm(x)  are  orthonormal  functions  over  the  area  of  the  panel. 


f  Wm(\)  Wm(x)dx  =  8 


1,  m  =  n 
0.  n  *  n 


(6.9.3) 


(6.9.4) 


(2)  the  operator  Lf  w  can  be  approximated  as  a  sum  of  mass  (JO,  damping  (£/)  and  stiffness 
(JO  operators.  (3)  in  the  steady  state  J(.  'J  and  3F are  scaler  operators.  (4)  the  operator  3f 
obeys  the  relation  =  -  Kw.  With  these  four  assumptions  in  mind  we  substitute  6.9.3 

into  6.9.1,  then  multiply  through  by  W^U)  and  integrate  over  area.  The  use  of  6.9.4  then 
leads  to  the  dynamic  equation  of  motion  in  the  mth  mode, 


(a) 

Z  m  ^  (w  )  +  <_ 

f  {<6(x$)}fUm(xshfxs-  Fm( m) 

Mm 8  ( m,n ) 

Wm  (xs)J(  Wn(xs)dxs 

(b) 

Dmb  (m,n )  — 

f  X Wn(xs)dX5 

KJ>  ( m,n ) 

Wm(xs)ff  Wn (x , ) dx , 

(6.9.5) 


(c)  Fm(u>)  =  J  F(xs,<u)  Wm(x5)dx j 


(d)  Zm  -  -  M„oj  1  -  ioj  D„  -  Km 


The  acoustic  field  also  may  be  simplified  by  an  analysis  based  on  several  assumptions.  These 
are:  (l)a  modal  description  may  be  assigned  to  the  velocity  potential  on  the  surface. 


.•* 
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6.9  Radiation  Resistance  of  Panels  by  Modal  Correlation  functions 


<A  (xs.a>)  =  <t>,(xs)  (6.9  6) 

r 

Here4>,(xs)  are  orthonomal  modal  functions  over  the  area  of  the  panel, 

/  4>,(xs)  <£s(xs)d  x,  =  Srs  (6.9.7) 

and  <f> ,  (<o)  are  modal  amplitudes.  (2)  each  displacement  mode  )fm(xs)  is  coupled  to  all  the 
acoustic  potential  modes  d>,(xs).  (3)  the  displacement  modes  are  nor  orthogonal  to  the  velocity 
potential  modes, 

f  <t>,(x)  Wm(x)  dx  *  8mr  (6.9.8) 

(4)  the  operator  L< p  #  is  a  sum  of  mass  damping  '  and  stiffness  Jft4>  operators. 

Based  on  these  assumptions  we  can  write  the  coupling  term  in  6.9.5  to  be, 

(a)  J  ~fhA,  {<Mxs)|  ^(XjJrfXj  =  X 

r 

(b)  Lmr  J*  ^^(XsU)) 

The  acoustic  field,  represented  by  <t>(xs)  in  6.9.2,  is  thus  reducible  to  a  sum  of  modes  whose 
amplitude  d>,(xs)  obey  the  dynamic  equation, 


(a)  ia>Dr(4>-  Kri4,)<t>r((o)  +  £  Lr{J'  Wm  (oj  )  -  Qr  <« ) 

m 


( b ) 


8 „  M,tA} 

8  rs  Dr,4) 

8  rs  KrU) 


4>r(x)  v#l4,<l>,(x)  dx 

J  <t»r(x)  t/(4,<t>s(x)  dx 

<fir(x).rHict)s(x)  dx 


(6.9.10) 


(e)  Q,(to)  =  f  Q(xy.io)  4>r(xs)  dx5 


(d)  L 

rm  f 

(e)  ZrM)’=  -  M,(.4  )uj2  -  ioO,MI  -  ) 


To  calculate  /V//'".  A.'/41  one  assumes  the  characteristic  impedance  of  the  medium  is  (>uca,  and 
the  propagation  wavenumber  is  Au  =  w/c„.  Since  our  goal  is  to  find  the  radiation  resistance 
R r ad  which  describes  the  real  power  transfer  from  the  mth  displacement  mode  to  the  rth  velo¬ 
city  potential  mode  we  separate  out  ore  term  in  the  sum  tern:  in  6.9.10a  and  solve  for <b,(aj): 


(a) 


<t>  ,{<!>) 


<?/<“>  >  -  ii4'»,(«) 


4 


1 1  r 


(6.9  11) 


< b )  <?;<«)  -  Qr{u>)  -  2;  L,'n;'*nuo). 

n  *  m 


«*  . 
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Let  us  assume  there  are  no  sources  in  the  field,  Qr( o>)  =  0,  and  further  assume  that  amplitude 
t/>r(o>)  is  determined  approximately  by  wm(a>)  alone.  This  means  that  Q/(<a)  =  0,  and  the 
amplitudes  <j>r(o>)  become, 


<t>  r  («i) 


(A) 


zruy 


(6.9.12) 


Use  of  6.9.5a,  6.9.9a  and  6.9.12,  then  leads  to  a  much  reduced  expression  for  the  modal  force 


zL  - 


Lfnr  Lrm 


(X) 


z; 


(A)' 


n  (o> )  =  Fm  (<u  )  . 


Multiplying  the  left-hand  side  by  -i<a/—iai,  and  redefining  symbols,  one  has 


(6.9.13) 


(6.9.14) 


Zm 

Zm  =  — ; —  =  mechanical  impedance  of  the  m  th  displacerr  rnt  mode  in  units  of  Ns/ m. 


"  {rm  )RAD) 


-til) 

Lmr  Lr{*  ’ 

:  radiation  impedance  of  the  mth  displacement  mode  coupled  to  the 


ica  Z, 


(A‘) 


rth  velocity  potential  mode  in  units  of  Ns/ m. 
The  real  part  of  Z(,mlRA[)  is  the  desired  radiation  resistance, 


R 


irm)  RAI) 


Re 


iu>  Z, 


777  /  (ii 


x  f  <J>r(xs(2))'Z’lfi.w  <*.t«2l)  dx  t 


(2) 


(6.9.15) 


In  the  cases  of  interest  to  acoustic  radiation  theory  the  operators  A.  and  77$  „  are  simple  con¬ 
stants,  or  functions  independent  of  spatial  coordinates.  They  can  therefore  be  removed  from 
the  integral  sign. 


(a)  R 

( b )  A  = 


D/n  )R  AD  ” 

1 


st  2) 


iaj  Z, 


<  A  )■ 


A„(oj)  f  W7,(x.t,i)  <Pr(xsn>)dxtll)  J  <t>,(xl(2))  Wm(xu2>)dxs( 

(6.9.16) 


An  important  application  of  this  formula  is  to  elastic  panels  excited  by  random  forces  and 
reaction  pressures  which  generate  a  large  number  of  modes  both  in  the  panel  itseif  and  in  the 
acoustic  medium.  Because  these  modes  occur  at  random  frequencies  and  in  random  numbers 
the  field  of  displacement  and  velocity  potential  is  called ’’reverberant"  [8 1 .  The  radiation  resis¬ 
tance  of  the  panel  is  then  calculated  from  an  ensemble  average  over  all  the  modes  in  the  panel 
and  in  the  medium, 


F rad  -  Re 


<A,J(o)><m)  <  f  H'm(xlin)<t >r(xs,„)dxtin  f  4>r(xil2l  W„.(x,,2,)<fxl(  .,>  , 


(b  9  17) 
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6.9  Radiation  Resistance  of  Panels  by  Modal  Correlation  Functions 


Since  the  integation  process  is  essentially  a  summation,  and  since  the  statistical  average  of 
a  product  of  two  sums  of  terms  is  the  sum  of  the  averages  of  individual  products  of  these 
terms,  it  is  seen  that, 

^  RAD  ”  Re  [;/  <  Wm(xx)  ff'm(x2)>  <<t»f(xi)  <br(x2)>  dxxdx2 

+  JJ  <  H^m(x!)d>,(x2)>  <  W/m(x2)<l>f(xi)>  dxxdx2  (6.9.18) 
+J7  <  M/m(x,)<l),(xt)>  <  H/m(x2)*l>f(A:2)>  dxxdx2 

where,  to  simplify  the  notation  x,  means  x5(d,  etc.  We  now  make  the  physical  asumption  that 
the  reverberant  displacment  field  is  uncorrelated  with  the  reverberant  acoustic  of  velocity 
potential,  so  that  the  last  intregrals  in  6.9.18  vanish.  Hence, 


R RAD  ~  Re  <4m>  m  //  ^w^s<i)>  xs  2))  R< (x s(i), x j(2)) dx sXX)dx s(2) J 


(6.9.19) 


cross  correlation  of  the  reverberant 

Rufat,  x2)  —  <  Wm (x[)  Wm (x2)> (m)  =*  displacement  field,  (units:  non-dimensional) 

cross  correlation  of  the  reverbant 

R,j,(xi,x2)  =  <d>r(x1)‘J>,(x2)>  (,)  —  acoustjc)  velocity  potential  field,  units:  non-dimensional) 

where  Am  is  given  by  6.9.16b.  Eq.  6.9.19  states  that  the  radiation  resistance  of  a  reverberant 
panel  is  proportional  to  the  double  surface  integral  of  the  product  of  the  cross  correlations 
(between  spatial  points)  of  the  displacement  field  and  the  acoustic  field  both  averaged  over 
ensembles  of  randomly  occurring  modes.  This  same  conclusion  is  found  in  Lyon  and  Maidanik 
[81  who  evaluated  <  Am>  m  on  the  basis  that  the  power  flow  between  modes  may  be  modeled 
as  a  power  flow  between  randomly  excited  harmonic  oscillators.  Their  expression  6.9.19  is, 

Rrad(w)=  - - pacaka  f  f  dxsW dxs(2)  R»  fas(1),  X,(2))R*  faj(1),  xj(2>)  (6.9.20) 

(units:  Ns/ m). 

The  symbols  er  are  constants  whose  magnitudes  depend  on  frequency  range.  At  "higher 
frequencies  e*  -  1/8,  €S-  1/4  for  the  case  of  a  two-dimensional  structure  [8],  It  is  impor¬ 
tant  to  note  that  while  6.9.19  and  6.9.20  have  been  derived  by  statistical  averaging  over  many 
modes  they  are  equally  applicable  to  the  case  of  forced  drive  in  single  modes. 

When  the  panel  vibraiton  is  either  single  mode  or  reverberant  at  the  (forced)  harmonic 
frequency  to  it  radiates  a  real  acoustic  power  in  the  amount, 

R(w)—  <  Vp>  Rrad  («)  (6.9.21) 


(6.9.22) 


Here  the  mean-square  normal  component  of  velocity  is  defined  in  terms  of  the  total  energy  ET 
in  the  panel  and  the  mass  Mp  of  the  panel, 

<  v/>  -  (6.9.22) 

Mp 

In  actual  calculation  of  6.9.20  the  cross  correlation  fields  Rw,R<s,  are  assumed  functions  of 
spatial  coordinates  x,y  of  the  surface.  For  example  when  a  panel  whose  length  in  the 
x-direction  is  /,  and  in  the  y-direction  h,  is  simply  supported  in  an  infinite  regid  baffle  one 
assumes , 


•  .*•  » "  ,  • ,  •  .  ■ .  * » *•*. 

#*.  •  .  A  •  a*  .  •  .*••*'-* 
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Rw(xu 


2  i  ft 

x2>-  n sin  *<« sin  ^ + t 


/-i 


(6.9.23) 


[9],  in  which  i/(a  -  6)  has  ony  two  values,  0  when  a  <  b  and  1  when  a  >  b. 
the  acoustic  field  in  the  medium  one  assumes. 


Rq{%\,  Ij)  “ 


sin  /cal*i  ~  x2| 
ku  lxi  -  x2| 


Similarly,  for 


(6.9.24) 


These  two  cross  correlation  functons  allow  many  cases  of  panel  radiation  to  be  treated  (see  Sec 
tion  4.2). 


6.10  RADIATION  RESISTANCE  OF  RIBBED  PANELS 
Introduction: 


Elastic  surfaces  set  into  vibration  by  spatial  and  temporal  forces  develop  displacement  pat¬ 
terns  which  are  broadly  classified  as  free  or  forced.  When  the  disburbing  force  is  essentially  an 
impulse  which  terminates  at  time  I  -  0a  displacement  vibration  pattern  appears  whose  form 
depends  solely  on  the  initial  forced  displacement  and  forced  velocity.  The  vibration  is  then 
free.  When  however  the  forcing  function  continues  indefinitely  in  time  a  vibration  pattern 
appears  whose  form  depends  continuously  on  the  spatial  and  temporal  character  of  the  driving 
force.  The  vibration  is  then  forced.  In  the  following  exposition  the  statement  that  the  elastic 
panel  is  vibrating  in  a  mode  means  that  a  displacement  vibration  pattern  of  a  natural  mode  is  in 
existence  no  matter  what  the  reason.  A  modal  pattern  can  exist  at  any  drive  frequency  when 
properly  forced  by  the  spatial  character  of  the  forcing  function.  A  reasonant  modal  pattern  exists 
only  at  the  frequency  of  free  virbration  of  the  mode.  It  can  be  either  forced  by  the  drive  at 
proper  frequency  or  be  free  at  the  conclusion  of  the  impulse.  Any  band  of  drive  frequencies 
may  correspond  to  one,  two,  several,  or  many  resonant  modes.  The  density  of  resonant  modes 
increases  with  frequency.  Estimates  drawn  from  the  theory  of  room  acoustics  show  that  a 
reverberant  panel,  volume  V,  has  a  mean  number  A  A  of  resonant  peaks  within  at  and  <*>  +  Aca 
Vat2 


given  by  AN  = 


2ir3C} 


A  to.  This  estimate  may  prove  useful  in  applications. 


Equations  of  motion  of  the  panel;  radiated  power  and  pressure  fields 


The  forced  harmonic  vibration  of  a  finite-size  thin  rectangular  plate  loaded  by  a  forcing 
function  Q(x,y )  is  described  by  4.2.18, 

(  V  *-kp)  W  -  kp  (<u)  -  -jr  -  flexural  wave  number 

Here  kp  is  the  temporal  Fourier  transform  variable.  Multiplying  both  sides  by  -/«  and  defining 
Q(x,y)  -  -iwQ(x.y)  (units:  Ns-Im-2)  lead  to, 

(Vf  +  *„2)(Vf-  k2)W(x.y.u>)-  Q(x.y.w)/D.  (6.10.1) 

Let  IF(Kj-,«),  Q(Kr,  to)  be  the  spatial  Fourier  transforms  of  W,Q  respectively,  and  let  the 
transform  of  Vf  IF  —  -k}  IFIKt-.w),  where  k}  —  |Kr|2.  Then  the  spatial  transform  of  6.10.1 

(*f  -  k2)(kf  +  k2)W(Kra»)  -  ^  (6.10.2) 
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The  three-dimensional  Fourier  transform  of  the  acoustic  pressure  in  the  medium  in  terms  of 
the  two-dimensional  amplitude  spectrum  is, 

p(x.y.z)  -  J  p( Kr.w)  (6.10.3) 

\2ir  ) 

(see  Sec.  3.7i).  Here  the  total  propagation  wavenumber  in  the  medium  is  the  vector, 

k-  Kr  +  kkz.  Kt=  1kx  +  jKy. 

Because  the  medium  and  the  plate  are  coupled  through  radiation  one  requires  at  any  fre¬ 
quency  «i  that 

*o2-(-^)2-  IKI2-  Kf  +  *,2 

At  the  surface  of  the  radiating  panel,  the  boundary  condition  is  Newton’s  force-acceleration 
law: 


dp(x.y.z)  bW  • 


(6.10.4) 


Upon  Fourier  transformation,  this  becomes. 


p(Kr,«)-  ^  JF(Kr,o>). 


(6.10.5) 


The  acoustic  power  P(<u)  radiated  from  the  surface  is  given  by  1.7.1.  In  the  steady  state. 


-  |Re(; 


p(x,y,0\<o)  W*  (x.y  |a» )  dS(x,y ) 


Replacing  p,  W  by  their  Fourier  transforms  one  has. 


PM-  {  Re(/_'J  [// 


x  dS( r0). 


Here  it  is  assumed  that  the  plate  is  embedded  in  an  infinite  rigid  baffle  so  that  the  range 
of  integration  in  area  5  can  be  extended  to  infinity.  Noting  that 


J*_~  J  el(KrKj)  t°  dS(r9 )  -  bdCj—K^ttn)1 


it  is  seen  from  6.10.S  that: 


/>(«)-  i-Relf  ^  l*(Kr.0,)|2  ~~~r| 


(6.10.6) 
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in  which 

kz  ~  (*o  ~  *r)l/2.  *o  =  -pr- 

‘-o 

Equation  6.10.6  shows  that  the  radiated  power  can  be  obtained  from  a  knowledge  of  the  ampli¬ 
tude  spectrum  W(KT,o>)  of  the  normal  component  of  surface  velocity.  Its  form  arises  from 
the  use  of  the  boundary  condition  6.10.S.  Despite  its  simple-looking  appearance  the  actual  cal¬ 
culation  of  W(Kt,<o)  must  depend  on  the  driving  forces  6.10.2,  and  hence  may  be  quite  com¬ 
plicated. 

In  contrast  to  6.10.6  a  different  formulation  for  calculating  the  radiation  from  plates  is 
derived  in  Sec.  8.5.  There  the  real  power  radiated  from  a  plate  into  half-space  bounded  by  a 
rigid  bailie  is  found  to  be, 

^  \y2  ^ 

(a)  P(m) - T-^*„d(<o)  (6.10.7) 

(b)  Rra<s(*>)  -  -  P^S  (  d<f>  f  \D  (£,<£) |2sin{</{  units:  — 

4  it1  hi 

Ultimately  this  formula  is  obtained  from  6.6.17a  which  describes  radiation  into  full  space 
(0  <  {  <  it,  0  <  <6  <  2tt)  of  a  surface  that  develops  a  far-field  radiation  pattern  D(£,<t>).  In 
half-space  (0  <  {  <  rr/2.  0  <  <6  <  2rr)  6.6.17a  reduces  to  6.6.14  which  is  the  same  as  6.10.7. 
The  calculation  of  the  mean-square  velocity  <  M/2>pea*  can  be  approached  via  a  summation  of 
modal  velocities,  8.5.2. 

Because  of  the  complex  nature  of  plate  radiation  caused  by  excitation  of  abitrary  form  it  is 
useful  to  consider  first  forced  vibration  of  the  plate  at  any  frequency  m  in  a  single  mode  (call  it 
the  mn'th  mode).  A  single  modal  vibration  may  be  modeled  as  a  two-dimensional  array  of  rec¬ 
tangular  piston  radiators  each  vibrating  at  frequency  o>  and  phse  0,.  The  symbol  i  serves  to 
label  the  elementary  piston  in  question.  For  simplicity,  phase  0,  is  recorded  as  +  or— 
depending  on  whether  the  phase  at  the  center  of  the  equivalent  plate  cell  is  positive  or  negative. 
The  acoustic  power  radiated  by  all  the  cells  can  be  written  from  a  knowledge  of  the  mutual 
acoustic  impedance  Rtj: 


(a) 

PmnM"  RijA)  (units:A Ims  ') 

1  a 

( b ) 

Qi-  «  W*»}n  S,  (units:  m}) 

(6.10.8) 

(c) 

RijA)  “  fQ  d<f>  J*o  |  1 2  sin  €  e/C  (units:  A^sm-5) 

Here  |D,y|2  is  the  square  of  the  radiation  pattern  of  any  two  pistons  (i'th  any  j'th)  as  recorded  in 
the  farfield,  and  Rt)A)  is  the  acoustic  resistance  (units:  Nsm~s).  According  to  the  conventional 
labelling  of  modes  a  mode  designated  mn  implies  an  array  of  m  cells  (or  pistons)  in  the  x- 
direction  and  n  cells  in  the  .y-direction  1101.  Fig.  6.10.1  shows  a  piston  model  of  a  simply  sup¬ 
ported  plate,  /  x  h  in  size,  excited  by  forced  drive  in  the  3,6  mode  at  frequency  /-  <o/2n .  In 
this  model  A,*,  kpy  are  the  plate  wavelengths  in  the  x-direction  and  .v-direction  respectively  and 
Aa  is  the  wavelength  of  the  acoustic  field  in  the  medium  (Xa  -  2ir/k0).  The  radiation  proper- 
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Fig.  6.  10.1  A  simply  supported  plate  force-driven  in  the  3,  6  mode 
(after  (111) 


ties  of  this  structure  depend  on  the  relative  magnitudes  of  h,  Aa,  kpy  etc.  Assume  that  at  fre¬ 
quency  /  -  cq/A  a 


(a)  h  »  ~  »  Xa 

( b )  y*a  >  1.  kjk.  >  1.  y/*a  <  1 


(6.10.9) 


In  this  frequency  range  the  phase  cells  can  be  modeled  as  point  monopoles  at  the  cell  centers. 
Because  h  »  \J2  and  »  Aa  the  monopoles  are  decoupled  [Ill.  Thus  there  is  succes¬ 
sive  cancellation  of  volume  velocity  in  the  manner  shown  in  Fig.  6.10.2.  However,  from 
6.10.9b  the  specification  in  the  y-direction  is  A/Aw  >  1,  while  in  the  x-direction  it  is 
<  1.  This  means  that  the  radiation  from  the  strip  (Apy/4 )/  in  the  x-direction  is  much 
more  efficient  than  the  radiation  from  the  strip  (Ap)t/4)/i  in  the  y-direction.  The  reason  is  that  a 
strip  in  the  x-direction  is  radiating  above  coincidence,  while  a  strip  in  the  y-direction  is  radiating 
below  coincidence.  (Coincidence  in  this  plate  is  described  below.)  Neglect  of  the  latter  leads  to 
the  concept  of  "x-strip  modes*  By  exchanging  subscript  x  for  subscript  y  one  can  also  develop 
the  concept  of  "y-strip  modes*  Fig.  6.10.3  shows  a  *r-space  picture  of  the  radiation  modes  of 
the  plate  shown  in  Fig.  6.10.1.  By  definition  this  is  a  plot  of  k„ vsy  with  the  parameter  being 
frequency  divided  by  wave  speed  (cp,  plate; c0medium).  The  quarter-circle  kp  «  constant 
indicates  the  relation. 


UNCANCELLE0 


UNCANCELLED 


Fig.  6.10.2  Successive  cancellation  of  volume  velocity 
(shaded  areas)  leaving  two  uncancelled  segments. 


Fig.  6.10.3  *-space  when  k„  »  I 
and  k,  ~  »  I  (after  111)) 
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kr~  +  kpy  -  kj  -  const. 

Similarly,  the  quarter-circle  ka  —  const,  indicates 

ka  =  k£  +  kpy  -  (coincidence  wave  number)2. 

On  this  plot  one  defines  coincidence  by  defining  regions: 

above  coincidence:  kp  <  k„  (cp  ^  c0) 

coincidence:  kp  -  (c„«Co) 

below  coincidence:  k„  >  (c„  ^  c0) 

The  radiation  resistance  of  a  plate  is  a  maximum  when  the  frequency  is  above  coincidence.  By 

definition  the  x-strip  modes  lie  on  arc  A  while  the  y-strip  modes  lie  on  arc  C. 

A  different  radiation  field  is  developed  by  a  plate  shown  in  Fig.  6.10.4.  In  this  case  one 
specifies: 


(a)  kaj  >  1.  kaj  >  1 

(*)  ~  »  1;  »  1;  ~  »  1 


(6.10.10) 


Since  k  —  2» r/X  ”  <u/c,  it  is  seen  that  at  fixed  frequency  Eq.  6.10.10b  reduces  to, 
/  \  k  a  k  „  Xa 

^  X  ’  X  x  >:> 

*  p  n  px  py 


( d )  »  l 


H  |-W« 


Fig.  6.10.4  A  simply  supported  plate  price- 
driven  in  the  3,  5  mode  (full  lines)  or  4.  6 
mode  (dashed  lines)  (after  [111). 


These  conditions  signify  that  radiation  in  both  x  and  y  directions  are  well  below  coincidence 
which  makes  them  poor  radiators.  Successive  cancellation  of  volume  velocity  leaves  a  residue 
of  four  corner  monopoles  of  area  approximately 
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Va*.  iiL 


Because  of  conditions  6.10.10a  these  monopoles  are  decoupled  from  each  other,  and  each  contri¬ 
butes  1/4  of  the  total  power  radiated  by  the  plate.  At  the  frequency  in  question  the  plate  is  said 
to  radiate  in  "piston  modes."  Such  modes  are  located  on  arc  B  of  Fig.  6.10.3. 


Instead  of  6.10.10a  (—  an  acoustically  large  plate)  one  can  specify. 

ka  -jr  «  1.  ka  4  «  1 


(6.10.11) 


These  conditions  signify  the  plate  is  acoustically  small.  The  piston  monopoles  are  then  strongly 
coupled  so  that  the  total  power  radiated  depends  on  their  relative  phases.  A  convenient  way  to 
account  for  phase  is  to  count  the  number  of  pistons  in  the  rows  and  colums  of  the  array  matrix. 
An  array  is  then  specified  as:  (a)  odd-odd  (b)  even-odd  (c)  even-even.  The  radiated  power  for 
these  choices  becomes: 

(a)  odd-odd.  All  four  corner  monopoles  are  in  phase.  The  mutual  resistance  increases 
the  radiation  resistance  of  each  element  by  a  factor  of  four.  Hence  the  radiated  power  is  16 
times  that  of  the  uncoupled  case. 

(b)  even-odd.  Fig.  6.10.4  shows  the  3,6  mode  to  consist  of  two  dipoles  in  phase.  Since 
the  resistance  of  each  dipole  is  doubled  the  total  resistance  is  four  times  the  resistance  of  one 
dipole.  Hence  the  total  output  is  four  times  the  power  of  one  dipole. 

(c)  even-even.  Fig.  6.10.4  shows  the  4,6  mode  to  be  essentially  a  single  quadrupole  radia¬ 
tor  because  the  phases  are  -  +  -  +. 

These  states  of  radiation  are  shown  in  Fig.  6.10.5.  Because  ka  «  tt/7  and  ka  «  n/h, 
and  kp  »  ka,  there  are  no  strip  modes  at  the  frequency  given  in  kp(—a>/cT.  This  means  no 
modes  are  to  be  found  in  arc  A  or  arc  C.  All  the  modes  are  piston  modes  on  arc  B. 


Fig.  6.I0.S  Jc-space  of  a  simply  sup- 
k„l  k'h 

ported  plate  when  — ,  -y  <  <  I 
(after  (111) 


Fig.  6.10.6  /c-space  of  a  simply  sup 
kal  M 

ported  plate  when  — -  >>  I,  — — 

>  >  1  (after  (111). 


wi^is v 

■  V.vv.v-  .'  V- 


A  Treatise  on  Acoustic  Radiation 


A  plate  which  is  acoustically  large  in  the  ^-direction  but  acoustically  small  in  the  y- 
direction  is  specified  by, 


kj 


»  1, 


kah 


« 


1 


In  the  frequency  range  to  there  kpx  <  ka  the  radiation  corresponds  to  that  of  x-strip  which 
are  coupled.  The  strips  are  in-phase  if  the  mode  in  the  y-direction  is  odd,  but  are  out  of-phase 
of  the  y  mode  is  even.  In  the  latter  case  the  strips  form  an  x-strip  "dipole."  Fig.  6.10.6  shows 
the  mode  describing  this  strip  radiation  to  be  located  along  arc  A.  When  kpx  »  ka  only  mono¬ 
pole  (—  piston  radiation)  is  to  be  found  at  the  frequency  to  =  kpcp,  kp  »  ka.  However  these 
monopole  are  coupled  in  the  y-direction  because  of  the  large  wavelengths  implied  by  the  condi- 
ka  h 

tion  — —  «  1.  Again  when  the  mode  is  odd  in  the  y-direction  the  monopoles  are  in  phase, 

while  if  it  is  even  the  radiation  corresponds  to  that  of  a  dipole.  These  piston  modes  occupy  the 
arc  B  of  Fig.  6.10.6.  At  the  frequency  a >  =»  kpcp,kp  »  ka  no  modes  occupy  arc  C.  This  means 
there  are  no  y-strip  modes. 


In  actual  calculation  of  real  power  radiated  from  a  panel  one  is  required  to  first  calculate 
its  radiation  resistance.  A  convenient  formula  for  doing  this  appears  in  Eq.  6.9.19,  or  (more 
explicity)  6.9.20  which  is  a  form  derived  by  Lyon  and  Maidanik  [12].  The  latter  is  repeated 
here  for  convenience, 

Rrad”  —  Pataka  f  f  dxx  dx2  Rw(x].x1)  /?*(* \X2)  (6.10.12) 

7T  ** 

in  which  X[.x2  are  points  on  the  surface  of  the  plate.  To  use  these  formulas  one  requires  expli¬ 
cit  expressions  for  the  cross  correlation  Rw(x],x2)  of  modal  displacements,  and  the  cross- 
correlation  Rq(xj,  x2)  of  the  modal  acoustic  field.  In  a  simple  but  useful  case  the  panel  is 
assumed  to  be  simply  supported  in  an  infinite  rigid  baffle.  Then  Rw  is  given  by  6.9.23  and  R# 
by  6.9.24.  Upon  performing  the  integration  called  for  by  6.10.12  with  these  choices  of 
correlations  it  will  be  found  that  explicit  formulas  for  radiation  resistance  of  a  simply  supported 
panel  force-driven  in  a  single-mode  are  obtainable  only  in  approximation.  A  list  of  them  drawn 
from  Maidanik  [11]  is  presented  here. 


List  of  Radiation  Resistances  of  a  Simply  Supported  Panel  Force-Driven  in  Single  Modes 


Case  I.  kfjka  <  1  (above  coincidence) 


Rrad  ~~ 


PacaA 


raw 


(6.10.13) 


Case  II.  kp  ~ka  (near  or  at  coincidence) 


^rad 


P  Q  t-Ct  Q  A  P 


(6.10.14) 
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Case  III.  kj ka  >  1  (below  coincidence) 
(1)—-  <  1;  >  1  (x -strip  modes) 


P  a^a  Ap 

ka 

kpy 

2 

1  + 

kp 1  ~  k2 

kl 

[  kah  | 

l (kp  - 

ka2)/kp2  ]i/2 

(6.10.15) 


(2)-^-  <  1;  -p-  >  l  (y  -strip  modes) 
ka  ka 


P  qCq  Ap 

ka 

kpx 

2 

1  + 

kp 1  -  ka 2 
k2 

"■px 

kal  J 

Ukp  - 

k2)/kpx2?'2  | 

(6.10.16) 


Case  IV.  — ,  — »  1;  and  >  1  (well  below  coincidence) 

ka  ka  ka  2  2 

(  fyaco  I.  7 


„  „  kal  kah 

Case  V.  «  1 

2  2 

(1)  odd-odd  modes 


^rad  _ 


(kpX  kpy) 


32p„ca 

_ l(I  +  0[^2+  M  2 

(W2  I1  2  +  2 


(6.10.17) 


(6.10.18) 


(2)  even  (x-direction)  —  odd  (v  direction)  modes 


nrO  ^2 Paca  ka  kal  kah 

,AD~  3*  Tvv5'  T  ,+°  — 


(6.10.19) 


(3)  even  (y-direciton)— odd  (x-direction)  modes.  To  find  /?rad  replace  /  by  /» in  4.2.62 

(4)  even-even  modes. 

Off  —  32pac„  k2  kal  kah 

*,AO  15.  <*„*„>’  2  2  16,02 


,C„  kg  kal  2  /c0/r 

r  ( kpX  kpy)2  2  2 


(6.10.20) 
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Case  VI. 


k„h 


«  1;  ~y  > 


1  (long  narrow  panels) 


(1)  odd  modes  in  ^-direction: 


o  0  — 

KraD  C- 


(2)  even  modes  in  ^-direction: 


^rad  ~ 


4 P a^a 

(kpy)2, 

16  paca 

k2 

* a 

It  (kpy  kp 

4paCa  kal 

kah 

3  k2 

2 

r2px 


<  i 


>  i 


r*px 


16  paca 


kah 


ka 


<  1 


»  1 


(6.10.21) 


(6.10.22) 


In  addition  to  single  mode  excitation  the  vibrating  band  in  many  practical  situation  must 
be  treated  as  possessing  a  reverberant  field  of  displacement.  These  radiate  as  x-strip  modes  (arc 
A  in  Fig.  6.10.S),  y-strip  modes  (arc  0,  and  piston  modes  (arc  B).  The  acoustic  power  radiated 
is  a  sum  of  powers  from  these  modes  [11] 

Pa“  1<»1>a  Rxrad  (A)  +  *rad  (*)  +  L<*,2>  **ad  (O  (6.10.23) 

ABC 

For  frequencies  above  coinsidence  (where  kjka  <  1)  the  radiation  resistance  is  independent  of 
modal  wavenumbers.  Eq.  6.10.13  therefore  applies  to  A,  B,  C  modes  indiscriminantly.  For 
frequencies  below  coincidence  we  may  assume  that  the  modal  density  distributed  along  arc  k„  at 
forced  drive  within  a  given  narrow  frequency  aband  is  large  enough  to  allow  replacement  of  the 
summation  signs  in  6.10.23  by  integral  signs.  Assuming  kal/2  kah/2  >  1  it  is  found  [11]  that. 


where 


^RAD  “  Paca  Ap 


Si 


X 

fp 


+  ^7gJ 


X 

fp 


.  /  <  u 


^RAD  “  Paca  Ap 


l 

1/2 

h 

1/2 

Ip 

+ 

lr 

f~fr 


(6.10.24) 

(6.10.25) 


Si(«) 


_4_  (1  -  2a2) 

7T4  «( < 


fp' 


g-s«) 


(1  -  a2)ln 


(1  +  «) 
(1  -  a) 


+  2a 


(1  -  a2)3'2 


(6.10.26) 


(6.10.27) 
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is 


1 


P,=  2  (/  +  h) 

k0l  kah 

Simlarly,  for  the  cae  -y,  -y-  «  1  (acoustically  small  panels),  one  may  assume. 


(6.10.28) 


(1)  that  the  odd-even,  even-even,  and  even-odd  modes  can  be  neglected  compared  to  the 
"odd-odtT  modes. 

(2)  that  all  modes  have  an  equal  probablity  of  occurrence. 

(3)  that  kpl,  kph  »  it . 

Under  these  assumptions  the  radiation  resistance  to  be  used  in  the  calculation  of  radiated 
acoustic  power  to  given  by, 


*RAD-Paca/1,  [ff4  Pr  ^  •  jr\ 

In  all  of  these  formulas  kp  —  2ir/ kp,  and  Ap  is  the  area  of  the  panel. 


(6.10.29) 


6.11  REAL  POWER  AND  REACTIVE  POWER  CALCULATED  ON  THE  BASIS  OF 
RETARDED  AND  ADVANCED  GREEN’S  FUNCTIONS 

A  different  method  of  calculating  radiation  describes  in  this  section  is  best  illustrated  by 
an  example.  Consider  an  infinite  plane  z  —  0  on  which  the  normal  (surface)  velocity  v n(.R0,t0) 
vanishes  everywhere  except  over  a  small  surface  S.  The  velocity  potential  field  everywhere  in 
the  half  space  z  >  0  is  given  by  1.8.19: 

0  (R.t)  «  ~  f0'dto  J  dS(R0)  v„(R0,t0)  Grel(R,R0\t,t0)  (6.11.1a) 


G,«” 


8[ t-  t0-  R/C] 


2ir 

;  R  -  \R-R0\ 


(6.11.1b) 


Suppose  now  that  to  thejretarded  wave  potential  Gre,  one  adds  the  advanced  wave  potential 
G^v  to  obtain  a  quantity  G,  and  subtracts  G,dv  to  obtain  a  quantity  H: 


G  -  -y{Gfel  +  G4dv) 

W-  }{Grel-  G,dv} 
Gre t  “  G  +  H 


(6.11.2) 


In  a  physical  sense  G  represents  a  sum  of  positive  and  negative  and  negative  travelling  waves 
due  to  a  point  source,  while  H  represents  a  solution  of  the  homogeneous  (no  source)  wave 
equation.  Now  assume  the  sign  of  time  t  is  changed, 

„  ,  ..  8{-[r*  +  /?/c]}  8  [r*  +  R/c] 

C™<~') - R - R - 


(_,)  _  M-[f*  +  */cJ}  _  8  [t*  -  R/c\ 


f  -  t  +  to 


■■■■VvV-A'V; 


::::::  ;S::y£;:s^ 
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It  is  seen  that  both  (7re,  and  Gadv  exchange  roles.  Substitution  on  6.9.2  leads  to. 


G(-/)=  y 


S U*  -  R/c )  Mr*  +  R/c) 


//(-/)  =  -  y 


R  R 

8  (/*  -  R/c)  8  (t*  +  R/c) 


(6.11.3a) 

(6.11.3b) 


R  R 

The  total  power  (reactive  plus  real)  developed  by  the  source  velocity  is  given  by  interpation  of 


W(t)  -  J*  HR0,t)dS(R0)  =  f  p  ^-vn8S  =  f  p 


where, 


v  = 

bn 


b<l>G  bi\>H  . 

+  — — fv„  dS 


bt 


bt 


(6.11.4) 


The  normal  to  the  surface  ( =n )  here  points  away  from  the  medium.  Applying  6.9.3  one  sees 
that  the  power  in  6.9.4  contributed  by  G  changes  sign  when  t  becomes  -t  because 
d  d 

=  —  yy  This  power  must  therefore  be  nondissipative  (that  is  it  must  be  reactive).  In 

contrast,  the  power  contributed  by  H  does  not  change  sign  when  t  becomes  -t.  It  is  real  (or 
dissipative)  power. 


The  concept  of  the  advanced  potential  (that  is,  advanced  Green’s  function)  may  therefore 
be  used  to  distinguish  real  from  imaginary  power  of  a  radiating  source  [13). 
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CHAPTER  VII 

THEORY  OF  TRANSIENT  RADIATION 


7.1  POISSON’S  SOLUTION  OF  THE  INITIAL  VALUE  PROBLEM  OF 
VOLUME  DISTRIBUTED  SOURCES  HI,  121,  13} 

The  transient  solution  for  the  velocity  potential  field  <J>  in  the  presence  of  space  distributed 
sources  and  finite  valued  initial  conditions  is  given  by  Eq.  1 .7.7.  The  third  term  of  this  equation  is  the 
solution  of  the  initial  value  problem, 


<f(r,  t)  =  -  1 

JvdV0  ’ 

,  dG 

)  <t>o(r0)-GVo  a<,)  (r„)  1 

c 2 

v0 

v  dto 

'<o=0  dto 

Here  <t>0(r0),  d<t>0(r„)/d  t0  are  the  values  over  a  volume  of  space  of  the  velocity  potential  and 
derivative  potential  respectively  at  time  t0  =  0.  G  is  the  Green’s  function  for  the  space  in  question. 
For  simplicity  we  select  infinite  space  where  the  Green’s  function  in  three  dimensions  may  be  written 
in  the  form 


4n 


til**!  -  (/  - 

v  C 


>) 


4n| r  -  r0| 


(7.1.2) 


in  which  d0  is  the  delta  function  symbol.  To  simplify  geometrical  constructions  further  the  origin  of 
coordinates  is  located  at  the  observation  point  r.  Fig.  7.1.1; 


Fig.  7.1.1.  Geometry  associated  with  Poisson’s  solution  of  the  Initial  Value  Problem. 
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The  volume  of  source  space  ( =  V0 )  where  the  initial  values  of  <t>,  3  <t>/3  t  are  prescribed  is  now  given 
by  the  element  of  volume. 


r, 

dV0  =  R’dRdQ 

(7.1.3) 

V 

dQ  =  sin  dodBod^o 

t 

'  R  = 

in  which, 

n 

■ 

• 

r« 

r0  =  r  +  Ra, 

r. 

i 

a. 

=  (sin  0O  cos  4o,  sin  0O  sin  $0.  cos  0O). 

■ 

~  In  this  source  space  we  combine  7.1.1  and  7.1.2,  and  write  the  field  at  r0  to  be, 

\  4>(r«,  t)  =  1 

4n  ' 

A 

f  dQ  [J 

d\r°\  lr»l  /  d*o  fr„)  \  AJ  l*l  -  t) 

c  c  \  dt0  )  V  c  J 

V 

V 

!  -j 

d\r„\ 

|Ao1  <t»o(r0).  d  6o(  |ro1  -(/  -  t„) )] 

! 

(7.1.4) 

V 

c 

c  dt0  V  c  /  J,o.0 

This  equation  involving  the  delta  function  and  its  time  derivative  may  be  directly  integrated  by  mak¬ 
ing  use  of  the  following  two  properties  of  these  special  functions  [4]: 


/-./K  )60(i-x)di=Ax) 

-t-oo 

Jl/U)  J£  «-*)</!  =  -  £  Ax) 
dh  dx 


(7.1.5a) 

(7.1.5b) 


Assuming  a  set  of  distribution  functions  <t>,  3  <t>/3  t  which  vanish  at  infinity  we  apply  these  for¬ 
mulas  to  7.1.4  for  the  distance  |r0l  —  ct  (as  required)  and  obtain  the  result, 


<t>(ro,  t)  =  /  f  ^  -3<t>0  (0  +  ctar)  +  .  d  t  f  dQ  4>o(0  +  ctar) 

4  n  dt  3 1  4n 

When  the  observation  point  r  differs  from  zero  7.1.6a  is  generalized  to  the  form, 

4>(r,  t)  =  t  J  _££  d<t>0  (r  +  ctar) 

4n  dt 

+  3  t  fa  ££.  0„(r  +  ctttr) 

dt  4n 


(7.1.6a) 


(7.1.6b) 


This  is  Poisson’s  solution  (formulated  in  1819)  in  three  dimensions  of  the  initial  value  problem  of 
wave  propagation. 

Discussion:  Eq.  7.1.6b  may  be  thought  of  in  the  following  way.  At  source  time  t0  =  0  there  is 
distributed  throughout  space  an  acoustic  pressure  ( =  first  term)  and  a  velocity  potential)  =  second 
term).  This  distribution  is  a  function  of  coordinates  r0,  9,  $.  As  time  increases  a  wave  of  pressure  and 
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Poisson's  Solution;  Transient  Radiation  from  Multipoles 


velocity  potential  propagates  throughout  space,  and  arrives  at  the  observation  point.  To  find  the  field 
at  the  observation  at  any  time  t(t  >  0)  7.1.6b  states  that  we  must  average  the  initial  pressure  and 
velocity  potential  over  a  sphere  (centered  at  the  observation  point)  whose  radius  is  just  cl,  using  the 
(mathematical)  distribution  of  the  initial  field  prescribed  by  the  problem.  In  brief  the  field  at  the 
center  of  the  sphere  where  the  observer  is  located  is  determined  by  an  average  field  over  the  sphere 
whose  radius  is  the  “time  of  flight”  (=  ct). 

Eq.  7.1.6b  is  a  solution  of  the  initial  value  problem  in  3-dimensions.  For  additional  solutions  in 
2,  1  dimensions  the  reader  is  referred  to  [6j.  Instead  of  initial  distributions  in  volume  space  we  have 
another  problem  in  transient  radiation  which  arises  from  the  distribution  of  impulsive  sources  over 
the  surface  boundaries  of  a  domain.  This  problem,  whose  formal  solution  is  given  by  the  second  term 
of  1.7.7  will  be  discussed  in  detail  in  the  following  sections. 


7.1.a  Transient  Radiation  from  Acoustically  Small  Volume  Sources 


The  velocity  potential  everywhere  generated  by  a  volume  distributed  source  q  (r0,  to)  in 
free  space  is  given  by  1.7.7.  In  the  absence  of  radiation  from  extraneous  surfaces  and  from 
imposed  initial  conditions,  this  potential  is  obtained  from  the  free  space  Green's  function: 


*  -  f  dto  L 


.  r  Ir  -  f0f  .  „ 

8  [ - (t  —  t0)) 

c 


4ir  |r  -  r0l 


q  (r0,  r0)  dV  ( r0 ) 


(7.1.7) 


Assume  q  (r0,  t)  is  the  monopole  source  Q  (see  Eq.  1.8.3).  Then  since  QdV  has  the  units  of 
m3s_1  it  is  interpretable  as  the  differential  volume  velocity  dV  (r0  t0).  From  the  properties  of 
the  delta  function  an  integration  over  t0  and  r0  readily  yields  the  formula, 


<l>  (r,  t) 


V(t-  -) 
_ c_ 

4  ir  r 


(units:  m2s  '). 


(7.1.8) 


Because  of  the  approximation  | r  —  r0 1  —  r,  7.18  is  valid  only  when  |r|  is  very  much  larger 
than  the  characteristic  wavelength  being  radiated.  In  deriving  this  expression  it  has  been 
assumed  that  the  direction  of  the  positive  normal  to  the  volume’s  surface  is  away  from  the 
medium.  The  acoustic  pressure  radiated  to  a  point  at  distance  r  is  then 


a  v(r)  dr 


Po  V(t  —  ~) 
c 


(7.1.9) 


r  -  t  — . 

c 


If  the  positive  normal  to  the  volume’s  surface  is  written  as  n+  then  from  the  discussion  in  Sect. 
1.11  it  is  seen  that  the  surface  velocity  into  the  medium  is, 

v+ (7.1.10) 
o  n+ 


The  corresponding  radial  (surface)  velocity  written  as  v  is  found  from  7.1.8  using  the  conven¬ 
tions  of  Fig.  1.11.1; 


v(,  Ull _ L_ 


dt*  dr 


(7.1.11) 
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Eqs.  7.1.10  and  7.1.11  show  that  the  acoustic  field  generated  at  distances  r  »  A  is  proportional 
to  the  temporal  history  of  the  volume  acceleration  at  the  source  point  calculated  at  retarded 
time,  that  is,  time  /  delayed  by  amount  r/c. 


The  instantaneous  power  radiated  to  this  far  field  is  the  integral 

,2 


W  (/)  —  f  P  1 0  j  s(j)  =  f  pC  v2  (r,  t)  dS  (r) 

J  PoC  J 


(7.1.12) 


where  S  is  a  closed  surface  surrounding  the  source.  At  distance  r  one  has  dS  =  r2  sin  9v9v<f>. 
Since  V  is  omnidirectional  the  instantaneous  power  becomes. 


W (/)  -  —A — —  (units:  Nm  s  '). 


4ttc 


(7.1.13) 


The  mean  value  of  power  radiated  is  obtained  by  averaging  the  square  of  the  volume  accelera¬ 
tion  in  time  Ty 


so  that. 


v-jS  dt 

Po? 


(7.1.14) 


WA 


AV 


4irc 


(7.1.15) 


We  next  consider  the  source  q  (r0.  <o)  to  be  caused  by  a  force  F  (r0,  t0)  per  unit  volume, 
from  1.8.3, 

,  ,  r'o  V  (r0T)  ,  ,  ..  _u 

q  (r0./o)  “  ~  I  - dr  (units:  s  '). 

Po 


Assuming  the  time  interval  At  of  integration  is  short  enough  so  that  the  integrand  becomes  the 
divergence  of  an  inpulse  F  *  we  write, 


q  (r0.  to) 


-  V  F*  (r„.  t0) 


Po 


(7.1.16) 


F*  ~  FAt£  (units:  Ssm  3) 


(7.1.17) 


in  which  e  is  a  unit  vector.  With  this  definition  of  source  q  the  field  of  velocity  potential  is 
again  determined  by  7.1.7, 


0  -  s  dt0  /  — j—, — r 

J  0  Jv oi  4ir  |r  -  r0l 


-  V  F»  frp,  /0) 


Po 


dVis0).  (7.1.18) 


At  distances  r  »  X, 


0-— -J—  f  V  ■  F*  (r0,  t  -  —)  dV  (r0). 

4 irrp0  •'voi  c 


(7.1.19) 


Since  the  component  of  the  gradient  that  is  applicable  in  this  case  of  spherical  waves  is  the 
radial  component  we  can  write, 
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so  that 


or 


where 


tit  ( r,t )  -  — ^ —  f 

Air  **  v 


FIst 


tnrpQ  J  rot  c 


e  f  dV  (r0) 


ill  ( r,t ) 
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.  —  — )  •  r 

4irrp0c  c 


(7.1.20) 


(7.1.21) 


^"(f  -  — )  =  f  Ffro.  t  -  — )  At  e  (r0),  (units:  AO. 
c  J  c 


Using  the  conventions  of  Fig.  1.11.1  the  radial  velocity  v  is  seen  to  be, 


1 


—dili  _ 

4t rrp0c2 


{&■  f)  f 


in  which 


&(t*)  -  — “T-  l*  “  t  —  R/c,  (units:  A7s  '). 
df  2 


(7.1.22) 


(7.1.23) 


The  mean  value  (time  averaged)  power  is  again  given  by  an  integral  over  a  sphere  of  radius  r, 
WAV  -  J  pc  (y  ■  n)  dS  (r) 


Kr-ff 


PoC 


(&■  r)2  r2  sin  9d9d<t>. 


(4ir  rp0c2)2 
If  we  align  the  axes  of  F  and  f  such  that 

f)2  -  F2  cos2  0 

then. 


Wav 


— r  —  F*  (2tt)  (units:  Nms  '). 
low  p0c  3 


(7.1.24) 


In  the  steady  state  (at  frequency  w). 


WAV- 


Pqw4 

12irc3 


(7.1.25) 


Here,  9  (units:  Ns)  is  the  force  impulse  over  the  volume  V  (F  -  FV At),  and  the  ratio  /7p0  is 
the  magnitude  of  dipole  source  strength  (units:  mV).  This  ratio  is  the  same  as  the  symbol 
|Dj  of  Ref.  (3a],  and  \A  I  of  Ref.  (3bl. 


7.1b  TRANSIENT  RADIATION  OF  ACOUSTIC  MULTIPOLES 

According  to  1.7.7  the  velocity  potential  at  r,  t  due  to  a  volume  source  q(r0,t)  in  an 
unbounded  medium  is. 
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4,(r,  t)  =  J>of 


--U-t0) 

C 


4ttR 


q(T0.t0)dV(r0 )  (unit:  s2) 


R  =  lr  -  r0|. 


(7.1.26) 


Let  q(t0,  r0)  be  considered  a  set  of  acoustic  multipoles  defined  by  1.8.3.  We  seek  first  the  con¬ 
tribution  of  the  dipole  (or  force)  term.  The  radiated  acoustic  pressure  due  to  this  term  is. 


d/dt'  r'o  V  F(r0,  /') 


dt 


s(/?f  -  (/-/«)) 


4t tR 


dV( r0) 


R 


--  (/-to) 
c 


4tt/? 

To  evaluate  7.1.27  one  first  integrate  by  parts: 


V  •  F(r0,  r0)dV(r0). 


(7.1.27) 


/  GV  ■  F  dV  =J*  -  F  ■  grad  G  dV  +  J°°V  •  (GF)dV(r0).  (7.1.28) 


Since  F  vanishes  outside  the  (point)  source  region  the  second  term  on  the  rhs  is  seen  by  use  of 
Gauss’s  divergence  theorems  to  vanish.  In  the  first  term  on  the  rhs,  we  note  that 


F  •  grad  G  =  grad 
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8  --  (r-r0) 
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4  nR 


F  •  grad  G 
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(7.1.29) 
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F,(i0.  r0) 


in  which  8'(r)  is  the  derivative  with  respectable. 

Integration  over  t0  (as  called  for  in  7.1.27)  together  with  use  of  7.1.5  then  give, 


Po(R>  t)> 


-1 


AnR 


l-jf 


<0 


-y-JV,(r0.  r-/?/c)</Hr0) F(r0.  f-*/c)</K(r0>.(7.1.30) 


Since  a  multipole  is  essentially  a  point  function  we  can  assume  it  to  be  located  at  the  origin: 


F(r0,  to)  “  8(r0)f(r0)  (units  of  /:  N). 


(7.1.31) 
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Taking  account  of  the  minus  sign  of  the  dipole  term  in  1.8.3  one  arrives  at  a  formula  for  the 
radiated  field  of  a  transient  dipole: 


pd(t.  t)  =  ij^)  -  r/c)  +  -j -jm  -  r/c) 


(7.1.32a) 


Here  I Xi0/ r  \  are  the  direction  cosines  (—  cos  0,).  This  expression  agrees  with  5.2.4.  An  alter¬ 
nate  form  is  obtained  by  defining  a  transient  increment  of  source  strength  A D,  operation  over  a 
brief  time  interval  A  i. 


A -  Ar 

c 

\D,(t  -  r/c)  =  -  (units:  m  4  /s). 

P 


(7.1.32b) 


For  short  enough  time. 


Hence  7.1.13  takes  on  the  form 


A  D,  az>, 
Ar  ~~  dt 


p  i  *,o  1  S2A(r)  .  1  BD,(r) 

pD(t,  t)  -  -f-  T  - - -  +  —  — -  r  -  t  -  r/c. 

T1  r  rc  dr2  r 2  dr 


The  contribution  of  the  quadrupole  term  of  1.8.3  to  the  radiated  pressure  is 


p,(R. ,)  -  ,  /;  d,„  /,  V  .  V  J  — ^ 1  delta) 


(7.1.32c) 


p,(/?,  r)  -  f  </r0  G  V0  ■  r(r0.  1  V0<fF(r0) 


(7.1.33) 


in  which 


®|~  - 


G(r,  i/r0,  r0) 


After  integrating  twice  by  parts  using  the  reasoning  of  7.1.28,  7.1.29,  and  5.4.18  on  reduces 
7.1.33  to, 

pq(R,  t)  -  f0'dtofyr(r0.  t0)  :  V„G(r.  r/r„,  tn)VndV( r„)  (7.1.34) 
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in  which  the  double  dot  indicates  an  operation  of  double  divergence.  Assuming  now  that  the 
quadrupole  being  a  point  source  is  located  at  the  origin  one  can  write, 

7(r0,  t)  =  8(r0)t(/0)  (units  of  t:  Nm)  (7.1.35) 

in  which  the  quantity  t(r0)  =  (t8),  t  —  x,  z  =  j  is  a  dyadic  with  9  components.  The  quantity 
VoCVo  is  also  a  dyadic  with  9  components, 


V0GV0 
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R  .  , 
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bXi0bX)0 

4  nR  j 

Thus  7.1.34  is  a  sum  of  a  term  p^iR.  t).  To  exemplify  the  method  of  calculating  any  one  of 
them  we  choose  a  particular  component,  say  the  longitudinal  component  xx.  Now, 
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Thus  by  use  of  7.1.5, 
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(7.1.36) 


(7.1.37) 


Thus  the  radiation  of  a  transient  longitudinal  (x-direction)  quadrupole.  The  quantity  t„  may  be 
interpreted  as  an  impulse  source  strength  Q„  (over  time  At)  by  use  of  the  definition. 


A Qa  -  j  p  ~  ^  J  At  (units:  m5/s). 
In  spherical  coordinates  r,  9,  <t> , 


*to  _  r  sin  9  cos  <j> 
r  r 


sin  0  cos  «f>. 


Hence  in  terms  of  impulsive  source  strenghts  (7.1.38)  the  radiated  pressure  is. 


(7.1.38) 
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bC2(Cr2)  + 
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in  which  we  have  taken  At  so  small  that 
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(7.1.39a) 
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The  structure  of  an  xz  guadrupole  is  obtained  in  similar  fashion: 

g 

p„( r,  r)  =  - —  cos  9  sin  9  cos  <t> 

47 r 

x  I  1  ,  _3_  d2g^(r)  _3_ 

1  Or  dr3  Cr2  dr2  r3  dr 

in  which 


7  —  t  —  r/c 
txAr) 


^Qx2  = 


At. 


As  before,  the  prime  signs  indicate  derivatives  with  respect  to  argument. 


(7.1.39b) 


The  remaining  terms  of  1.8.3  may  be  similarly  treated.  We  define  monopole  source 
strength  ()as, 

Q(r0,  i0 )  =  8(r0)Q(/0).  (units  of  Q:  m3/s).  (7.1.40) 

Substituting  this  into  7.1.26,  then  using  the  relation  p  =  pdtl»/d.',  one  arrives  at  the  radiation 
formula  for  the  acoustic  field  of  a  transient  monopole  source: 

pQ{r,  t)  =  Q(t)  ,  t  =  t  -  r/c.  (7.1.41) 

v  4  it.  dr 

« 

In  the  same  way  the  radiation  due  to  transient  heat  flow  is  obtained  by  defining  (units:  Nm/s) 


c(r0.  to)  “  8(r0)e(fo>,  (units  of  e:  Nm/s). 


Thus  the  radiated  pressure  is. 


Pt(r.  t )  = 


_d_ 

dr 


r  -  t  -  r/c. 


(7.1.42) 


(7.1.43) 


7.2  GENERAL  FORMULAS  FOR  THE  CALCULATION  OF  TRANSIENT 
RADIATION  FROM  SOURCES  ON  A  SURFACE 

Let  ip(r,  t)  represent  a  time-varying  (non-sinusoidal)  velocity  potential  associated  with  a  small 
amplitude  acoustic  field.  We  assume  this  field  to  be  caused  by  a  distribution  of  acoustic  sources  over 
a  closed  surface  S0.  At  time  t  <  t0  let  the  acoustic  field  be  non-existent  over  all  space. 


xp{t)  —  dip/dl  =  0,  t  <  /, 


(7.2.1) 
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When  /  =  t0  =  0  the  sources  on  S0  are  suddenly  excited  to  produce  a  field  t ^(r,  t )  on  S0  and  in  all 
space  external  to  S0 ■  At  the  instant  of  excitation  we  allow  7.2. 1  to  still  prevail.  Subsequently  (when  t* 
>  I o  =  0)  the  field  i t>(r,  t)  no  longer  identically  vanishes  over  all  space.  Under  these  conditions  the 
field  at  r  and  at  time  /*  may  be  determined  from  the  second  term  of  Eq.  1 .7.7,  in  which  G  is  replaced 
by  g/-  4jt  to  emphasize  certain  aspects  of  the  radiated  field, 

H>(r,  t*)  =  J  dt0J  dS0'(  _JL_  grado  v  grad,,  _JL_  'I  (7.2.2) 

0  *°  V  -4rr  -4 n  J 

Here  -  g/An  is  the  time  varying  nonsinusoidal  Green’s  function  for  the  scalar  wave  equation  and  the 
type  of  boundary  surface  in  question.  By  this  is  meant  that  Green’s  function  g  satisfies  the  following 
differential  equation. 


(a)  ^  _L_  -_L  111  [  _L  )=6{r-r0)d(t  -  t0) 

-A it  c!  dt2  \  -An  ) 


In  the  steady  state. 


in  the  transient  state 


(b)  g  =  exp  ikR  . 
R 


(c) 


6[—~  ~  0  ~  {o) 


(7.2.3) 


According  to  the  symbol  conventions  used  in  this  treatise  we  locate  sources  in  space-time  at 
r0,  /0,  and  observation  points  in  space-time  at  r,  t.  Now  both  g  and  g>  may  be  considered  as 
sums  of  spectral  components,  thus  possessing  the  Fourier  transforms  G,  y  respectively. 


(a)  g(r,  1 1  ro,  t0)  -  _L  /  G(r  |  r„  |  K)  e-**'  -  '■»  dKc 
2  n 

4-od 

(b)  v(r, /0)=i_  J_x'V{r,co)e-lu,''  dw  (7.2.4) 

2n 

The  advantage  of  this  representation  is  that  G(r|r0|K)  is  the  field  at  r  due  to  a  “monochromatic 
wave’’  ( =  single  spectral  component)  at  r0.  By  considering  single  spectral  wave  components  only  the 
complex  problems  associated  with  finding  general  time-varying  solutions  to  the  wave  equation  is 
much  simplified.  We  may  therefore  directly  substitute  7.2.4a,  7.2.4b,  into  7.2.2  and  attempt  a  solu¬ 
tion  of  the  resulting  integral  equation.  This  is,  in  general,  a  very  difficult  mathematical  problem  if  the 
distribution  of  sources  and  the  acoustic  nature  of  the  surface  are  arbitrary.  Analytic  procedures  lead 
to  intractable  equations  and  numerical  methods  must  be  used.  In  many  important  applications 
however  the  sound  generating  surfaces  ( =  baffles)  may  be  so  constructed  that  7.2.2  becomes  further 
simplified  by  the  elimination  of  the  first  or  the  second  term  on  the  right-hand  side.  Thus  we  may 
make  the  surface  surrounding  the  sources  ideally  acoustically  hard,  or  ideally  acoustically  soft.  In 
symbols,  we  may  select  surfaces  in  such  a  way  that  in  the  steady  state,  at  all  surface  points  where 
there  are  no  sources, 


7.2  Transient  Radiation  from  Sources  on  a  Surface 


(a)  hard  surface:  3  G(rrpK)  _  o,  r  on  S0, 
dn 

or 


(7.2.5) 


(b)  soft  surface:  G(rr0K)  =  0,  ronS0, 


For  the  hard  surfaces  7.2.5a,  7.2.4a,  7.2.4b  and  7.2.2  are  first  combined.  Then,  writing  the  operator 
dS0  grado  =  dA0  d/d  n0,  where  the  normal  n0  points  into  the  interior  of  the  surface,  one  obtains, 
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(7.2.6) 


It  is  noted  that  all  the  mathematical  operators  on  the  right-hand  side  operate  on  the  source  coor¬ 
dinates  (/"c  f0),  and  in  particular  that  the  Fourier  transformation  of  ^  is  on  the  t0  coordinates.  Now, 
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(7.2.7) 


in  which,  for  t>0,  one  sets  exp(-/Kc7)  exp(iKct’)  =  1.  With  this  choice,  7.2.6  may  then  be  written  as  a 
sum  of  two  terms. 


H>{r,  t )  =  n>„(r,  t)  +  ip,r(r,  t) 


(7.2.8a) 
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(7.2.8b) 


(7.2.8c) 


Here,  as  before  <J(r|r0|K)  is  the  Fourier  transform  of  g(r|rn|0- 

In  7.2.8b  the  entity  inside  the  brackets  on  the  right-hand  side  is  the  Fourier  transform  of  that 
part  of  the  field  which  is  expressible  in  terms  of  the  w  coordinate  spectral  components.  Eq.  7.2.8b 
thus  represents  the  field  arising  from  the  time  fluctuation  of  the  surface  velocities.  The  corresponding 
entity  in  the  brackets  of  7.2.8c  is  the  Fourier  transform  of  that  part  of  the  field  which  is  expressible  in 
terms  of  the  Kc  coordinate  spectral  components.  Eq.  7.2.8c  thus  represents  the  field  arising  from  the 
time  fluctuation  of  the  time-dependent  Green’s  function. 

In  7.2.8b,  7.2.8c  the  path  of  integration  in  the  complex  K-plane  passes  through  the  simple  poles 
of  G  and  the  isolated  pole  Kc  =  w  along  the  real  K-axis.  To  evaluate  these  integrals  we  must  close  the 
contour  “at  infinity”  by  contour  integration  in  the  K-plane  using  Jordan’s  Lemma.  This  procedure  is 
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described  in  Appendix  7A.  It  is  applied  here  to  evaluation  of  7.2.8b  and  7.2.8c.  Since  we  desire  solu¬ 
tions  which  are  convergent  for  both  the  temporal  condition  t  -*  oot  and  the  spatial  condition  r  — 
we  must  appropriately  shape  the  contour  in  each  case.  To  do  this  we  make  K  complex  by  assigning  a 
small  damping  constant,  i.e., 


K  =  K,  ±  iK2  (7.2.9) 

The  choice  of  sign  depends  on  the  following  considerations.  Select  the  time  coordinate  to  be  given  by 
e"“".  Since  spatially  divergent  waves  which  die  out  at  infinity  are  required  we  chose  G  in  such  a  way 
that 


G(r|r0|K)-»  ,/•-«>  (7.2.10) 

r 

Combining  this  with  the  factor  e  in  7.2.8c  and  using  7.2.7  we  find  that  the  total  exponential  factor 
in  7.2.8c  will  (for  large  r  and  large  /)  eventually  become 

exp[/K,Cr]  exp[/(±iK2)C7]  (7.2. 11) 

in  which  T  =  r/c  -  t  is  the  retarded  time.  Two  cases  are  possible 

Case  I  :  r>0,  i.e.  r/c  >  t 

Case  II:  T<  0,  i.e.  r/c<t 

Case  I:  When  t  <  r/c  the  principle  of  causality  requires  that  both  and  vanish.  For  convergence 
in  time  we  select  the  plus  sign  in  7.2.11,  i.e.,  the  polew  =  Kc  lies  above  the  axis  of  reals.  Now  if  the  Im 
K  >  0  the  Green’s  function  is  analytic,  that  is,  G  has  no  poles  in  the  upper  half  of  the  /f-plane.  (This  is 
the  analytic  statement  of  causality).  Hence  when  t  <  r/c  we  run  the  contour  of  integration  above  the 
pole  uj  =  Kc  parallel  to  the  axis  of  reals  from  to  +  °°  and  close  the  contour  in  the  upper  half 
plane.  Since  the  closed  contour  embraces  no  poles  the  result  of  the  contour  integration  is  that  both  i^„ 
and  xp„  vanish,  as  required. 


Case  II:  when  t  >  r/c  we  select  the  minus  sign  in  7.2.1 1. 


The  contour  line  of  integration  in  the  complex  -plane  now  runs  slightly  below  the  axis  of  reals 
from  -<*>  to  +  00 .  The  choice  of  contour  closure  between  the  upper  and  lower  half-plane  is  determined 
once  again  by  convergence  requirements.  We  consider  7.2.8b  first.  Assume  the  singularities  of 
G(r|r0|A)  to  be  simple  poles  in  the  lower  half  plane  so  that  G(r|ro|A")  can  be  written  in  the  form 
R(r\r0\Kp)/(K  -  K„).  It  is  then  seen  that  a  closure  of  the  contour  in  the  lower  half  plane  would  leave 
residues  of  singularities  of  the  type  K„c  =  cu,  Kp  =  (K„),  ±  /(Kp)2  in  the  evaluated  integral.  Upon  inver¬ 
sion  from  w  to  /  there  would  appear  the  factors  e'V7,  which,  in  view  of  our  choice  minus  sign  in  7.2.9 
would  make  the  field  \v„(r,  t )  divergent  as  t  -*■  «>.  We  must  therefore  close  the  contour  of  7.2.8b  in 
the  upper  half  plane.  Since  there  is  only  one  enclosed  pole  (Kc  =  w),  one  obtains  the  conver¬ 
gent  solution. 


t t>u(r,  t)  =  _L 
2n 


JL  M,(r0,  <o)  dA0 
dn 


(7.2.12) 
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Next  we  consider  7.2.8c.  If  we  close  the  contour  in  the  upper  half  plane  the  single  enclosed  pole  a>  = 
Kc  would  make  7.2.8c  equal  to  7.2.8b  but  with  opposite  sign.  The  sum  of  the  two  fields,  +  ip,r, 
would  then  vanish.  This  is  inadmissible.  We  must  therefore  close  the  contour  of  7.2.8c  in  the  lower 
half  plane,  which  leads  to  the  result  that  will  be  the  sum  of  residues  of  singularities  of  G  in  the  lower 
half  plane, 


ifj.Xr,  /)  =  -_!_ 

2tt 


I 


+  oo 


X  [  R(r\r\K)  _JL  ^(r0,oo)dA0 
dn0 


(7.2.13) 


In  view  of  the  choice  of  the  minus  sign  (see  7.2.11)  it  follows  that, 


(7.2.14) 

The  field  ip,r  has  therefore  the  nature  of  a  transient  field.  In  contrast  ifj„  does  not  vanish  as  t  — 
Both  7.2.8b,  7.2.8c  may  be  written  in  a  different  and  more  illuminating  form  by  expanding  the 
Green’s  function  G  in  a  series  of  products  of  orthonormal  functions  4>„(r)  as  shown  in  3.4.5b, 


G{r  |  /-p  |  AT)  =  X  »■*('■>)  »■.(*•) 
4n  "  Kl-  K 2 

(units  of  4),  =  (meter)'3'2 


If  we  perform  the  integration  over  the  variable  K  in  the  K  plane  by  contour  integration,  running  the 
contour  above  the  axis  of  reals  from  to  +  and  then  closing  the  contour  at  infinity  in  the  lower 
half  plane,  we  obtain  for  7.2.8c  the  following  formula, 

H>„{r,  t)  =  J£l_  Z  sin^  J_.  d” 

2n  "=0  K„c  (xi-  K„c 

x  X  4>*(r„)  4»„(r)  _JL  Vfo ,w)dA  (7.2.16) 

a«0 

Here,  as  before,  t  >  r/c.  In  this  sum  all  the  poles  K„  lie  in  the  right  half  of  the  K  plane.  For  con¬ 
vergence  as  t  -*  o°  we  require  the  imaginary  parts  of  K„  to  be  negative.  Eq.  7.2.16  is  useful  for  interior 
domains,  i.e.,  domains  in  which  resonant  frequencies  exist.  For  exterior  domains  (=  infinite  space) 
we  may  more  easily  use  the  following.  In  7.2.2  place  a  distribution  of  delta  sources.  Then, 

4 >{r,  t)  =  JL  /  {dsA  6o[ln  -  ~  R/c)\ 

4tt  0  1  R 

-it'sVo  R/c^  j  |  (7.2.17) 


T 


A  Treatise  on  Acoustic  Radiation 


IT 


Integration  over  t0  yields, 


ip{r,  t)=  J_  J  ciSa  •  f"  +  *.  v(/-0,  /„) 

4n  L  /?  /?’ 


-/?  3 

C7?!  “37 


v(r0,  /) 


(7.2.18) 


R  =  r  -r. 


This  formula  embodies  the  Kirchoff-version  of  Huygens’  principle  which  is  that  the  wavefront  at  r, 
and  at  time  /,  may  be  determined  by  adding  together  all  the  equivalent  sources  in  a  previously  existing 
wavefront  calculated  at  the  earlier  time  t  -  R/c. 

The  general  formulas  derived  in  this  section  are  difficult  to  apply.  In  the  following  sections  we 
will  consider  particular  cases  which  have  proved  tractable. 


7.2a  TRANSIENT  RADIATION  IN  ABSTRACT  FORMULATION 

The  transient  radiation  generated  by  a  surface  forced  to  vibrate  by  transient  forces  is  given  by 
1.7.7  in  terms  of  Green’s  functions.  Alternatively  the  wave  equation  1.7.3  is  solved,  subject  to  initial 
as  well  as  boundary,  conditions.  When  the  vibrating  surface  conforms  to  a  separable  surface  in  one 
of  the  eleven  coordinate  systems  of  the  Helmholtz  equation  [6a]  this  alternative  solution  is  advan¬ 
tageous  for  analysis  and  calculation.  The  procedure  is  outlined  here. 

Let  £,  n,  £  be  a  system  of  separable  coordinates,  be  orthogonal  characteristic 

functions  which  describe  surfaces  in  these  coordinates,  and  let  A'0fl|J,(4)  be  the  function  which  shi»« 
the  normal-to-the-surface  (radial)  dependence  of  the  solution  to  the  wave  equation.  Thi  velo¬ 
city  potential  everywhere  in  the  steady  state  is  obtained  by  superposition  of  these  characteristic 
functions, 


v(7  a »)  =  §  Ajw)  xy>tt)  Xi»(n)  X$(t)  e' 


(7.2.17) 


The  physical  cause  of  this  potential  is  a  normal  component  of  velocity  on  a  selected  surface. 
Although  this  velocity  is  itself  caused  by  applied  forces  it  is  useful  to  calculate  the  radiation 
field  by  assuming  a  fixed  velocity  distribution.  Assume  then  that  the  normal  velocity  at  surface 
£  =  £0  has  the  form. 


v(4o,  t)  =  VfmftoW) 


(7.2.18) 


in  which/,,  f2,  f  are  non-dimensional  descriptors  of  the  spatial  and  temporal  variation  of  velocity 
and  v  is  the  magnitude  of  velocity.  Upon  Fourier  transformation  of  7.2.18  with  respect  to  time  the 
boundary  condition  in  the  steady  state  becomes, 

-V„v(L  n.  U  o>)  =  V(£„.  w) 


.VV.V.V.V.V.  - 


.  TV*  .  ••  V 
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or 


T  Aol>(w)  xy>(i)  W(r])(  3W(0  \  =  -  y/,(i)/2(n)f(w)  (7.2.19) 

V 

The  symbols  hL  (as  well  as  ht,  hn  used  below)  are  scale  factors  of  the  separable  coordinate  system. 
Also, 

co 

e '  iw'  dt  (units:  s) 


Each  coefficient  Aafl  can  be  isolated  by  orthogonality, 

A  lr  -  Wo>)J f  m)AM  Xi"G)  xi»to)<Kh£)dViji) 

yv(»  M2’  (  \  (7.2.20) 

v  dht  )^u 

Again,  N J”,  A^2’  are  normalizations.  Substitution  of  7.2.20  into  7.2.17  and  execution  of  an  inverse 
Fourier  transformation  with  respect  to  time  lead  to  an  expression  for  the  transient  velocity  potential 
everywhere: 

xi>(r,  I)  =  X  f  Au)  dtoer**  1 

2n  *■  “  N“'Ny>  dX$(Q  \ 

V  dh£  )K,L 

f J7.tt)/*(»»)  x*"G)Xi»(n)d(h&)d{hfi)  (7.2.21) 

The  factor  In  is  inserted  in  the  inverse  Fourier  transformation  and  omitted  in  the  direct 
transformation. 

This  formula  will  now  be  applied  to  several  examples. 

7.2b  TRANSIENT  RADIATION  OF  A  MONOPOLE  IN  FREE  SPACE 

In  monopole  radiation  there  is  no  variation  of  the  velocity  potential  field  with  spherical  angles 
9,  <t>.  Hence  for  a  monopole  of  spherical  radius  r  =  R  ,  and  a  specified  velocity 


v(  R  w)  =  K/(w)  (7.2.22) 

the  expansion  constant  A„p  in  7.2.20  reduces  to 

AJw)  = _ (7.2.23) 

dX"'(r)  \ 
dr  /  r ~  ff 

Eq.  3.2.3  indicates  that, 

X"'{r)  =  HL  (7.2.24) 

r 
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Thus,  the  velocity  potential  everywhere  r  ^  R  is. 


ifj(r.  R)  =  *'e  ‘ 


(1  -ikR)r 


(7.2.25) 


Accordingly,  the  transient  pressure  field  due  to  7.2.20  is  given  p  =  -  where  \p  is  7.2.17  and 
7.2.21: 


p(r,  r)=  f  HuQW1A<»)r“,«r-*'  (7.2.26 

r(\-iw/cR)  2n 

In  this  formula  the  radius  R  is  kept  constant  during  the  integration.  For  an  expanding  monopole  R 
=  R  (/).  If  the  radial  velocity  oj  R  (/)  is  much  less  than  the  speed  of  sound  c  the  error  of  keeping 
R  (/)  constant  during  the  integration  is  small.  In  this  case  it  is  a  good  approximation  to  integrate 
7.2.26  for  R  =  const.,  then  substitute  the  indefinite  integral, 

R(/)  =  /  #}dt  (7.2.27) 


in  the  result. 

Several  cases  have  been  treated  [6b]. 

Case  I.  Radial  velocity  is  a  rectangular  pulse. 

In  this  case, 

v(/)  =  iv  =  V0  0  <  t  <  To 
v(t)  =  1 0  otherwise 

Then, 

A<*>)  =  _ L_  [1  -exp^'aiTo)]  (units:  s) 
-  iw 

Upon  integration  of  7.2.26  one  obtains. 
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Using  the  approximation  that  7.2.27  is  constant  during  integration,  then  substituting  it  into  7.2.28, 
one  finds  a  convenient  formula  for  the  transient  pressure  field  in  terms  of  time  variable  t  as  a  replace¬ 
ment  for  R  (t): 


Thus, 


P(r.  t)  = 


R(t)  =  J  Vodt  =  Vot 

0  <  /  <  To 

R(t)  =  R0 

l  >  To 

0 

e  c 

Y±  fexpi  r  (  1  -  c  +  v«  \ 
r  1  Vo  V  /  r  ) 

QCV0 

t  H' ;  ['-'/•]} 

• 

-  exp 

1 

(7.2.29) 


t  <  L 
c 


—  <  t  <  T0 
c 


(7.2.30) 


t  >  T0 


Fig.  7.2.1  show  the  transient  response  as  a  function  of  the  choice  of  T0  relative  to  R  /c.  The  labels 
indicate, 


a, :  a  rectangular  pulse 

b, :  To  >  R/c 

c, :  T0  ~  R/c 

d, :  T0  <  R/c 


Fig.  7.2.1.  Transient  response  of  a  monopole 
excited  by  a  rectangular  pulse  as  a  function  of  the 
magnitude  T0  (after  |6bl). 


Fig.  7.2.2.  Transient  reponse  of  a  monopole  radia¬ 
tor  excited  by  a  saw-tooth  pulse  as  a  function  of 
T0  (after  (6bl). 


Case  II.  Radial  velocity  is  a  linear  ramp  saw  tooth 
In  this  case. 


v(0  =  i  at,  0  <  t  <  T„ 
v(t)  =  1  0  otherwise 
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Then, 


a  =  L2 
To 


fo)  =  1  ["  exp(/o)  Tg)  +  To  exp(/eo7~0)  _  1  1 

T0  L  (-iot)2  (-la) )  (-fto)2  J 


When  this  is  substituted  in  7,2.26  and  integrated,  the  pressure  field  everywhere  becomes, 


r  < 


r  -  R 


p(f,  f)  =  < 


a*R!  £l  -  expj  -  S.  p  -  <t<  r  -  R  +  T, 


-H-f  ['-  ^]}]- 

♦r# 


t>  r  ~  R  +  To 


Again  one  can  find  R(r)  from  7.2.27, 


R{t)  =  (  at  dt  -  aJ.! 

2 


R(0  =R» 


/<  To 

t  >  r0 


(7.2.32 


By  assuming  R  (t)  is  nearly  constant  during  integration  of  7.2.26,  then  substituting  it  into  7.2.31 
one  obtains: 


r 


P(r.  t)  = 


/<  JL 

c 


o'e  t * 

4  r 

|^1  -  expj 

1  /  2r  _  2c 
\  at1  at 

oqRo 
r  ! 

M- 

c  \t_r-R, 
Ro  L  C 

expj  - 

—  \< 
Ro  L 

-  ( r  +  r0] 

To/agcRo 

r 

-  expj- 

c 

Ro  L  V  c 

—  <t<T0 
c 


(7.2.33 


t  >  To 


in  which,  as  before,  a  -  V0/T0. 


7.3  Transient  Radiation  from  Pistons 


Fig.  7.2.2  shows  details  of  the  transient  response  as  a  function  of  the  choice  of  T0  relative  to 
R/c. 


a, :  a  saw-tooth  pulse 

b, :  T0>  R/c 
ct.  T0  ~  R/c 
df.  T0<  R/c 


Two  other  cases  of  importance  are: 


quadratic  pulse: 


triangular  pulse: 


These  are  discussed  by  Probst,  [6bl. 


v(/)  =  Yi  t 

T 

-  Yf  t  +  2V0 
T 


0  <  t  <  To 
otherwise 


0  <  t  <  T0/2 

To/2  <t<T0 


7.3a  TRANSIENT  RADIATION  OF  A  RIGID  PISTON  IN  AN  INFINITE  RIGID  BAFFLE 

The  theory  of  the  harmonic  generation  of  sound  by  a  rigid  piston  in  an  infinite  rigid  baffle, 
completely  investigated  in  classical  times  may  be  extended  to  include  the  generation  of  transient 
signals.  The  appropriate  coordinate  system  here  is  that  of  cylindrical  coordinates  r,  <t>,  Z.  Let  r0, 4>o,  Z0 
be  the  source  coordinates  of  a  vector  r0  and  let  dS0  be  an  element  of  piston  area  of  a  piston  of  radius 
b.  Now  if  n0  is  the  normal  pointing  away  from  a  volume  V0  in  which  the  sound  field  is  under  study 
then  for  a  piston  executing  harmonic  motion  of  frequency  w  =  Arc  in  an  infinite  rigid  baffle  the 
velocity  potential  at  the  tip  of  vector  r  whose  coordinates  are  r,  <|>,  Z,  is  given  by 

4>,(c,<U/)=  ZYYl  SJsofYl  i*  dSo  (7.3.1) 

2n  R  dn0 

in  which  R  =  \r  -  /-0| .  Let  v(r0)  be  the  normal  component  of  piston  velocity  whose  positive  direction 
points  into  the  volume  V0.  Then,  from  the  boundary  condition  1 .8.25, 


v(r0,  $o,  Zo)  =  - 


dn„ 


(7.3.2) 


To  evaluate  7.3.1  subject  to  boundary  condition  7.3.2  we  expand  the  spherical  function  e  ’kH/R  into 
an  infinite  series  of  integrals  in  cylindrical  coordinates  [7] 


g-jkR 

~R~ 


(2  -<U,)cos[m(4»  -$„)] 


oc 

X 


J„(ur)  Jm(ura) 
\/  k‘  -  u1 


l:  a.-  ucju 
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Substitution  of  7.3.3  into  7.3.1  followed  by  an  integration  over  the  area  of  the  piston  yields  the  com¬ 
plete  harmonic  solution  of  the  integral  7.3.1.  To,  find  the  transient  solution  due  to  the  excitation 
F(r0,  4o)  d0 (0  we  make  the  formal  transformation  jn>  -*  s  in  7.3.1,  7.3.2,  7.3.3.  The  transformed 
function  <J>,j(s)  then  represents  the  Laplace  transform  of  the  velocity  potential  at  the  field  point  ( r ,  <(>, 
2)  due  to  a  velocity  distribution  v(r0,  $<,,)  over  the  piston  area,  excited  in  time  as  a  Dirac  impulse 
function  at  t  =  0.  In  effect  the  transformation  jw  -*  s  causes  the  time  variable  in  the  real  domain  to 
change  from  e*tu,‘  to  d0(<).  Since  we  are  interested  in  more  general  time  functions  we  next  allow  the 
velocity  to  change  from  v(r0.  $0)d0(/)  to  v(r0.  K  Oand  form  the  Laplace  transformation  L{  v}  of  this 
latter  velocity.  The  transient  solution  due  to  v(r0.  $o,  t)  is  then  found  by  multiplying  the  Laplace 
transform  0  (r,  z,  s)  by  L{v}  and  then  performing  the  inverse  transformation  to  recover  the  time 
domain.  For  convenience  we  change  variables  in  7.6.3  by  letting  uc  =  4,  (units  of  4:  sec1).  Then,  for 
a  disc  of  radius  b,  we  have 

(a)  0(r,  f  z,  s)  =  0d(r,  f  z,  s)  { v} 


=yT-  il  -  il  1 12  =  _L  \fsr+I! 
L  c2  c2  J  c 


because  '/-l  =  ~j.  Thus 


Zn  b 

(b)  0(r,f2,s)=  J_ /  <%/  H{v}  £  (2-d„„) 

»0  -'O  m 


X  cos[/n($  -  *„)]  f  J^r/c)  JJ&rp/c)  e 

cv^  +  42 


U-&J/cV  s'* {' 


.  idt  rodro 


(7.3.4) 


We  shall  perform  the  inverse  transformation  of  7.3.4,  by  first  taking  L~'  {<>,}.  From  [8], 

&r‘  | g  J  }  =  u(‘  ~  -*  ~ *o1 )  \  v  *2  -  u  -  zoi,/c2 ) 


(7.3.5) 


where. 


U(x)  =  0,  *<0 
iy(x)  —  i ,  x>o. 

<t>(r,  $,  z,  l)  is  then  obtained  by  forming  the  convolution  of  7.3.5  with  L  '  { v} .  The  result  is, 

f  z,  t)  =  J.^r-  j  cdr  fg  d$„  fg  S  (2  -  60m) 

X  cos[m($  -  *„)]  v(r0,  K  t  ~  fa  Mu  s/  cV  -\z  -  z0|J  Mur)  J„(ur0) 

x  udurodra  (7 
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This  formula  represents  the  complete  transient  sound  field  in  the  semi-infinite  space  Z  P  0  due  to  a 
transient  excitation  of  a  piston  of  the  form  v(r0 ,  $0,  t).  For  further  investigation  we  reduce  the  com¬ 
plexity  of  7.3.6  by  letting  v  —  V  U(t),  selecting  V  to  be  constant  over  the  piston  area.  Then  m  = 
0,  and, 


2n 

J  d$ o  J  Jo(ur0)  rodr0  =  2a!L  J,(ub) 

O  O 


For  a  rigid  piston  therefore, 


1 

<t>(r,  4,  z.  t)  =  cVb  J"_„dr  U^r  —  i£_Z  jil  j 

*  f  Ja{u  \/  c2 t2  -  |  z  -  Zol1  )  Ji(.ub)  J0(ur)  du 
0 


(7.3.7) 


(7.3.8) 


The  transient  pressure  field  is  Qd<b/dt.  Since  =  /o  in  7.3.8,  the  pressure  can  be  written  as 
follows: 


p(r,  z,  t)  **QcVbU{^t  -  I z  z°\  'j 

:  f  Jo(u0  \/  c2t2  -  | z  -  Zol2 )  Jfub)  Jo(ur)  du. 
0 


To  perform  the  integration  when  Z0  =  0  we  consult  [10]  and  obtain  the  formula, 


p(r,  <M,  t)=QcV  Ut  t  - 


Z  \  A 


in  which 


>1=0,  b<\r  -  (c2 12 -z2)u 


A  =  cos  -  \r2  +  (c2t2-z2)  - 

L  2 r  \/  c2t2  -  z2  J 


r  -  (cJ/2-z2)-'2|<&<k  +  (c2t2-?2),/2 


A  =  n,  b>\r  +  \f  c2t2  -  z2 


(7.3.9) 


(7.3.10a) 


(7.3.10b) 


(7.3.10c) 
(7.3.  lOd) 


[9]. 

Eq.  7.3.10  represents  the  transient  pressure  at  a  field  point  in  the  half  space  z  >  0.  To  under¬ 
stand  its  significance  we  refer  to  Fig.  7.3.1  in  which  a  piston  (radius  b)  is  shown  in  the  xy  plane  at  the 
origin  of  coordinates.  In  this  figure  the  field  point  P  (located  at  the  tip  of  the  z  -coordinate)  forms  the 
apex  of  a  “kinematic  cone”  whose  base  traces  out  a  circle  in  the*)'  plane.  For  Ct  =  z,  the  cone  is  the 
line  z  a,.  When  ct  >  z,  the  radius  of  the  base  of  the  cone  ( =  \/  c2t2  -  z2  )  increases  with  time.  The 
point  of  the  base  circle  ( =  A)  nearest  the  origin  is  r  -  \J  c2t 2  -  z2  ,  and  the  point  ( =  B)  farthest  from 
the  origin  is  r  +  \J  c2t 2  -  z2  .  For  time  t(t  P  z/c)  in  which  the  contour  of  the  base  is  outside  of  and 
does  not  intersect  the  contour  of  the  piston  the  field  at  P  is  non-existent.  This  is  the  condition  before 
the  initiation  of  the  transient  field  at  P.  Also  when  the  base  of  the  cone  has  grown  so  large  as  to  com¬ 
pletely  enclose  the  contour  of  the  piston  the  transient  field  at  P  vanishes.  This  condition  marks  the 
close  of  the  transient  state.  Both  of  these  states  at  P,  namely  the  states  before  the  onset  and  after  the 


V 


^*7 


V.  *".  •"  J'.  /.  .".  V  V_  «'. 
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Fig.  7.3.1.  Geometric  relations  in  the  transient  radiation  from  a  circular  piston  in  a  rigid  baffle. 

cessation  of  the  transient  are  given  by  10b.  During  the  time  of  the  existence  of  the  transient  two  addi¬ 
tional  states  are  possible.  In  one,  the  piston  contour  encloses  point  A.  This  is  the  condition  given  by 
10c.  In  the  other  the  piston  contour  encloses  points  A  and  B.  This  is  the  condition  given  by  lOd.  Both 
of  these  states  are  possible,  contingent  on  the  location  of  P  and  the  magnitude  of  the  radius  b  of  the 
piston. 


7.3b  INDICIAL  IMPEDANCE  OF  A  RIGID  PISTON  IN  A  RIGID  INFINITE  BAFFLE 

In  the  previous  section  we  may  find  the  reaction  force./!/)  U  (/)  of  the  medium  on  the  piston  by 
letting  z  =  z0  =  0  and  integrating  the  pressure  over  the  surface  of  the  piston.  The  indicial  impedance 
Z(/)  of  the  medium  to  the  motion  of  the  piston  is  defined  as  the  ratio  f(t)/V.  It  is  found  by  in¬ 
tegrating  7.3.9  over  the  area  of  the  piston  with  use  of  7.3.7,  then  dividing  by  the  uniform  velocity  V, 


i 
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oo 

Z(/)  =  Qclnb2  J  J](ub)  J0(uct )  ^ u 


To  evaluate  the  integral  it  is  simplest  for  form  d  Z(t)/dt  first. 


—  =-Qc2nb*c  f  J1,(ub)J,(ucl)du 
dt  0 


From  [11], 


Z(t)  =  -  QC 


\/ 4 b1  -  /*  ,  >  t 


(7.3.11) 


(7.3.12) 


(7.3.13) 


We  may  integrate  7.3.13  with  respect  to  /  provided  we  know  Z(0).  From  7.3.11  above  we  find 


oo 

Z(0)  =  ecnb2  [-L  fo  Ji(uW  du  j 


Z(0)  =  QCnb1 


(7.3.14) 
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Hence  the  indicial  impedance  is  found  by  integration  to  be, 

Z(t)  =  QCnb2  -  qc'  [  V  4 b>/c>  -  P  +  2V_  sin'1  1  ,  (2 b/c)  >  t  (7.3.15) 

L  2  c2  (2 b/c)  J 


Discussion: 

The  indicial  impedance  of  medium  to  a  piston  excited  by  a  step  function  of  displacement  is  a  function 
of  time.  At  t  =  0,  for  a  piston  of  area  S,  the  impedance  is  qcS,  that  is,  the  impedance  of  a  plane 
wave.  When  t  =  2  b/c,  where  b/c  is  the  ratio  of  the  radius  of  the  piston  to  the  velocity  of  sound  the 
indicial  impedance  vanishes.  Between  these  two  values  of  t  the  indicial  impedance  diminishes 
monotonically  from  qcS  to  zero. 


7.3 c  TRANSIENT  RADIATION  FIELD  OF  A  VIBRATING  PLATE  EDGE  CLAMPED 
IN  A  RIGID  WALL 

The  transient  radiation  field  of  a  circular  flexible  plate  radius  a  vibrating  in  an  infinite  wall  and 
radiating  sound  into  a  fluid  medium  may  be  determined  by  the  use  of  expansion  in  normal  functions. 
Let  r,  cp0  be  the  cylindrical  coordinates  of  the  plate,  and  let  (R,  cp,  Z,  t)  be  the  velocity  potential  at  a 
field  point  due  to  a  transient  displacement  u(r0,  cpa.  t)  at  the  surface  of  the  plate.  We  consider  now 
that  the  displacement  in  turn  is  the  time  response  of  the  flexible  plate  to  a  forcing  function  f(r0.  cpo, 
t ).  The  equation  of  motion  describing  the  transient  vibration  of  the  radiation  damped  plate  is  given 
by, 


where 


o2v4u  +  2p  la 
at 


+  m  -  yf{r0.  (fot) 
dt 2 


(7.3.16) 


a2  =  ^  ^  T  p  =  K  ,  y  =  1  ,  V2  =  Laplacian  Operator 

12^(1  -  a)  2ph  \xh 


h  =  plate  thickness,  o  =  Poisson’s  ratio,  u  =  density  of  the  plate,  k  =  internal  damping  factor  of  plate. 


The  differential  operator  (V4  +  3  2/dt‘)  in  association  with  the  boundary  conditions  of  an  edge- 
damped  plate  generates  the  eigenfunctions  ijj.,  (r)  sin  m<p,  (r)  Cos  mtp  where, 

t i>m*(r)=jmJm(jz~*)J*.(zm„  JL  J  (^  —  j  (7.3.17a) 

(Note:  j  -  V-T,  J„„(z )  =  Jmn(kr),  k  -  co/c)  and  zmn  is  the  nth  root  of  the  equation 


Jm(jz)  J'M)  ~  JM)  J'Jjz)  =  0 


(7.3.17b) 


These  eigenfunctions  tp  „„  from  a  complete  orthogonal  set  of  function  whose  norms  A  m„  are  given  by 


A0„  =  2n  JUZor)  JoijZon) 


Am„  =  n  Jl{zm„)jlm  Jl(jz„„) 


(7.3.17c) 
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We  can  now  expand  the  arbitrary  function  y/(r0,  <p<»  t)  in  an  infinite  series  of  these  eigenfunctions, 
each  term  of  which  is  multiplied  by  an  ‘expansion  constant’  gm„  (/), 

<x>  oo 

yf[r0,  tfio,  t)  =  X  2  (g;„(/)  cos  mtp  +  gZZ(f)  sin  mtp]  ipm„(r)  (7.3.18a) 

rttzO  n*0 

where 

a  2n 

gZM=  ~—J  J  x/K.  Vo,  i)  tp~~(r0)  COS  mtp  rodr0  dtp0  (7.3.18b) 

-2  A  -'0 


gZZ{t)  =  .  !.  _  J  J  x/fr0.  <P0,  0  „(r0)  cos  nup  rodr0difia  (7.3.18c) 

a2A„/°  Jo 

Similarly  we  assume  that  the  displacement  u(r0,  tp0,  t)  can  be  expanded  in  an  infinite  series  of  the 
same  eigenfunctions  with  expansion  ‘constants’  of  the  form  ()*„(0>  ©£?(/), 


u{r0,  tp„,  t)  =  S  (0*,(r)  cos  /ncp  +  0*2(r)  sin  mtp]  v„„(r)  (7.3.19) 

m,  n 

If  now  in  7.3.16  we  replace  the  right  hand  side  by  7.3.18a  and  then  substitute  7.3.19  into  the  left  hand 
side  we  can  abstract  two  ordinary  differential  equations  in  the  variable  /  by  comparing  coefficients  in 
sin  mtp  or  i/»mn(r)  cos  m<l>  from  the  two  sides  of  the  transformed  equation.  We  thus 
obtain  identical  equations  in  ©£„(/),  ©IJ(r),  of  which  only  one  is  presented  below: 


where 


(a)  *euo_+2 b  d!*™(!L+wxeu‘)~gZA)  (7.3.20) 

dt 2  dt 

(b)  wL  =  (Zr,yayh2E/l2p(l-o>) 
win  =  circular  frequencies  of  free,  undamped  vibrations  of  the  plate 


The  solution  of  7.3.20a  is  most  easily  carried  out  by  transform  theory.  Let  0*„(s)  be  the  Laplace 
transform  of  0*„(f),  0Z*(s)  =  S£{0JUO}>  and  Gm„(s)  =  0{g*„}. Then,  by  standard  procedures  of  the 
operational  calculus  we  find 


0^(5)=  0,.(s)  +  ®-(0)[J  +  2b]  -  ©UP) 

s2  +  2bs  +  coin  s2  +  2bs  +  wi„ 


(7.3.21) 


Here,  ©(0)  and  ©'  (0)  are  initial  conditions.  If  we  write  s 2  +  2 bs  +  wi„  as  (5  +  b)2  +  Qi„,  where 
Q in  =  (a>i„  -  b1),  we  can  find  the  inverse  of  7.3.21  in  the  form. 


7.3  Transient  Radiation  from  Pistons 

A  similar  equation  can  be  written  for  Examination  of  7.3.22  shows  that  it  contains  two  tran¬ 

sient  terms  (that  is,  terms  in  eh')  generated  by  the  initial  conditions  0m„(O)  and  ®m„(0),  and  one 
steady  state  term  given  by  the  superposition  integral.  Eq.  7.3.22  enables  us  to  compute  the  displace¬ 
ment  due  to  a  pressure  yf(ra.  cpu,  t)  acting  on  the  surface  of  the  flexible  plate.  The  resultant  normal 
component  of  velocity  V(ra,  cpo,  /)  may  be  written  as  du/dt.  Since  V  is  a  general  function  of  time, 
not  necessarily  harmonic,  we  may  find  the  velocity  potential  <t>  at  any  point  in  the  semi-infinite  space 
by  a  formula  of  Rayleigh  [12], 

4V.c, th(r,<P-Z.t)  =  -  _L  fsf  VI  (ro.cfi0,t-  L  )  (7.3.23) 

lit  \  a  J  r 

in  which  r  =  |r  -  r0|  and 


(  r o.  cpoj  t  —  I— 

)=  I 

d6Z„(t  r^a)cn%mcfin+  r/a)  s;n  mif)n 

(7.3.24) 

\  a  , 

dt  3/ 

We  note  that  in  the  derivation  of  7.3.23  we  assumed  that  the  velocity  distribution  Kis  independent  of 
the  reaction  of  the  medium,  that  is,  V  is  a  ‘forcing  velocity’  whose  spatial  and  time  dependence  are  in¬ 
dependent  of  the  loading  due  to  the  medium. 


7.3d  TRANSIENT  RADIATION  FROM  A  PISTON  MEMBRANE 

The  solution  7.3.23  of  Sect.  7.3c  is  left  in  general  form.  In  the  following  discussion  a  more  de¬ 
tailed  analysis  is  made  of  a  piston  membrane  whose  dynamical  motion  is  governed  by  simpler  equa¬ 
tions. 

In  1941  Schoch  [13]  developed  a  very  useful  formula  for  calculating  the  steady  state  radiation 
field  generated  by  a  piston  “membrane”  in  an  infinite  rigid  baffle.  Assume  the  membrane  has  a  con¬ 
vex  contour  of  arbitrary  shape  and  is  located  in  the  x  y  plane  of  a  Cartesian  coordinate  system.  A 
field  point  P  is  defined  by  the  cylindrical  coordinates  (q,  <[>,?),  the  origin  of  which  is  at  the  xy  projec¬ 
tion  of  P  at  point  (e.  <|>,  0).  The  radiation  field  at  P  due  to  a  normal  membrane  velocity  v„,  is  given  by 
Rayleigh’s  formula  for  the  velocity  potential,  iy,  as  modified  by  [14], 

Vkm=  -I  X  V"  dA  (7.3.25) 

2tt  r 

Here  r  is  the  distance  from  an  elementary  area  (=  dA  )  of  the  vibrating  membrane  to  the  field  point 
P,  and  time  is  given  by  the  real  part  of  e,w'.  Let  v„  be  constant  over  the  area.  Now, 

r  =  \J  z2  +  e!  (7.3.26) 

dA  =  gdgd^  =  rdrd§ 

By  designating  distances  and  angles  originating  at,  or  terminating  on,  the  contour  by  subscripts  “1  ”, 
“2”  7.3.25  may  be  written 

ifi(Pik)=_^_  X<**X  —  (7.3.27) 

2  7i  M  ■*  r 
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The  meaning  of  q„  q2,  <j,.  is  shown  in  Fig.  7.3.2: 

The  pressure  p  =  e  dty/d  t  =  jkecy.  Substitution  of  7.3.26  into  7.3.27  followed  by  a  simple 
reduction  lead  to  the  following  formula  for  the  pressure  p, 

p(Ptk)  =  f  [e~jkr>  -  e>kr\ d\  (7.3.28) 

-2n 


Fig.  7.3.2.  Geometrical  relations  associated  with  transient  radiation  from  a  membrane. 


Here,  the  x y  projection  of  the  field  point  P  is  located  outside  the  contour. 

When  the  xy  projection  of  P  falls  inside  the  contour  of  the  membrane  the  angular  range  of  <)> 
changes  to  0  <  $  <  2n,  and  the  range  of  e  changes  to  0  <  g  <e,.  If  the  variable  of  integration  in  this 
case  is  changed  from  q  to  r  then  by  7.3.26  the  limits  on  r  are  z  <  r,.  The  integration  of  7.3.27  then 

leads  to, 

2n 

p(P,  k)  =  v„qc e'Jkz  -  v„  ec  J  e  Jkr'  d\  (7.3.29) 

2n 

Eqs.  7.3.28  and  7.3.29  are  the  steady  state  fields  at  any  field  P  due  to  a  monochromatic  wave,  fre¬ 
quency  w  =  Arc,  originating  at  the  vibrating  membrane.  We  consider  next  the  transient  case  which 
may  be  handled  by  methods  of  Sect.  7.2.  Assuming  that  the  normal  velocity  is  an  impulsive  function 
of  time  ( =  K(0)  we  desire  to  find  the  transient  radiation  field  ( =  i p(r,  /))  at  any  point  P.  A  direct  way 
of  calculating  this  is  by  means  of  the  Fourier  transform.  First, 

+  0O 

V(w)  =  / _e'“"  V{t)dt  (7.3.30) 

Also,  by  definition  of  the  Green’s  function  G(=  l/2n  eJkr/r), 

p(P,k)=  L,  dr„G(r:r0\k) 


(7.3.31) 


V\ 
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Thus,  using  7.2.12  we  obtain 


p(p.  i ) = 


-i—  f  w) 

2n 


(7.3.32) 


The  choice  of  the  transformation  kernel  e*'“'  (instead  of  e“"')  rests  upon  the  desire  to  have  the  tran¬ 
sient  field  be  represented  as  a  sum  of  plane  waves  travelling  in  all  directions  of  the  a>(  =  kc )  plane. 

Now  for  a  wide  variety  of  functions  V(t)  the  classical  Fourier  transform  given  by  7.3.30,  may 
not  exist.  In  this  case  it  is  appropriate  to  use  the  Laplace  transform.  For  simplicity  we  limit  F(/)  by 
stating  that  V(t)  =  0  when  /  <  0.  Then,  making  the  transformation  ju>  -*•  s  we  rewrite  7.3.30, 


F(s)=  f  ( r»V(t)t 
0 


(7.3.33] 


Similarly,  7.3.32  becomes, 

o+/°° 

p(P,  t)  =  p(P,  s)  K(s)  e5' ds  (7.3.34) 

2t ij 

Here,  to  insure  convergence  we  have  shifted  the  path  of  integration  from  the  imaginary  axis  required 
by  7.3.32  to  a  parallel  line  a  units  to  the  right.  This  is  necessary  in  order  that  for  /  <  0  there  exist  no 
poles  of  the  integrand  of  7.3.34  in  the  contour  that  is  closed  at  infinity  in  the  right  half  plane. 
(See  a  discussion  of  contour  integration  in  Appendix  VIIA.)  The  formulas  for  the  pressure  are 
already  available  from  7.3.28  and  7.3.29.  We  thus  have  the  two  cases: 

Case  I.  The  point  of  observation  is  outside  the  cylinder  erected  on  the  contour  of  the  membrane 
(Fig.  7.3.2) 

Using  7.3.28  we  have, 


p(P,t)  =J-  ec  L  S  (e~r2SlC- e~r,slc)  4  e" 


(7.3.35) 


Let  s  =  n  +  i  w,  then  according  to  Jordan’s  Lemma  (see  Appendix  VIIA)  the  integral  above  can  be 
closed  by  a  great  arc  in  the  left  half  plane  if  (/  -  r/c)  >0,  and  in  the  right-hand  plane  (i.e.,  to  the  right 
of  n  =  o)  if  (t  -  r/c )  <  0.  Assuming  then  that  t  >  r/c  one  finds  by  use  of  the  standard  “shift  formula” 

in  the  theory  of  the  Laplace  transform  in  conjunction  with  the  theory  of  residues  that, 

♦r 


p(p,  t)  =  J£L  |X  ^  ~  j  )<* 

-J«  )d* 


(7.3.36) 


The  symbol  <(>*  will  be  explained  below. 

Case  II.  The  point  of  observation  is  inside  the  cylinder  erected  on  the  contour  of  the  membrane. 
Repeating  the  analysis  applied  in  the  first  case  to  7.3.29  it  is  concluded  that, 

p(P,t)=U(  t-  ±\ocV(t-  :L  j 
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Here, 


U(x)  =  1 ,  x>0 

U(x)  =  0,  x<0 

is  the  unit  step  function. 


Fig.  7.3.3.  Geometrical  relations  in  transient  radiation  of  a  membrane  for  which  V(t )  =  [7(f). 


The  symbol  <f>*  is  used  in  7.3.36,  7.3.37  to  indicate  that  the  limits  of  integration  are  functions  of 
time.  If  e(<(>)  is  the  equation  for  the  contour  of  the  membrane  then  from  7.3.36, 

f(<ti)  =  V  z1  +  e(4>)J 

By  substituting  this  formula  for  r  into  7.3.36,  7.3.37  we  may  perform  the  integration  in  the  space 
coordinates  as  required.  In  the  integrated  result  the  transient  field  at  P  is  the  instantaneous  field  con¬ 
tributed  from  the  contour  at  each  angle  <}»*.  The  appropriate  time  of  arrival  from  each  angle  <(1*  is 
then, 


ct  =  r(< j>*)  (7.3.38) 

If  therefore  7.3.36,  7.3.37  are  integrated  between  variable  limits  and  if  7.3.38  is  then  solved  ex¬ 
plicitly  for  <|>*  then  the  final  result  will  be  the  field  pressure  at  point  P  explicitly  derived  as  a  function 
of  time  (=  the  transient  field).  Whenever  cl  >  r(^*)  the  transient  contribution  to  the  pressure  at  P 
from  the  contour  at  is  ended. 

Eqs.  7.3.36  and  7.3.37  give  the  transient  radition  field  in  terms  of  a  given  normal  component  of 
membrane  velocity  which  is  a  function  of  time  only,  V(t).  Examples  are  discussed  in  the  next  section. 


7.3e  EXAMPLES  OF  TRANSIENT  RADIATION  FROM  A  PISTON  MEMBRANE  1141 

As  a  simple  example  of  the  application  of  7.3.36  assume  the  piston  membrane  to  have  an  im¬ 
pulsive  velocity  whose  amplitude  distribution  in  time  is  given  by, 

V{t)  =  V„  i>  0  (7.3.39) 

=  0,  /  <  0 
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7.3  Transient  Radiation  from  Pistons 


For  convenience  in  understanding  the  transient  process  allow  the  membrane  contour  to  have  one  axis 
of  symmetry,  and  locate  the  xy  projection  of  the  field  point  on  this  axis  of  symmetry,  outside  the 
membrane  contour  (=  Case  I  of  Sect.  7.3d).  Define  the  angle  4>„  as  the  angle  to  the  tangent  from  the 
projected  point  to  the  contour,  Fig.  7.3.3.  When  the  velocity  7.3.39  is  substituted  into  7.3.36,  the 
transient  pressure  field  becomes, 

♦? 

p(P,t)=  qc(2)  Vo  (  dk*+  f  cty*  (7.3.40) 

2n  *•  2n  0 

The  factor  of  2  in  this  equation  arises  from  the  symmetry  of  the  membrane.  Integration  of  7.3.40 
shows  that  the  pressure  may  be  written  in  the  form, 


p{P,  t)  =  _££_  V0  <t>f (').  ct6  <ct<  cta 


p(P,  t)  =  gc  V0  <(>?(/),  cta  <ct<  ctp 


(7.3.41a) 


(7.3.41b) 


An  understanding  of  these  formulas  may  be  improved  by  noting  that  the  time  differences  of 
radiation  from  specific  points  on  the  contour  to  the  same  observation  point  P  are  very  small.  Thus 
one  can  consider  the  distance  from  a  point  on  the  contour  to  the  field  point  P  to  be  expandable  in  a 
Taylor  series  about  the  point  <j>  =  <|>*  =  0  associated  with  the  distance  r,(0)  =  ct6. 


ct  =  r(<j»»)  =  r.( 01  +  <t>«  +  1  ^i(O)  $♦»  +  .... 

2!  d$*2 

Symmetry  of  the  membrane  and  choice  of  field  point  lead  to  the  condition  that 


(7.3.42) 


dr l(0>  =0.  (7.3.43) 

d$* 

If  time  is  counted  from  the  initial  arrival  at  P  of  the  sound  disturbance  from  ct, j,  then  the  path  dif¬ 
ference  occuring  during  the  passage  of  the  transient  is, 


cA/<)  =  ct  -  cti  =  _L  fr'(0)  +  ... 

2!  d$*2 

The  variable  angle  4>*  may  thus  be  written  in  terms  of  the  distance  c  A  tt  as  follows, 

♦f  =-./  2cA/7 

Y  r,{0) 

Hence,  7.3.41a,  7.3.41b  may  be  reduced  to  the  approximations, 

(a)  p(P,  t)  =  0 ,ct<  ctd 

(b)  p(P,  l)  =  ?£  /  2cA/„  ,  cti  <  ct  <  cta 

"  r  rl(  0) 

(c)  p(P,  t)  =  ,f  2cM„  ,  cta  <ct<  cl n 

n  r  rT(0) 

(d)  p(P,  t)  =  0 ,ct>  ct„ 


(7.3.44) 


(7.3.45) 


(7.3.46) 


v.;.\v.  a 


„  .*i  •**,  •*.  • » • 
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Fig.  7.3.4.  Schematic  plot  of  Eq.  7.3.46. 


We  note  that  a  plot  of  the  transient  pressure  Eq.  7.3.46  at  P  vs.  et  (Fig.  7.3.4)  has  a  discontinuous 
1st  derivative  at  ct  =  cfe,  ct  =  ctg.  These  discontinuities  are  the  result  of  the  choice  of  velocity 
7.3.39,  in  which  the  onset  of  the  excitation  is  discontinuous. 

As  a  second  example  we  let  the  piston  motion  have  the  form, 

V{t)  =  yne'-',  t>  0  (7.3.47) 

=  0,  /<0 

For  a  symmetrical  piston  under  the  conditions  of  Case  I,  Sect.  7.3d,  the  field  is  given  by  7.3.36  in  the 
form, 

(a)  p(P,t)=  ££  y0f  oe»#  di*,ctd<ct<ct.  (7.3.48) 

n 

o 

(b)  p(P,  t)  =  -  e£  v0  '  dp,  ctQ  <  Cl  <  ct „ 

n 

We  consider  7.3.48a  first.  If  the  field  point  is  sufficiently  distant  from  the  membrane  contour  the 
phase  of  the  integral  changes  rapidly,  or  slowly,  depending  on  the  portion  of  the  membrane  being 
traced  out,  and  depending  on  the  acoustic  length  kL(  =  2nL/k)  of  the  contour.  If  kL  is  large  enough 
so  that  many  cycles  of  phase  occur  during  the  tracing,  the  following  conclusions  will  be  valid.  In  the 
neighborhood  of  the  symmetry  axis,  =  0,  the  phase  of  the  integrand  changes  slowly.  Hence  the 
contribution  from  this  neighborhood  to  the  integral  is  at  a  maximum.  At  all  other  points  on  the  con¬ 
tour  the  phase  of  the  integrand  varies  rapidly  as  the  integration  proceeds.  The  contributions  from 
these  points  therefore  tends  to  vanish.  We  thus  may  consider  7.3.42  as  an  appropriate  representation 
of  r,(< {•*).  The  first  term  in  this  equation  is  independent  of  and  therefore  represents  a  constant. 
For  convenience  this  constant  is  set  to  unity.  The  second  term  contributes  nothing  because  ri(0) 
vanishes.  The  contribution  of  the  third  term  has  the  form, 

„  -jkr'it  0) 

p(P,  t)  =  e'"'  ££  KJo  L - dp,ct,<ct<ct„  (7.3.49) 

TT  2 
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7  3  Transient  Radiation  from  fusions 


To  integrate  7.3.49  use  7.3.40  as  an  aid  in  defining  a  new  transformed  variable  r  given  by, 

tj  =  *MO)4>f2  =  (7.3.50) 

7T  A 

Eq.  7.3.49  then  reduces  to, 

w 

(a)  n(P.A  =  ^'  QcVo  J  e-'"2’dT  (7.3.51) 

V  knr,( 0)  Jo 

in  which 


(b)  w  =  \J  4cA/rt 
A 

The  integral  in  7.3.51a  is  recognized  as  the  complex  form  of  the  Fresnel  integrals,  C(w),  S(w)  as 
defined  in  ref.  [1],  Thus, 


p(P,  D  = _ QC  lC,M-JS(w)],  (7.3.52) 

\/  nkr\(0) 

0  <  A/d  <  Ar„ 

in  which 

Here  we  begin  counting  time  at  the  instant  of  first  arrival,  hence  /  has  been  replaced  by  At,,.  7.3.52 
may  be  rewritten  in  the  form, 


(a)  p(P,  t)  =  i(H)|,  ctd  <  cl  <  ct., 

V  2nkr](0) 

in  which 

(b)  N  =  s/2  \/  C2(w)  +  S2(w) 

(c)  4(*v)  =  tan"'  (7.3.53) 

C(w-) 

The  solution  given  by  7.3.53a  is  a  transient  solution  only.  In  applying  the  asymptotic  method  (  =  sad¬ 
dle  point  method)  we  are  stating  that  when  cAt-*cAl,  the  field  at  P  approaches  (in  magnitude  and 
angle)  a  field  that  can  be  represented  on  a  Cornu  Spiral  by  the  vector  from  the  origin  to  one  eye  of  the 
spiral.  This  asymptotic  field  is  given  by, 


p  ^  c(°°)  +  jS(°°)  -  J  +  1  =  '  <?'*  (7.3.54) 

2  v2 

When  c  A  /  =  c  A  tp,  that  is,  when  r(4>*)  =  r2(< (>*)  as  shown  in  Fig.  7.3.3  the  transient  fields  must 
cease.  Now  the  integration  required  by  7.3.48b  between  the  limits  of  cta  and  ct,  where  ct  <  ct„,  yields  a 
field  (except  for  a  constant)  given  by  the  quantities. 


(a)  p  ~  (\/  C2(x)  +  S!( x)  )  e,lM  (b)  x  =  -J  4c At,, 


(7.3.55) 
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The  requirement  that  the  transient  process  vanish  when  c  A  t  =  c  A  f„  means  that  the  difference  be¬ 
tween  7.3.54  and  7.3.55a  must  vanish.  This  leads  to  the  following  formula  of  the  field  at  P, 


P{p,t)= 

\/  nkr’2(0)  1  \J1 


C2(x)  +  S2(x)  e>M ' 


=  Qce'^'o 

s/  2nArj(0) 


R  vr  H  7T  ~"sMW)} 


(7.3.56) 


which  is  valid  when 


cAf«  >  cLt  >  cM„  =  0 


(7.3.57) 


Note  that  in  7.3.56  the  onset  of  the  tail  end  of  the  transient  process  begins  at  A  t„  =  0,  and  that  the 
termination  is  reached  when  c  A  /  =  c  A 

Discussion: 

Eqs.  7.3.52  and  7.3.56  represent  the  transient  radiation  from  a  membrane  of  arbitrary  (but  convex) 
contour,  with  one  axis  of  symmetry,  which  is  exited  by  the  transient  velocity  given  by  7.3.47.  This 
solution  has  been  obtained  by  the  asymptotic  method  of  assuming  that  r(4*)  can  be  given  by  7.3.42  in 
which  we  retain  terms  only  to  the  second  order  in  4*-  Hence,  4*  must  be  “small”,  which  means  that 
the  point  of  observation  ( =  point  P)  must  be  far  from  the  source,  or  alternatively,  that  c  A  t/\  must 
be  large  (i.e.,  A  -*  0).  A  general  solution  which  is  valid  for  all  field  points,  at  all  wavelengths  for  all 
possible  contours  (not  necessarily  symmetrical)  is  clearly  a  very  troublesome  entity  to  obtain. 

7.4  TRANSIENT  RADIATION  FROM  SPHERES  J26] 

Transient  radiation  from  vibrating  spherical  surfaces  may  be  analyzed  by  considering  first  the 
steady  state  time-harmonic  radiation  and  then  making  a  Laplace  or  Fourier  inversion  from  frequency 
domain  to  time  domain.  Let  there  be  a  sphere  of  radius  r0  vibrating  with  a  complex  harmonic  normal 
component  of  surface  velocity  V(Q,  4)  e>“"  and  radiating  sound  into  a  non-viscous  fluid  of  unlimited 
extent.  The  velocity  potential  for  such  a  radiator  is  given  by  2. 1 . 1 8c  in  which  the  radial  dependence  of 
potential  field  is  written  in  the  form  of  the  ratio  {A„(z)/B„{z<>)]  e*'2  2”1,  z  =  jkr,  z0  =  jkr0-  From  this 
ratio  it  is  seen  that  the  nature  of  the  transient  radiation  will  be  determined  by  the  poles  introduced  by 
the  polynomial  B„(jkr0),  and  the  time  delay  introduced  by  the  exponential  exp[-(z  -  z0)]. 

7.4a  THE  POLYNOMIAL  Bn  (jkr0)  AND  ITS  LAPLACE  INVERSIONS 

The  polynomial  B„(x),  x  =  jkr0,  is  of  degree  n  +  2  in  the  variable  jt1  (see  2.1.10b).  A  more 
convient  form  is  the  product  xntl  B„(x)  =  F(x),  which  is  a  polynomial  of  degree  n  +  1  in  the  variable 
x.  In  symbols, 


F„(jr)=x"*Jfl„W  =  6r"  +  x  +  ...  +  «"  x"  + 


(7.4.1) 


Now  let  0J!i  ....  be  the  complex  roots  of  B„(x )  =  0.  Since x  is  never  identically  zero  we  have, 


(a)  F„( x)  =  (x-  pi'*)  (x  -  pi") ...  {x  -  pr") 


(7.4.2) 


/*,•  V», 
«  v  v 
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7.4  Transient  Radiation  from  Spheres 


Let  f„(x)  be  F„(x)~'.  We  desire  to  form  a  partial  fraction  expansion  of  f"  (x)  and  use  the  theorem  that 
if  z ,  are  the  simple  roots  of  F(z),  that  is  if, 

(b)  Az)  = _ ! _ 

t*  I 

n  (z  -  aZ ,) 

•Is  l 


then  there  are  coefficients  C'*‘  such  that 


(c) 


»♦ 1 


Az)  =  I 

q-l 


C'»' 

a'(z  -  az„) 


Here  C'*1  may  be  formed  by  substituting  the  k'lh  root  of  B„(x)  =  0  in  place  of  x,  and,  omitting  the 
factor  (/},!*’  -  /Jr),  by  writing 


(d)  c<ji  =  (pr  -pi")  (pL"  -  pi11) ...  (pr  -pr")  (p1."  -  pr*") ...  (pi* 1  - 


(e)  C,"»  =  l 


Calculation  of  Cji,Vi  will  be  aided  by  noting  from  7.4.2  that  when  n  is  odd  there  will  be  n  +  1  complex 
roots  of  the  forms, 


pr-"  =  -d«”  +  jwL"  ] 

)  ,q  =  1,2,...  .'Ll! 

Pi2'  =  -dr  -  y«r  J  2 

When  n  is  even  there  will  be  n  conjugate  complex  roots  (q  -  1,2,...  "*,/2)  of  the  same  form,  together 
with  one  real  root.  The  sum  of  products  C“’  Xtk},  where  Xik)  is  the  Arth  root,  yield  certain  important 
classic  identities.  For  a  total  of  n  +  1  roots  these  identities  are 


(a) 

2. 

C<*>[x(*>]'> 

=  0 

P 

=  0,  1..../I  -  1 

C(*,[x“>]'’ 

=  1 

P 

=  n 

C“,[x“,j'’ 

=  -«•» 

P 

=  n  +  \ 

C,*,(x“>]'> 

=  (W>)2  -  P‘2’ 

P 

=  n  +  2 

n+l 

(b) 

I 

(C<k)x(i'p/x  -  x<*>) 

=  xp/F(x), 

P 

=  0,  1,  ...  n 

*  =  1 


(7.4.3) 


in  which  the  coefficients  given  by  2.1.11. 

We  return  again  to  Eq.  2.1.18c  and  write  it  in  a  convenient  form  which  will  be  useful  in  the 
display  of  frequency  dependence  of  its  parts: 


where 


(a)  4>(r.  6,  f  t)  =  2  Vm(r,t)  -7>(M) 

n=0 

(b)  t)  =  ce/“"  e~jMr  ~  r-i/c  (units:  ms'1) 

B„(jwr0/c) 

*n 

(c)  T*  „(0, 4>)  =  X  P?(cos6)  (units:  m) 


(7.4.4) 
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(d)  =  2n  +  1  c,  ("  ~  cos9)x 

4n  (n  +  m)\ 

2n  n 

f0  df  f0  D(0 o,  *0)  cos  m(<j>  -  <|i0)  Pr(cos  0O)  sin  0O  d0o^o 

in  which  D(0O,  $0)  is  the  displacement  of  the  surface.  Here  Dmn  are  the  relevant  parts  of  2.1.18c  not 
otherwise  included  in  4L.  If  the  formal  transformation  jto  -*  s  is  made  in  7.4.4b  and  the  factor  e is 
suppressed  the  result  will  be  V.fo  s )  which  is  the  Laplace  transformation  of  t )  with  all  initial 
conditions  zero.  The  transformed  velocity  potential  <!>(/■,  0,  <|>,  s)  also  satisfies  Helmholtz’s  equation 
and  represents  the  velocity  potential  at  the  field  point  r,  0,  <f>  due  to  a  velocity  distribution  K(0, 4>)  over 
the  sphere  applied  as  a  Dirac  impulse  function  at  time  t  =  0,  the  time  variable  having  been  transform¬ 
ed  from  eiwl  to  6 (t).  After  transformation  then,  with  use  of  2.1.9,  2.1.10,  we  have 


(a) 


r 


Bi~~) 


n  -  l  in,*') 


(b)  0S=  +  PV 

p'fn  -  p)\2" 

To  simplify  the  symbols  let  g(s),  and  G(r,  s)  be  defined  such  that 


(7.4.5) 


gn(s)  = 


•[He- 


and 


-i  *•')]" 

(units:  s"+l) 

(7.4.6) 

:(^  y  J  y-pg„(s) 

(units:  s) 

(7.4.7) 

t.4b  leads  to, 

e-nr-r .vcGfr,  s) 

(units:  m) 

(7.4.8) 

V.(r,s)  „(©,♦) 

(units:  m2) 

(7.4.9) 

Eq.  7.4.9  is  the  transformed  velocity  potential  when  the  excitation  in  time  is  an  impulse  function  d(t). 
If  the  excitation  in  time  is  X(t)  (units:  j‘‘)  with  Laplace  transform  X(s)  the  transformed  function 
7.4.8  is  modified  to  read, 


(a)  %(r,s)=  cr°  e-st,  r-),c  Hfr,  s) 

r 

where 


(b)  Hfr,  s)  =  AT(s)  (J„(r,  s),  (units:  s) 


(7.4.10) 


7.4  Transient  Radiation  from  Spheres 


Then  by  the  convolution  theorem  in  the  theory  of  the  Laplace  transformation, 

Hn{r,  t)  =  X(t)*  G„(r,  t)  (7.4. 1 1 ) 

where  the  asterisk  symbol  describes  the  convolution  operation; 

.V 

=  „«(«>«*-  l)di 

Assuming  that  the  velocity  excitation  is  zero  for  /  <  0  we  form  the  Laplace  inverse  of  7.4.10a  to  find 

(a)  H '„(r,t)=  SIl.  H„(r,  r)  (7.4.12) 


and  so. 


(b)  T  =  /  -  ^  a _ £»  j 

Mr,  0.  f  t)  =  _£^2_  Z  H„(r,  t)  P  „(6,  <)>) 


(7.4.13) 


This  is  the  transient  velocity  potential  of  a  spherical  radiator.  [16] 


7.4b  TRANSIENT  RADIATION  FROM  SPHERES  EXCITED  BY  ARBITRARY  TIME  SIGNALS 


Let  the  arbitrary  time  signal  be  X(t).  To  calculate  7.4.13  we  must  return  to  the  functions  g  (s), 
G  (r,  s)  given  by  7.4.6,  7.4.7  respectively.  Using  the  results  of  Sect.  7.4a,  particularly  Eq.  7.4.3  we 
convert  7.4.6  from  a  product  fraction  to  a  sum  of  partial  fractions, 


■(n7)"S 


C'*> 


e  -  7.  n 


The  inverse  g(r)  is  readily  found  to  be, 

n*\ 

g„(0  =  ^  H  y  Z  C<k> 

Now  thepth  derivative  of  g  (/)  is 


gS(0=^^.yP  X 


(7.4.14) 


(7.4.15) 


(7.4.16) 


Applying  7.4.3  we  see  that  the  first  n  -  1  derivatives  of  g„(t )  are  zero  at  time  t  =  0.  When  p  =  n, 
g»"’(0)  -  •  •  Now  from  the  theory  of  the  Laplace  transformation  the  product  s"~pg„  ( s )  is  the  (n  -p)th 
derivative  of  g  (/).  provided  the  (n  -  1)  derivatives  are  all  zero.  This  rule  allows  us  to  find  the  inverse 
of  G„  (r,  s)  of  7.4.7.  We  thus  infer  that, 

n  n*  | 

G„(r, /)  =  U(t)  X  ^2.  j  X  CHI (/?*)"  '’  e"*- '(units:  none)  (7.4.17) 

where  (/(/)  is  the  unit  step  function, 


C/(jc)  =  0,  *<0 

(Jc)  =  1,  x^O 
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When  t  =  0  we  see  from  7.4.3a  that  G„  (r,  0)  is  zero  unless  p  =  0.  If  p  =  0,  then 

G„(/-,  0)  =  £/(0) 


(7.4.18) 


that  is,  G„  (r,  0)  is  a  unit  step  function  at  the  origin  of  time.  A  useful  way  of  writing  7.4.17  is  found  by 
inverting  the  order  of  summations,  employing  the  definitions  of  ap„  given  by  7.4.5b  and  the  definition 
of  A„  (x)  given  by  2.1.10a,  and  then  writing, 


G„{r,  t)  =  U{t)  )  Z  C“’  {pi'")"*'  e,c/r'fil' 11  A„^  L  Pi,1' ^  (7.4.19) 


The  analysis  of  transient  radiation  from  spheres  is  now  complete.  To  find  the  transient  velocity 
potential  we  first  calculated  ( r ,  t)  by  7.4.1 1  and  calculate <)>(/•,  t)  by  7.4.13.  Several  cases  will  now  be 
considered. 


Case  I.  X(t)  =  doU) 

In  this  case,  the  sphere  is  excited  by  a  time  signal  in  the  form  of  a  Dirac  impulse  (units:  s'1).  The 
function  H„  (r,  t)  by  7.4.11  is, 


/ 

d(r,  /)  =  fo  So (t  -  i)  G„(r,  t)di 
H„{r,  t)  =  G„(r,  t) 

and  2ois  the  impulse  (delta)  function.  Hence,  the  velocity  potential  is  given  by 

Z  G„(r,  t)  -'P.(r.e) 


<t>(r,  9, 4,  t)  =  cr° 
r 


where  G„  ( r ,  t)  is  found  by  means  of  7.4.19.  To  study  the  progress  of  the  pressure  wave  and  the  parti¬ 
cle  velocity  wave  it  will  be  convenient  to  consider  one  member  of  this  series  <t>„  at  a  time,  with  n  ar¬ 
bitrary.  The  nth  partial  pressure  wave,  p„,  is  given  by  p  d<t>Jd  t  =  Qd<t>Jd t.  We  recall  now  that  if 


then 


(a) 

(b) 


w(o  =  uu)  mo 


dw  =  U(t)  +  6{t)  W( 0) 

dt  dt 


(7.4.20) 


Applying  this  equation  we  find  p„  for  an  impulse  excitation  to  be 


p„(r,  e,4,r)  =  ec  T>„(e,4)  |t/W  JL  Z  aj  L  pik) )  tr/r*-- 

l  r0  Wo  / 


d(r)  Z 


c(kW‘'Y*iAm^  L  pi") J 


(7.4.21) 


Note  that  6  (t)  =  0  unless  t  =  0.  If  A„  is  expanded  according  to  2.1.9  and  the  identities  of  7.4.3a  are 
used  it  is  seen  that  in  the  second  term  of  7.4.21  all  terms  in  the  series  are  zero  except  one,  so  that  the 
second  term  is  6  (t)  r0/r.  The  nth  order  pressure  response  to  a  Dirac  delta  function  excitation  consists 
therefore  of  an  outward  travelling  wave  front  at  which  there  is  a  discontinuity  of  pressure  of  two 
types:  a  Dirac  impulse  of  magnitude  ( r„/r ),  and  a  step  function  initiating  n  +  1  complex  exponen¬ 
tials.  To  find  the  exact  form  at  the  wave  front  let  t  =  0  and  consider  the  first  series  in  7.4.21  which 
may  be  written 
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*+i 

Z  C«‘> 


r 


(/}(*.)«.  +  fl. 


(7.4.22) 


Using  7.4.3a  we  see  that 

*♦1  H+ 1 

Z  C“>(/J‘)"“  =  -W1’,  Z  C“>(/5*)"=1.  (7.4.23) 

*=1  A  =  1 

All  remaining  terms  in  the  series,  7.4.22,  are  zero.  Since  bi 11  =  [n(n  +  1)  +  2]/2,  and  a„(,)  =  [(2n 
+  1)J  -  1J/8,  by  aid  of  7.4.23  we  reduce  7.4.21  to  the  following  formula  for  the  pressure  at  the 
wavefront  due  to  a  spherical  radiator  of  order  n  excited  by  a  Dirac  impulse, 


=ec  ^.(M)  —  j d(0)  -  t/(0)  £.  fl  +  n'  +  n  -  —  jjJ  (7.4.24) 
At  the  wavefront  (i.e.  t  =  0)  therefore  there  are  two  discontinuities  whose  ratio  of  amplitudes  is, 


c  ri+  n>  +  n 

1  - 

(7.4.25) 

r„  L  2 

V  r  J 

J  6 

When  r  =  r0,  i.e.  at  the  surface  of  the  sphere,  the  ratio  is 


U 

6 


The  radial  component  of  particle  velocity  U„  in  the  nth  mode  may  be  found  from  U„  =  ~  d<t>Jd  r. 
Recalling  that  t  —  t  -  (r  -  r0)/c,  and  that  d/d  r  =  -  d/cdt,  we  see  by  aid  of  that  the  radial  particle 
velocity  for  impulse  excitation  is 


«♦! 


u„  =  ^.(M)  /d(r)  fl  +  U( t)  _L 

Z  Cl"(pi")”"BJ  L  pi"  l 

(7.4.26) 

1  r  r0 

.  ‘=1  V  r0  /  J  J 

When  t  =  0  (i.e.  at  the  wavefront)  the  series  in  the  square  brackets  above  can  be  expanded  by  use  of 
2.1.10.  One  obtains  for  this  series 


Z  C,"(P<")1"1 

A*l 

bi 

+ 

W  4-  . 

fri" 

M) 

pi" 

L 

n+1 

j  ( p 

By  aid  of  7.4.3a  it  is  easily  seen 

that  this 

series 

reduces  to  -  (r0/r)bi" 

(1  -  r0/r). 

(7.4.27) 


wavefront, 


«„  =  VM  *)  fl  J  d(0)  -  U(0)  £.  f"("  +  j)  +  21  /  l  -  r°  \\  (7.4.28) 
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Examination  of  the  pressure  and  particle  velocity  at  the  wavefront  in  the  n  the  mode  shows  that  as  r 
00  the  ratio  p„/U„  =  q  c,  as  it  should  be  for  plane  waves.  The  general  formulas  7.4.21  and  7.4.26 
show  that  in  a  physical  sense  for  a  Dirac  impulse  excitation  both  acoustic  pressure  and  radial  particle 
velocity  for  r>  r0  are  characterized  in  time  r  (t  =  t  -  r  -  r„/c)  by  a  Dirac  impulse  6  (i)  followed  by  a 
negative  step  function  -  U|T),  followed  in  turn  by  decaying  oscillations  (i.e.  terms  in  exp((c/r„)/Jy'T). 
Accompanying  these  are  transverse  particle  velocities  which  by  7.4.11, 7.4.13,  7.4.19  are  seen  to  have 
the  same  type  of  discontinuity  as  that  of  the  velocity  potential,  that  is,  a  step  function.  However, 
amplitudes  of  transverse  velocities  diminish  as  1/r2,  and  hence  their  influence  at  r  -*  00  is  negligible. 

7,4c  TRANSIENT  RADIATION  FROM  A  SPHERICAL  SOURCE  OF  ORDER  n  =  0 
FOR  AN  IMPULSE  EXCITATION 

When  the  time  excitation  of  a  spherical  radiator  of  order  n  is  a  Dirac-type  impulse,  <5(0  (units: 
S'1),  the  resulting  pressure  and  radial  particle  velocity  are  given  by  7.4.21  and  7.4.26  respectively.  For 
n  =  0  we  set  P0  =  D0  and  find  from  7.4.21, 

Po(r,  0,  <)>,  t)  =  qcD0^  II  J  |  <50(r)  -  U(t)  £.  e‘/r'\  (7.4.29) 

Similarly,  from  7.4.26  the  radial  particle  velocity  is 

u0  =  D0  !±  | <5(t)  -  U(t)  ^1-  )e~CT/r°  J  (7.4.30) 

Discussion: 

At  the  wavefront  (i.e.  at  t  =  0)  the  pressure  consists  of  a  positive  Dirac-type  impulse  of 
magnitude  qc  D0(r0/r)  6(0)  dropping  almost  instantaneously  to  a  negative  pressure  of  magnitude  qc 
D0(c/r)  (7(0).  After  the  wavefront  has  passed  a  particular  radius  r  the  pressure  at  r  is  negative  and  ap¬ 
proaching  a  constant  with  time  r  in  accordance  with  the  exponential  qcD0(c/ r)exp(-cr/ r0). 
The  radial  particle  velocity,  in  contrast,  follows  a  different  history.  When  the  wavefront  is  at 
the  surface  (r  —  0,  r  —  r0)  the  particle  velocity  is  a  pure  impulse  of  magnitude  D0  6  (0).  As  the 
transient  disturbance  moves  away  from  the  sphere  the  wavefront  consists  of  the  same  positive 
impulse  as  before  followed  almost  instantaneously  by  a  negative  pressure  which  builds  up  in 
magnitude  with  distance  r  as  Dq(c/ r)  (1  —  r Jr).  As  r  — • *  °°  the  particle  velocity  becomes  pro¬ 
portional  to  the  pressure  by  a  factor  pc,  i.e.  the  disturbance  in  the  far  field  has  the  character  of 
a  transient  plane  wave. 

7.4d  TRANSIENT  EXCITATION  OF  SPHERES  BY  A 
SINUSOIDALLY  MODULATED  STEP  FUNCTION 

Let  the  time-varying  signal  be  a  sinusoid  modulated  by  a  step  function.  In  symbols,  X(t)  =  U(t) 
oocoso >t.  From  7.4.11,  7.4.19  and  2.1.9,  we  have 

H„(r,t)-  f  co  cos  coy  U(t  -  y)  X  a*l  [l  \  (7.4.31) 

V  r  ) 

IT*  1 

x  X  ec/rJ,-"u  dy.  (units:  none) 
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By  aid  of  standard  tables  of  integration, 

n  rr+ 1 

HXr,  I)  =  U{t)  Z  y  Z 


isinw/-  c  Pikl(cos  cot  -  ec^"k>,/'o  1 
l  ojr0  J 


(7.4.32) 


The  velocity  potential  for  this  excitation  is  found  by  7.4.13.  Since  we  are  interested  in  the  transient 
response  only  we  reject  the  terms  in  sinoit  and  coscot,  and  find  the  transient  potential  for  the  mh  order 
due  to  excitation  U(t)  aicoswt  to  be, 


0„(r,  6,  t)  =  wr0  CF>„(0,  $)  U(t) 


fc*  1 


L  pr  )  Ctk>(/)i)"t2ec0"k>T/r° 
r0  J _ 


(pry 


Both  7.4.32  and  7.4.33  will  be  considered  in  greater  detail. 


(7.4.33) 


7.4e  TRANSIENT  RADIATION  FROM  A  SPHERICAL  SOURCE  OF  ORDER  n  =  0 
FOR  A  STEP-SINUSOID  EXCITATION 

We  consider  next  a  spherical  radiator  of  order  zero  with  step-sinusoid  excitation  7.4.4(d),  P0= 
Doo  =  V0  =  1  (units:  m/s).  To  find  G(r,  t)  we  examine  7.4. 17  and  note  that  Ci'1  =  1  (see  Sect.  7.4a) 
and  Pi"  =  -  1  satisfies  F0  (*)  =  0  in  7.4.2.  Hence 

G0(r,  t)  =  U(t)e~a/r°  (7.4.34) 

For  excitation  we  select  X(t)  =  U(t)  w  coswt,  and  using  7.4.11  we  find 

(a)  Ha{r,  t)  =  oo  cos  oof*  U{t)  e  c'/r° 
or 

(b)  H0{r,  t)  =  U{t)  {M{ cos  oot  -  e~c,/r°)  +  Nsin  «/}, 


where 


(c)  M  -  kt<J{  1  +  (k^)2).  N  =  kr0 M 
From  7.4.13  the  velocity  potential  for  order  n  =  0  at  time  t  -  (r  -  r0/c)  is 


(a) 

or 


0o  £5  )  DooH0{r,  t) 


(7.4.35) 


(b)  0O=  —  Doo  U(t)  {M(cos  wt  -  e-c/r’’)  +  Nsin  wt} 


(7.4.36) 


,  vs 

is'  ' 


'.v.v.v.s-.va'  v.v.v.v 1 


.v.v.v.tv.  cv.-.  r’.v'  ~ 
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Noting  that  when  r  =  0,  S(t)  multiplied  by  the  term  in  the  brackets,  vanishes,  we  find  the 
pressure  in  the  zero  order  to  be 

r0 


or 


(a)  p  =  gd <t><>/ dr  =  qc  _  Doo^HJdt 

r 


(b)  p  =  D00(t)qc2  M{(kr0  cos  wt  -  sin  wt)  +  e  u'°' 
r  kr0 


(7.4.37) 


From  7.4.36  we  may  also  derive  the  radial  particle  velocity  U  =  -  d<t>o/d  r. 


or 


(b) 


(a)  u  =  roDo°  I  dH^r’  T)  +  £_  H0{r,  t)  \ 
r  I  dr  r  J 

u  =  D00(t)  M 1  cr°  (cos  a >t  -  +  kr0  sin  wt) 

l  r 1 

+  ( wr0/r )  ^  -  sin  wt  +  kr0  cos  wt  -  *  < 


(7.4.38) 


)) 


At  the  wavefront  (i.e.  at  t  =  0)  the  ratio  p/u  =  qc,  a  constant,  independent  of  r.  When  the  pressure 
and  particle  velocity  are  available  we  can  find  the  radial  flux  of  energy,  F,  which  is  formed  by  the 
product  pu  (dimensions:  (N  -  m/m1)/ sec).  The  flux  is  seen  from  7.4.37a  and  7.4.38a  to  be  a  sum,  F 
=  F  +  F,  where  F,  F  are  the  fluxes  of  radial  dependence  in  1  /r1  and  \/r3  respectively.  One  finds, 


(a)  '  =  qc ^  ^  Dho  dH°(r-  r)  j 

(b)  "  =  qc2  !±  DL  MJr.  r)  dH^r>  ^ 

r'  3t 


(7.4.39) 


In  the  far  field  where  /  -*■  °°  (i.e.  in  the  steady  state), 


<  V 

V  3t  J 


■  XPw2  [sin2  wt  +  k2r&  cos  ojt]  -2APkr0w2  sin  wt  cos  wt 


(7.4.40) 


Over  a  complete  cycle  T  =  2n/w  the  average  value  of  this  quantity  is  M2  w2  (1  +  k2  r$)/2.  Hence  the 
average  radial  flux  F*.  of  energy  dissipating  out  to  infinity  in  the  steady  state  is 


Do oW2 


+  (1  /k2r2o) 


(7.4.41) 


The  second  component  of  energy,  7.4.39b  is  not  dissipated  out  to  infinity  but  rather  is  deposited  in 
the  total  volume  of  space  where  it  oscillates  in  place.  Now  in  time  (Jt  the  total  energy  deposited  in  a 
volume  4nrJ  dr  is  (d/dr)  (4 nr1  F)drdr.  Hence  the  total  energy  £”  deposited  by  the  source  in  all  space, 
but  not  dissipating  out  to  infinity,  is 

E ”  =  4npc’/o  Dio  f  (- 1 )  JL.  f  Ho(r,  t)  dH^r-  t)  dr 

r2  Jo  dT 


<r.A 
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The  integrand  H0 


ago 

dt 


vanishes  as  r  -*  °°,  that  is,  in  the  steady  state.  Rejecting  all  steady  state 


terms  in  this  integrand  because  their  average  is  zero  in  any  one  period  we  see  that  the  integral  over  t 
yields  M 72.  Hence  the  total  transient  energy  E",  deposited  in  all  space,  not  dissipating  to  infinity,  but 
finally  oscillating  in  place  about  the  source  is 


E"  =  2nQC2r0  Dio 


k2rl 


(1  +  k2rlY 


(7.4.42) 


We  desire  to  find  the  median  value  of  the  quantity  over  a  single  period,  recognizing  the  fact  that  it  has 
been  built  up  of  an  infinite  number  of  periods.  To  this  end  we  note  that  by  integrating  7.4.40  over  a 
cycle  that  the  peak  amplitude  of  steady  state  energy  is  reduced  to  average  energy  by  the  multiplication 
factor  (1  +  k1  r£)/2.  We  shall  assume  without  proof  that  the  same  factor  can  be  applied  to  7.4.42. 
We  therefore  find  that  the  average  transient  energy  (£")Av  deposited  in  the  field  per  period  for  a 
spherical  radiator  of  order  n  =  0  and  radius  r0  is, 

(E")av  =  ngc2r0  Dl0  (7.4.43) 

1  +  k2rl 

In  contrast  the  average  energy  E00  radiated  out  to  infinity  per  period  in  the  steady  state  for  n  =  0  is 
found  by  multiplying  n00  2.2.14a  by  one  period  T  =  2n/co. 


E00  =  *00 1  t/oollU  x  2n 

2  Cl) 

Eoo  =  ec4nV°  (  -*2L-  )  It/oolL,  (7.4.44) 

Co  V  1  +  k3r2o  J 

We  arbitrarily  set  |UooL„  =  Dio  on1  and  form  the  ratio  of  7.4.43  and  7.4.44,  to  obtain 


(E")av  =  c  (7.4  45) 

E„o  4  nr oG) 

On  comparing  this  7.4.45  with  2.3.8b  we  note  that  they  are  identical.  We  are  therefore  lead  to  he 
following  conclusion:  at  the  initiation  of  radiation  the  transient  radiation  flux  F  which  comprises  all 
radiation  varying  as  1/r",  n^3  deposits  in  the  space  surrounding  the  source  all  of  the  stagnant  energy 
which  in  the  steady  state  is  found  oscillating  in  place. 


7.4f  TAIL  END  OF  TRANSIENT  RADIATION  FROM  A 
SPHERICAL  SOURCE  OF  ORDER  n  =  0 

If  the  excitation  on  a  spherical  source  of  order  zero  vibrating  sinusoidally  is  suddenly  reduced  to 
zero  a  tail  end  of  transient  rat  d  tion  will  be  generated.  In  order  to  construct  an  analytic  representa¬ 
tion  of  this  transient  we  assume  an  excitation  of  the  form, 

X(t)  =  [\  -{/(/))  ce  cos  cut  (7.4.46) 
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±X. I 


With  this  choice  the  results  of  the  previous  excitation  are  immediately  applicable.  First  we  note  from 
7.4.35b  that, 

H0  ( r ,  t)  -*  M  cos  cut  +  N  sin  cut 


We  require  then  in  our  solution  that  this  part  of  the  field  cease  with  the  application  of  the  excitation 
of  7.4.46.  The  transient  term  in  7.4.35b  must  remain.  Hence  our  soulution  is  of  the  form 


0=  cll  Doo  { [  1  -  t/(T)]  (M cos  wt  +  N sin  ojt)  -  t/(r)  Me  CT"0}  (7.4.47) 

r 

The  pressure  p  and  radial  particle  velocity  u  are  easily  derived  from  this  last  formula.  For  t  >  0  the 
flux  of  energy  F  is  found  from  the  product  pu  to  be 


(7.4.48) 


whose  units  are  Nm/sm2. 

When  the  motion  of  the  source  ceases  the  instantaneous  flux  of  energy  at  the  surface  r  =  r0  vanishes. 
If  the  point  of  observation  rides  with  the  wave  (that  is,  if  t  is  constant)  it  is  seen  that  the  total  energy 
E"0  flowing  through  a  sphere  of  radius  r  ( E"0  =  4 nr2F)  varies  with  r  as  (1  -  r0/r).  As  the  tail  end  of  the 
radiation  proceeds  out  from  the  source  the  total  flux  grows  according  to  this  law  so  that  finally  a 
quantity  of  power  £"( r)  equal  to  4 nr2  F  as  r  —  °°  is  carried  away  to  infinity.  Neglecting  the  term  in 
1  /r3  in  7.4.48  above  we  find, 

£-(t)  =  4uqc  rja,2  D&oe  W'°  (7  4  49) 

(1  +  k1  rtf 

If  this  is  integrated  over  all  time  t  the  total  energy  E",  gathered  up  from  all  space  and  carried  off  to  in¬ 
finity  is  seen  to  be 

AT"  =  f-n nrir.  Dl.  (-]  A  cm 


M-  *  \ 

r0 

CD  Doo  fT-c/r,  T 

V  r  ) 

.  r 

1  +  k2ri  J 

E:  =  2 nccV„  Dio  _  *  r° _  (7.4.50) 

(1  +  k'rty 

Eq.  7.4.50  is  identical  with  7.4.42,  that  is,  the  energy  deposited  in  the  field  at  the  onset  of  the  tran¬ 
sient  is  equal  to  the  energy  gathered  up  and  carried  off  to  infinity  at  the  conclusion  of  the  same 
sinusoidal  signal,  as  it  should  be. 


7.4g  TRANSIENT  RADIATION  FROM  A  SPHERICAL  SOURCE  OF  ORDER  n  =  1 

We  consider  now  a  spherical  source  of  order  n  =  1  excited  by  a  spherically  symmetrical  signal 


(that  is,  e-Jmv  =  1).  Here  T>,  =  D0,  cos  6  and  the  roots  of  F0(x)  = 
7.4. 2d  and  7.4. 2e  above,  and  Eq.  2.1.10, 

0  in  7.4.2a  above  are  - 

1  ±  j.  By 

rv>  =  1  =  1  .CV>  = 

1 

=  _  1 

PI"  ~  PI  2 i 

A,  M=  1  + 

X 

Substituting  these  quantities  in  7.4.19  above  we  find 

P\2)~P\" 

1 

X2 

2 j 

G,(r,  t)  =  U{t)  |  cos  —  t  +  ^  fjL  - 

1  'l  sin  £_ 
)  r„ 

/J  e‘r'/r° 

(7.4.51) 
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Let  the  time  excitation  be  a  “unit”  Dirac  impulse  6(t)  (units:  sec'1).  From  7.4.11, 

H,(r.  t)  =  Gt{r,  t) 

Hence,  according  to  7.4.13  the  velocity  potential  <t>,  is 


01  _  cro  £)oi  cos  q  I CQS  c_  T  +  /  _  i  \  sin  } 

r  1  ra  \  r  J  r 

The  pressure  p  and  radial  particle  velocity  u  are, 

p  =  QC^Il.  J  cos  0  £>0l  | d( t)  -  U( t)  ^  £.  Je'cr/'°^2  '  —  J 


j  e“‘r/'° 


(7.4.52) 


cos  _  T 

r0 


7  5i"  i'll 


u  =  ^  J  cos  0  Do,  |d(r)  -  ^  J  (/(t)e  CT/,°^1  -  —  J  £cos  —  +  — 


(7.4.53) 


(7.4.54) 


A  more  general  type  of  excitation  is  the  step-sinusoid,  in  which  X(t)  =  (/(/)  a>  cosc of.  From  7.4.32  it 
is  seen  that  for  z0  =  kr0, 

Ht(r,  t)  =  /  sin  co/  |"z$(zS-2)  +  z$] 

4  +  zh  l  L  r  J 

+  COS  c at  ^2Zo  +  fl  Zo(2  -  Zo)  j 

+  e~c,/r°  sin  £  t  [4zo-  !±  Zo( 2  +  z^j  (7-4.55) 


+  e~<,rJ  cos 


—  t  -2Zo  +  H.  Zo(Zo  -  2)"j  \ 

r„  L  r  J  j 


We  desire  to  obtain  the  ratio  of  the  steady  state  pressure  amplitude  P  to  the  transient  pressure 
amplitude  Fas  r~*  °°.  Now  both  amplitudes  are  proportional  to  3  //,  ( r ,  t)/d  t.  To  obtain  P  we  per¬ 
form  this  derivative  and  let  r  -*  and  t  -*  °°  simultaneously.  Then, 

P  ~  wZo(Zo  -  2)  cos  c of  -  2 cazi  sin  cot  (7.4.56) 

r~+oo 

To  obtain  T  we  perform  the  derivative,  let  r  —  °°,  and  reject  all  steady  state  terms.  This  yields, 

T  ~  Mz0  —  +  2  Zo  'j  cos  £_  re  CT/r° 


r  ~  /  4z„  £.  +  2  £_  zi ) 

r~+oo  V  To  Tq  / 

(  2z3  -1  -  4z0  'i  sin 
\  r0  r0  /  r0 


.  r  -cr/rft 
sin  _  re  0 


(7.4.57) 


The  amplitude  of  P  is  oi  z02  ( zo  +  4) 1/2  while  the  amplitude  of  T  for  t  -*  0  is  2  \f~2  (c/ra)  z„  (z0  + 
4)1'2.  The  ratio  (T/P)  where  T is  calculated  for  the  condition  t  -*•  0  is  therefore 


V?  -  1  (  -L.  u 

Zo  V2  V  7ir0  / 

335 


(7.4.58) 
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The  following  table  of  {rjX)  vs  T/P  for  a  spherical  radiator  of  order  n  =  1  is  based  upon  this  equa 


1  0.5  0.2  0.1  0.05  0.02  0.01 


0.000715  0.00286  0.0179  0.0715  0.286 
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7.4h  CHARACTERISTIC  WAVES  OF  EXTERIOR  SPACE 

An  important  discovery  is  contained  in  7.4.21  and  7.4.26  namely  the  existence  of  decaying  waves 
(i.e.  terms  in  exp(c/r0)  Pik)  t)  in  exterior  space  due  to  transient  excitation  of  a  spherical  source.  Since  it 
is  possible  by  a  proper  choice  of  excitation  to  produce  one  of  these  waves  at  a  time  in  the  space 
exterior  to  the  surface  r  =  r0  it  is  concluded  that  each  wave  is  independent,  and  therefore  each  wave  is 
characteristic  of  the  exterior  space,  being  in  this  way  analogous  to  the  characteristic  waves  of  closed 
space.  These  transient  oscillations  however  have  no  feature  of  resonance  since  they  diverge  away 
from  the  source  and  never  return. 

Every  characteristic  wave  corresponds  to  two  conjugate  roots,  -  dj*1  ±  of  the  polynomial 
B„(x)  in  the  equation  B„(x)  =  0  (see  Sect.  7.4a).  The  oscillation  due  to  these  roots  is  that  of  a  decay¬ 
ing  exponential, 

e  a"  T,'°  cos  ^  col*1  t  +  ^ 

In  a  period  T  =  (2n/cj)  (r0/c)  of  oscillation  the  ratio  D  of  amplitudes  of  successive  peaks  is 


Now  for  any  n  we  may  plot  all  the  Ath  roots  on  a  complex  plane,  real  part  d(A)  and  imaginary  part 
o)<*).  On  such  a  plane  the  argument  Si*1  of  the  complex  root  P'k)  is  tan w,k>/d,k>.  In  examining  all 
the  roots  it  is  seen  that  there  will  be  at  least  one  pair  of  complex  conjugate  roots  with  minimum 
(negative)  damping,  that  is,  with  minimum  real  part.  For  n  <  3  this  argument  is  exactly, 


_  n  +  2 
'  n  +  1 


(7.4.59) 


For  n  >  3  it  is  probable  that  this  formula  still  holds.  Assuming  that  it  holds  we  can  calculate  the  ex¬ 
tinction  ratio  D  due  to  that  root  in  each  value  of  n  which  has  the  minimum  damping.  A  table  of  the 
first  eight  orders  follows. 


Order  n 


Extinction  Ratio 
D  due  to  root  with 
min.  damping 
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This  table  shows  that  characteristic  waves  corresponding  to  n  small  are  rapidly  extinguished  while  for 
n  large  the  decay  is  small  and  the  characteristic  waves  become  very  prominent.  Now  practical  sound 
sources  in  baffles  (for  example,  a  kettledrum)  and  all  sources  whose  moving  parts  are  displaced  in 
patterns  which  are  not  spherical  harmonics  of  single  order  n,  generate  sound  fields  consisting  of  a 
superposition  of  simple  sound  sources  of  order  1,  2  ....  n.  These  sources  in  the  transient  state  emit 
characteristic  waves  of  elevated  order  which  have  low  decay  rates,  and  which  thus  persist  with 
noticeable  effect. 

7.4i  RATIO  /?“'  OF  INITIAL  VELOCITY  POTENTIAL  AMPLITUDE  OF 
TRANSIENT  WAVES  TO  THE  VELOCITY  POTENTIAL  AMPLITUDE  OF  STEADY  STATE 
WAVES  IN  THE  FAR  FIELD 

The  polynomials  An(Jkr)  reduce  for  all  n  to  the  value  1/jkr  as  r  -*•  °°.  The  amplutude  <J>„  of 
velocity  potential  in  the  far  field  for  a  particular  order  n  is  therefore  by  Eq.  2.1.33, 


^<J)  ^  =  2t/on  P  nC2 

t„\BjJkr0)\u)2r 


(7.4.60) 


The  amplitude  (<l>»),  of  one  (i.e.  the  Arth)  transient  wave  in  the  nth  order  transient  velocity  potential 
may  be  extracted  from  7.4.33  and  is  seen  to  be, 


(<t>»),  =  (ari  |  C'*1  (/?;)"*' | 
r\(^  +  (/Ji‘’)J| 


(7.4.61) 


We  now  form  the  ratio  of  7.4.61  to  7.4.60  and  omitting  all  factors  not  involving  r,  r„,  we  obtain 


/?<*>  ru 


B„(jkr0) 

l  +  ( 

V  2  nr0  J 


(7.4.62) 


When  2nrJ\  is  1,  and  at  the  same  time  Pik)  is  such  that  \\Pk)/2nr0  is  >  1,  then  from  7.4.1  B„(x) 
and  from  ratio  /?'*’  above  we  obtain  in  the  limit 


♦o  I  (/3J*’)!  !(*/•„)" 


(7.4.63) 


Similarly  for  r0  very  large,  | B„  (kjr0) \  ~ *  \/kr0-  The  ratio  /?'*’  therefore  becomes 


(7.4.64) 


If  we  desire  the  ratio  R{pk)  of  far  field  transient  pressure  to  far  field  steady  state  pressure  we  are  re¬ 
quired  to  form  the  time  derivatives  of  the  velocity  potential.  There  then  appears  a  factor  (c/r0)p!,k) 
multiplying  the  Arth  transient  pressure  amplitude  in  the  order  n  and  a  factor  u>  multiplying  the  steady 
state  pressure  amplitude  in  the  same  order  n.  Thus  an  additional  factor  plk)/kr0  must  multiply  7.4.63, 
7.4.64  and  we  obtain  the  following  ratios  of  (initial)  pressure  amplitudes 


^  4  V  A*  .  *  ».  *  4.  i  '  - 


’VV/w.-v  v'.'.-v 

*«  «  *  A.*  A  v  A  *v  O  *  ■  A.'  •  *  v  «  -  *  '  v  •.  *  «  ■  *  «  »  \  - 
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hin+\)  O(fc) 

(a)  /?<*>  -  _ _ ,  (b)  *«*»  -  _h _  (7.4.65) 

r0—< o  I P*  I  (kr0)"’ 1  ro-*00  (kray 

The  ratios  of  radial  particle  velocity  Rik)  have  the  same  form  since  pressure  and  particle  velocity  are 
proportional  in  the  far  field. 

Discussion: 

The  energy  carried  away  by  a  transient  wave  to  the  far  field  is  proportional  both  to  the  product 
of  the  amplitudes  of  pressure  and  radial  particle  velocity  and  to  the  duration  of  the  transient.  This 
duration  makes  the  energy  proportional  to  kr0  since  the  transient  oscillation  of  £th  wave  has  the  ex¬ 
ponential  (c/r0)  f)lk)  t.  We  consider  the  important  case  of  a  source  whose  radius  r0  is  small,  and 
calculate  the  transient  energy  carried  away  to  infinity  by  aid  of  the  ratios  of  7.4.65.  From  these  ratios 
we  see  that  when  r0  -*  0  the  energy  is  proportional  to  l/(/cr0)2"*2,  and  from  the  duration  the  same 
energy  is  proportional  to  kr0.  Hence  the  transient  energy  carried  away  to  infinity  in  the  nth  order  is 
proportional  to  l/(kr„)ln*',  if  ra  is  small. 

The  inferences  that  may  be  drawn  from  7.4.63,  7.4.64  and  7.4.65  have  important  conse¬ 
quences.  We  see  first  that  if  the  dimensions  of  a  sound  source  are  small  relative  to  a  wavelength  of 
radiation  the  initial  amplitude  of  transient  waves  for  each  discontinuity  in  motion  < discontinuity 
either  in  amplitude  or  frequency)  may  be  very  much  greater  than  the  steady  state  amplitudes  from  the 
same  source.  Hence  the  transient  amplitudes  may  be  the  only  waves  observed  in  the  far  field.  Second¬ 
ly,  if  the  moving  face  of  a  source  is  surrounded  by  a  stationary  baffle  the  combination  source  plus 
baffle  constitutes  a  complex  source  representable  by  a  superposition  of  n  simple  sources.  As  the 
dimensions  of  the  baffle  relative  to  the  dimensions  of  the  moving  face  increase  the  energy  generated 
in  the  nth  mode  shifts  toward  higher  values  of  n  and  the  transient  amplitudes  increase,  as  shown  by 
Eqs.  7.4.65.  If  we  therefore  make  the  moving  face  of  a  source-baffle  combination  not  too  small 
relative  to  the  baffle,  the  combination  becomes  equivalent  to  a  low  order  of  simple  source,  and  thus 
effectively  suppresses  the  transient  amplitudes.  We  then  form  the  following  rule:  when  the  dimen¬ 
sions  of  a  sound  source  are  smalt  relative  to  a  wavelength  the  effect  of  a  baffle  is  not  only  to  promote 
the  radiation  of  longer  wavelengths  in  the  steady  state,  but  also  to  reduce  the  transient  amplitudes  in 
the  transient  state,  provided  the  source  dimensions  are  not  too  small  relative  to  the  baffle  dimensions, 
that  is,  provided  the  source-baffle  combination  is  effectively  a  low  order  of  spherical  radiator. 

7.5  THE  TIME-DEPENDENT  GREEN’S  FUNCTION  OF  A  RIGID  CYLINDER 

We  consider  a  radiating  surface  on  a  rigid  cylindrical  baffle  in  the  form  of  a  circular  cylinder 
(radius  a)  of  infinite  extent  whose  generator  is  parallel  to  the  z-axis  of  Cartesian  coordinates.  In  order 
to  find  the  transient  radiated  field  we  require  the  Green’s  function  G  for  the  cylinder.  This  is  the  solu¬ 
tion  of  1 .7.3  in  two  dimensions.  Let  there  be  a  point  source  at  x0,  y„  (polar  coordinates  r0,  <t>„).  Then  G 
will  be  the  solution  to  the  following  differential  equation, 

V2<5  -  _L  =-2n  S0(x-  -  Xo)  SoCy  -  y«)  8oU  -  t0)  (7.5.1) 

C2  dt‘ 

Introducing  polar  coordinates  r.  8  by  the  transformation 

x  =  rcos  8,y  =  r  sin  8  (7.5.2) 
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we  require  that  on  the  surface  r  =  a 


/  _£G_  \  =Q 
V  dr  ) 


(7.5.3) 


For  convenience  we  set  y0  =  0,  t0  =  0  and  transform  7.5.1  from  Cartesian  to  polar  coordinates.  In 
physical  space  -  iK  6  <  n  but  in  function  space  -  <®  <  0  <  +  °°.  We  see  then  that  G  is  a  periodic  func¬ 
tion  of  0  with  period  2n  and  is  defined  not  only  over  real  space  but  in  the  space  of  a  Riemann  surface 
with  sheets  at  (2m  -  1)  ti  <  6  <  (2m  +  1)  n.  Accordingly  when  we  apply  7.5.2  to  7.5.1  we  require  a 
periodic  extension  in  the  coordinate  6  of  the  delta  function.  Noting  that  the  Jacobian  of  transforma¬ 
tion  is  r  we  rewrite  7.5.1  in  the  form. 


V’G-  _L  =-  2JL  f>o(r  —  r0)  80(f)  Z  8o(0  +  2mn) 
C1  dt 1  r  m=-°° 


(7.5.4) 


Coordinate  transformation  has  thus  introduced  an  infinity  of  fictitious  sources  which  contribute  dif¬ 
fracted  waves  to  the  real  field.  Now  7.5.4  is  linear  and  function  G  will  be  the  superposition  of  in¬ 
dividual  solutions  F  for  all  choices  of  integer  m, 


oo 

G(r,  0, 1 1  r0, 0, 0)  =  Z  F\r,  6  +  2/i.it,  t  \  r0, 0,  l 


(7.5.5) 


To  find  functions  F  we  first  take  the  Laplace  transform  of  both  sides  of  7.5.4.  Since  causality  re¬ 
quires  G  =  0,  dG/dt  =  0  at  time  f  =  0  we  obtain  the  following  equation  in  the  transform  G, 


(7.5.6) 


V2G  -  ^  G=-  ?!  80(r  -  r0)  Z  8O(0  +  2mn) 

C1  r  m="” 

In  terms  of  7.5.5  each  transformed  solution  Fm  in  coordinates  r,  0  satisfies  the  relation 


dlpm  +  J_  dF"  -  £l  Fm+  _L  d'F "  =  -  ?! I  80(r-r0)  So(0  +  2 mn)  (7.5.7) 

dr1  r  dr  a  r1  d0‘  r 

We  may  solve  the  corresponding  homogeneous  equation  by  separation  of  variables.  Let  Fm  =  $(r) 
X„(0).  Then  separation  leads  to 


'/♦'+  —  =~MJ 

l  r  CP  f  x 


(7.5.8) 


where  pz  is  a  constant  (independent  of  r,  0).  It  is  thus  seen  that  $(r)  must  satisfy  the  differential  rela¬ 
tion 


f  +  1  r+(  aL-  L  u=o 

r  \  r2  O  ) 


(7.5.9) 
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For  an  acoustically  hard  surface  the  function  $  must  also  satisfy  the  same  boundary  requirements  as 
G,  i.e., 


JL  =f  =  0at  r=  a  (7.5.10) 

dr 

At  infinity  we  require  further  that  the  total  sound  field  vanish,  that  is,  $  -*  0  as  r  —  °°.  Evidently  the 
solutions  of  7.5.9  depend  on  the  parameter  p.  Let  Hr>  A)  and  ^(r,  v)  be  two  such  solutions  obtained  by 
setting  p  =  A  in  the  first  case  and  p  =  v  in  the  second  case.  Multiplying  7.5.9  expressed  in  4>(r,  A)  by  <K r, 
v),  and  expressed  in  <j>(/-,  v)  by  *)>(/■,  A),  then  subtracting  the  two  differential  equations  we  obtain 


d  {r[f  (r.  A)  <K r,  v)  -  Hr,  A)  f  (r,  v)]}  +  <(>(r.  A)  v)  =  0  (7.5. 11) 

dr  r 

Integrating  both  sides  between  r  =  a  and  r  =  °°,  and  recalling  that  <(>  -*  0  as  r  -*  °°  we  then  obtain 

co 

J  Hr,  A)  Hr,  v)  =  glf  (fl.  *)  Ma,  v)  ~  Ho.  *)  f  (a,  v)]  (7.5.12) 

’  ’  r  A2  -  v2 

If  A  #  v  the  r.h.s.  of  this  equation  vanishes  in  view  of  7.5.10.  Hence  the  functions  >j>(r.  A),  Hr,  v)  are 
orthogonal  in  the  range  a  <  r  <  00  provided  A  =  v.  Let  A  approach  v  in  magnitude.  Then  to  a  first  ap¬ 
proximation  the  r.h.s.  of  7.5.12  may  be  written, 

^  ^  a  j  H°-  ul  |  V  ~  v)  |  (7.5.13) 

In  the  limit  A  =  v  we  can  thus  write  7.5.13  in  the  form 

oo 

J  [4*(r.  A)]2  ±  =  ±  Ha,  A)  A)  (7.5.14) 

r  2A  3A 

Returning  now  to  7.5.9  we  write  it  in  the  form 

<7'5I5) 

This  is  recognized  as  the  standard  differential  equation  for  modified  Bessel  functions  of  order  tp  and 
argument  sr/c  [17].  There  are  two  solutions  /(M>  K 4l.  As  r  —  °°  the  solution  l¥  -*  ®>  while  the  solution 
K¥  -*  0.  We  reject  solution  /.  To  satisfy  7.5.10  we  require  that 


|~  dKifi(sr/c )  j  =  0  (7.5.16) 

This  formula  will  hold  only  for  special  (non-integer)  values  of  p  designated  p,(/'  =  1,2,....).  The 


eigenfunctions  of  7.5.15  are  therefore  of  the  form  $  ~  K ^  (sr/c).  In  view  of  7.5.14  we  see  further  that 
we  can  make  these  eigenfunctions  orthonormal  by  writing  A  =  p,  and  adopting  the  (subscripted)  form 
H (r)  where 


7.5 

Time- Dependent 

Green's  Function  of  a 

Rigid  Cylinder 

1  1/2 

(7.5.17) 

Kkbl  ”  ) 

r  jl  k-¥  ( 

sa 

) 

v  C  J 

V  c  J 

L  dp  v 

\  c  . 

This  is  the  solution  to  the  homogeneous  part  of  7.5.7.  For  the  inhomogeneous  part  we  expand  6  (r  - 
r„)  in  an  infinite  series  of  these  orthonormal  eigenfunctions  in  the  coordinate  r0, 

6(r-r0)  =  Z  Aj+j(r0)  (7.5.18) 

y*  1 

where 

AJ  =  fa  d(r  -  r»)  (r°)  —  =  (7.5.19) 

/■o  r 

If  in  7.5.7  we  replace  6  (r-  r0 )  by  7.5.18  and  7.5.19  and  if  we  write  the  individual  (transformed)  solu¬ 
tions  of  7.5.7  by  FmJ  where. 


F mi  =  MoM')  *,(0)  (7.5.20) 

r 

then  the  separated  equations  7.5.8  are  still  valid  provided  $  is  written, 

r 

Hence  the  inhomogenity  in  r  is  accounted  for  by  converting  Fm  to  FmJ.  Returning  to  7.5.8  we  see  that 
the  separated  equation  for  coordinate  0  can  be  written  in  the  form 


Xj  -  =  “  2nd(0  +  2mn)  (7.5.21) 

The  two  independent  solutions  of  the  homogeneous  equation  are  exp(±  jy‘0).  To  obtain  the  in¬ 
homogeneous  solution  we  perform  a  subsidiary  integration  [18].  Thus, 


<5O(0  +  2mn) 

— 


d0  + 


(~2tt)  e*'6 


X 


6(0  +  2mn)  e~"'B 
*  A 


(7.5.22) 


Here  A  is  the  Wronskian  determinant  ( =  2^)  of  the  two  independent  solutions.  If  the  limit  0rf  is  less 
than  zero  the  first  integral  vanishes  while  if  8  j  is  greater  than  zero  the  second  integral  vanishes.  We 
desire  Xj  to  vanish  as  0  -*  °°.  Hence,  since  the  range  of  9  is  -  °°  to  +  00  and  we  desire  Xj  to  vanish  as  8 
■*  00  we  select  0d  to  be  greater  than  zero  and  write  a  particular  solution  of  7.5.21  to  be, 


_  (-2n) 

2 R. 

Assembling  all  factors  we  write  the  transformed  Green’s  function  of  7.5.5  in  the  form, 


(7.5.23) 


G=  2.  2.  r-2nl  c  V 

7) 

1 

IfJ 

1 

£-M,|&+2m-T| 

m-  °°  '**  sa 

7  ) 

1  1 

* 

*18 

M*M. 

341 


A  Treatise  on  Acoustic  Radiation 


This  is  the  transient  Green’s  function  for  a  rigid  circular  cylinder  expressed  in  transform  space. 


7.6  THE  TRANSIENT  FIELD  FROM  AN  INFINITE  LINE  SOURCE  OF  UNIFORM  STRENGTH 

Let  there  be  a  source  point  r0  and  a  field  point  Q  at  a  distance  r  in  a  Cartesian  coordinate 
system.  Through  the  point  r0  we  pass  a  line  source  of  infinite  length  and  uniform  strength  parallel  to 


the  Z-axis.  In  the  xy  plane  the  projection  of  ra  and 
r  are  designated  by  p0  and  q,  and  we  define  P  to  be 
£- Col .  The  entity  |z0  -  z\  is  called  £.  Fig.  7.6.1 
shows  all  the  parameters.  If  R  is  the  distance  be¬ 
tween  the  field  point  and  a  source  point  on  the  line 
then  the  impulsive  field  contributed  by  the  source 
point  is  given  by  7.2.3c.  The  total  field  g(Q,  t ) 
generated  by  the  entire  line  is  then  given  by  super¬ 
position, 

g(Q,  /_ 

4n 

4* -('-Ml 

I  c _ dzo  (7.6.1) 

R 

in  which, 

(a)  =  ?  +  (b)  S  =  z0-Z, 

We  net  let  Q  lie  in  the  xy  plane  at  point  P  and  set  r 
Noting  that 


Fig.  7.6.1.  Geometric  relations  of  a  line  source. 

(c)  P  =  \/  (X  -  x0y  +  O'  -  y*Y  (7.6.2) 
=  t  -  t0. 


dzo  =  dt,  =  RdR/t,  =  RdR/\f  R1  -  P 2 

we  rewrite  7.6.1  for  the  field  point  P  in  the  form,  „ 

r-4 1  —  t1 

g(P,  T)  =  -  J_,  _l_£  ■_  1  (7.6.3) 

4n  \/R‘  -  P1 


Now  g(P,  t)  is  a  real  function  of  P,  r,  for  all  points  r  #  r0.  Hence  t/  R1  -  P1  >  0.  By  definition  the 
delta  function  differs  from  zero  only  when  R  =  ct,  at  which  point  it  has  the  character  of  an  even 
function.  Thus  the  integral  limits  of  7.6.3  can  be  changed  to  0  <  R  <  °°,  at  the  same  time  attaching  a 
multiplying  factor  of  2.  Evaluation  of  7.6.3  thus  leads  to  the  result, 

g(P,  t)  =  -_2£  _ _.1.  _ P<c r  (7.6.4) 

4n  yf  CV  -  P2 

=  0,  P>ct  (units:  s'1) 


VJ 


7,6  Transient  Held  from  an  Infinite  Line  Source 

If  there  is  a  distribution /.(p,,  /0)  of  these  z-directed  line  sources  over  area  A(q0 )  the  total  field  in  the 
plane  of  distribution  (that  is,  the  total  2-dimensional  field)  is, 


t)  —  f  t0  J' a{Q0)  dA(e«)  (  -  .  -  —  —  1  —  ]  MQo,  to),  P  <  ct 

\  4n  v  c2  t1  -  P2  J 


<J >(/?,  /)  =  0,  P  >  CT 


(7.6.5) 


Returning  to  7.6.4  we  note  that  an  impulsive  line  source  generates  in  a  plane  a  field  which  is  finite  at 
all  points  P<  ct.  This  is  due  to  late  arrival  of  propagation  from  distant  points  on  the  line  to  the  plane 
of  observation.  Thus  the  2-dimensional  transient  field  of  an  impulsive  line  source  differs  from  the 
3-dimensional  transient  field  of  an  impulsive  point  source:  in  the  latter  the  field  is  found  only  at  the 
spherical  wave  front  a,  =  ct  while  in  the  former  it  is  found  everywhere  inside  the  cylindrical  wave 
front  ac  =  ct*.  However,  for  spherical  sources  of  extended  surface  (=  non  point  source)  the  tran¬ 
sient  field  due  to  field  excitation  will  contain  a  “tail”,  as  is  shown  in  Sect.  7.4. h.  A  further  discussion 
of  this  point  is  found  in  C.  Barnes,  D.V.  Anderson  “The  Sound  Field  from  a  Pulsating  Sphere”, 
JASA,  Vol.  24,  229:  1952. 

The  geometrical  quantities  associated  with  7.6.4  are  shown  in  Fig.  7.6.2. 

The  impulsive  planar  field  at  the  tip  of  q  due  to  a  perpendicular  line  source  that  pierces  the  xy 
plane  at  the  tip  of  g0  is  given  by  7.6.2.  We  note  the  a  =  ct  describes  an  expanding  cylindrical  surface 
centered  at  q„  as  discussed  above.  After  the  wave  front  passes  P  the  field  at  P  does  not  vanish.  It 
diminishes  as  (cV  -  p2y,n  which  (mathematically)  never  reduces  to  zero. 

We  now  consider  a  uniform  distribution  of  impulsive  in  a  plane  of  indefinite  extent,  say  the  yz 
plane.  Fig.  7.6.3.  Clearly  the  field  will  depend  solely  on  the  quantity  4  =  x  -  jc0,  and  will  be  indepen¬ 
dent  of  the  quantity  rj  =  y  -  y0.  Since  P2  =  4 2  +  rj2  we  can  find  the  one-dimensional  Green’s  function 
g(4,  t)  in  the  unbounded  domain  for  this  case  by  integrating  7.6.4  over  the  range  of  rj  from  \/  cV  -  4J 
to  -  \/  c2r2  -  4J  •  Fig.  7.6.3  shows  the  range  in  question, 


*\f rV-t* 

g(4.  t)  =  -  20 .  J 

4  *  -vTvT1 


C2t2  -  4:  -  rj2 


(7.6.6) 


=  0 

(units:  ms'1) 


4  >  ct 


In  words:  this  equation  states  that  a  one-dimensional  transient  wave  generated  by  an  impulsive 
distribution  of  point  sources  centered  at  the  plane  x0  =  const,  passing  points  x  =  x„  ±  4  will  leave  a 
field  of  constant  value  2 cn/(-  4n)  spread  over  the  range  x0  ±  4-  When  the  source  distribution  extends 
over  successive  planes  the  total  transient  field  may  be  found  by  integrating  7.6.6  over  the  appropriate 
range  of  Xo,  t„. 
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7.7  Transient  Field  of  a  Line  Sourc  e  Next  lo  an  In  finite  Cylinder 


7.7.  A  GEOMETRIC  ACOUSTICS  INTERPRETATION  OF  THE  TIME-DEPENDENT  GREEN’S 
FUNCTION  OF  A  LINE  SOURCE  IN  THE  PRESENCE  OF  AN  INFINITE  RIGID  CYLINDER 

The  results  of  Sect.  7.6  can  be  used  to  give  a  geometric  acoustics  interpretation  to  the  time- 
dependent  Green’s  function  for  a  rigid  cylinder  in  the  form  of  Eq.  7.5.5.  First  in  the  absence  of  the 
rigid  cylinder  scatterer  a  pulse  front  advancing  from  the  source  at  point  (r0,  0)  reaches  the  field  point 
r  at  a  distance  ct  =  R  in  time  t  where  R  =  (r2  +  r%  -  2 rr0  cos 8)U2.  The  sound  field  g(R,  t)  at  r  is  given 
by, 


g(R,t)=  Jl£. 

2n 

When  the  cylinder  is  present  we  construct  the  ray 
diagram  illustrated  in  Fig.  7.7.1.  Here,  as  before 
the  line  source  S  is  at  point  (r0,  0)  while  the  field 
point  P  is  at  point  (r,  8).  The  rays  SAA'  and  SBB' 
define  the  shadow  boundaries.  It  is  evident  from 
the  Figure  that  the  Fermat  path  between  S  and  P  is 
SA  QP.  Using  this  path  we  define  an  angle  d  such 
that, 


6  =  \8\-  cos-'  | 

<  a 

\  -  COS'1  / 

1 

V  r0  a 

/  ' 

V  r  ) 

The  symbol  |0|  is  used  to  allow  for  paths  in  the 
direction  such  as  SBQ'  P  .  In  the  shadow  region  6 
>  0  while  in  the  illuminated  region  d  is  negative. 
The  time  t  required  for  the  wave  front  to  reach  P 
is  easily  seen  to  be 


(7.7.1) 

Incident 


l 

V  c2 11  -  R 2 


T=  _L  { \/  li  -  a2  +\fr^ai  +ad}  (7.7.3) 
c 


Fig.  7.7.1.  Parameters  used  in  the  geometric 
interpretation  of  the  transient  Green’s  function. 


The  three  wave  fronts  (incident,  reflected,  diffracted)  in  Fig.  7.7.1  are  thus  drawn  for  the  instant  t  = 
t.  At  velocity  c  the  incident  wave  front  travels  from  A  to  A'  while  the  diffracted  wave  front  on  the 
cylinder  advances  from  A  to  C.  If  the  cylinder  surface  is  not  rigid  the  velocity  of  the  wave  front  on 
the  cylinder  will  be  less  than  c.  Now  the  sound  field  at  point  P  in  the  shadow  zone  will  be  given  by  the 
sum  of  functions  F  in  7.5.5.  When  m  =  0  the  contribution  to  the  field  at  P  is  F(r,  8,  t  /r0,  0,  0)  in 
which  r  is  given  by  7.7.3.  When  m  =  +  1  the  contribution  to  P  is  F(r,  8  +  In,  t  +  [2na/c)|r0,  0,  0), 
that  is,  the  contribution  is  delayed  by  2ira/c  seconds.  For  m  >  1  the  time  of  arrivals  are 
t  =  r  +  Imira/c.  When  m  =  —  1  the  function  F  must  be  taken  at  angle  9  —  2n.  However 
from  7.5.24  we  see  that  only  the  absolute  value  of  0  ±  2mn  appears  in  the  formula  for  the 
field.  Hence  we  can  write, 

F\r,  0  -  2tt,  / 1  z0,  0,  0)  =  F\r,  In  -  8, 1 \r0,  0,  0)  (1 .1  A) 

The  time  taken  for  the  contribution  to  be  made  to  P  by  m  =  -1  travelling  in  the  negative  direction  is 
the  same  as  the  time  taken  by  a  contribution  m  =  0  at  angle  In  -8  travelling  in  the  positive  direction. 
From  7.7.2  and  7.7.3  this  time  (=  t  )  is  given  by. 


7.8  Transients  of  Spheres  in  Terms  of  Particular  Integrals 


Thus  the  potential  field  everywhere  is  obtained  by  a  convolution  of  the  (given)  boundary  velo¬ 
city  and  the  transient  "system"  response  called  for  by  the  boundary  condition  7.8.1. 

Consider  next  a  rigid  sphere,  radius  /?0,  set  in  motion  by  an  impulsive  force  f  which  gen¬ 
erates  a  dipole  moment  in  the  medium,  of  dipole  strength  If  I  (units:  m4s_1).  The  velocity 
potential  everywhere  has  then  the  form, 


iMr ./*)  =  — div  |—  f(r*)J. 

Since  f  arbitrarily  oriented  relative  to  a  spherical  coordinate  system  the  fluid  velocity  at  vector 
point  r  is 


„  ,  3(f  -  r)r  —  f  ,  3(f  •  r)f  -  /  ,  (f  •  r)r 

V  =  -  Vl|>  =  - 5 -  +  - 2 -  +  - 2 - 

r J  cr  c  r 


(7.8.6) 


where  f  is  a  unit  vector  in  the  direction  r  [10].  The  fluid  velocity  u  (/)  in  the  direction  of  f  has 
a  component  in  the  direction  of  r  given  by  vr  =  u  •  r.  At  the  boundary  r  =  R0)  one  sets 

v  •  r  =  u  f .  (7.8.7) 


The  boundary  condition  is  thus  represented  by  the  form, 

'fit*)  +  ~  fit*)  +  f(/*)  =  Rc\tit*). 

“0  Rn 


(7.8.8) 


This  ordinary  differential  equation  may  be  solved  by  use  of  the  theory  of  Laplace  transforms. 
Assuming  zero  initial  conditions  and  using  transform  pair  1.301  of  Ref.  [1 1],  one  arrives  at  an 
expression  for  the  vector  dipole  strength  [12], 


.  _i_r 

fit*)  =  cRge  R°  f  uir)eR°  sin  l~  it  -  t)]  dr. 
Ja  Rn 


(7.8.9) 


Here  the  lower  limit  a  is  customarily  taken  to  be  the  origin  of  time.  However,  to  insure  that 
f(r*)  eventually  vanishes  in  the  distant  past  one  can  set  a  =  °°. 

Equation  7.8.9  may  be  used  to  find  the  potential  field  and  acoustic  radiation  of  a  rigid 
sphere  set  into  steady  motion  u0  from  a  condition  of  rest  at  time  t  =  0.  For  this  case. 


t  i 

fit)  =  cRo  e  R°  u0  J*Q  eR°  sin  ~~  it  -  r)  dr 
_ 

f(r)  =  \  Ro  e  R°  u0  [1  -  e  R°  (sin  t  +  cos  -£-/)] 

L  K  o  t\Q 


f(r)  =  cRn  un  e  R°  sin  ~~t 


(7.8.10) 


fit)  =*  -  c2R0  u 


o“o  e 


?0  [sin  t  -  cos  fr-t\ 
“o  ”o 


fit)  -  -  c2Rn  Un  e  R°  V2  sin  (-r-r  -  tt/4). 


7.8  Transients  o  f  Spheres  in  Terms  of  Particular  Inteerals 


Thus  the  potential  field  everywhere  is  obtained  by  a  convolution  of  the  (given)  boundary  velo¬ 
city  and  the  transient  "system"  response  called  for  by  the  boundary  condition  7.8.1. 

Consider  next  a  rigid  sphere,  radius  R0 ,  set  in  motion  by  an  impulsive  force  f  which  gen¬ 
erates  a  dipole  moment  in  the  medium,  of  dipole  strength  If  I  (units:  mAs~]).  The  velocity 
potential  everywhere  has  then  the  form, 


4i(i,t*)  =  -div  |—  f(r*)j. 

Since  f  arbitrarily  oriented  relative  to  a  spherical  coordinate  system  the  fluid  velocity  at  vector 
point  r  is 


„  ,  3(f  -  f)f  —  f  ,  3(f-r)r-/  ,  (f  •  r)r 

=  - 3 -  + - 2 -  + - 2 — 

r  cr  clr 


(7.8.6) 


where  f  is  a  unit  vector  in  the  direction  r  [10].  The  fluid  velocity  u(/)  in  the  direction  of  f  has 
a  component  in  the  direction  of  r  given  by  v,  =  u  •  r.  At  the  boundary  r  =  /?0,  one  sets 


v  r  =  u  •  r. 


(7.8.7) 


The  boundary  condition  is  thus  represented  by  the  form, 

fV)  +  fit*)  +  K  f (/*)  =  Rchiir).  (7  8  8) 

This  ordinary  differential  equation  may  be  solved  by  use  of  the  theory  of  Laplace  transforms 
Assuming  zero  initial  conditions  and  using  transform  pair  1.301  of  Ref.  Ill],  one  arrives  at  an 
expression  for  the  vector  dipole  strength  [12], 


f(r*)  =  cR$e  K°  f  u(T)e*°  sin  [-—  (/  -  r)]  dr. 
Ja  Rn 


(7.8  9) 


Here  the  lower  limit  a  is  customarily  taken  to  be  the  origin  of  time.  However,  to  insure  that 
f (t*)  eventually  vanishes  in  the  distant  past  one  can  set  a  = 

Equation  7.8.9  may  be  used  to  find  the  potential  field  and  acoustic  radiation  of  a  rigid 
sphere  set  into  steady  motion  u0  from  a  condition  of  rest  at  time  t  =  0.  For  this  case. 

_ C 

f  (/)  =  cRq  e  R°  Uo  f0  e  R°  sin  (t  —  r)  dr 

£  t  ~—i 

f(/)  =  \  R$  e  R°  u0  [l  -  e  R°  (sin  t  +  cos 
1  ao 

_ C_  t 

f(r)  =  c/?02  u0  e  R°  sin  •—  t  (7  8  10) 

“o 

f (/)  =  -  c27?0u0  e  R°  [sin  t  -  cos  -~r] 


fit)  —  -  c2Rn  Unf  S°  V2  sin  (~z~t  -  tt/4). 
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These  five  formulas  allow  one  to  find  the  fluid  velocity  everywhere  by  use  of  7.8.6.  When, 
however,  the  field  point  is  at  very  great  distance  r,  only  the  last  term  in  7.8.6  is  significant. 
Thus,  far  from  the  sphere,  at  retarded  time  /*, 

v(r,  t*)  =  -  f (u o  r)  yfi.  —  exp  sin  (~tf  -  tt/4).  (7.8.11) 

r  R{)  Rt) 

This  formula  is  remarkable.  It  states  that  a  sudden  uniform  velocity  motion  of  a  sphere  from 
rest  in  a  compressible  medium  results  in  a  distant  fluid  velocity  in  the  form  of  a  decaying 
sinusoid  whose  initial  amplitude  is  the  component  of  the  initial  uniform  velocity  in  the  direction 
of  observation  modified  by  spherical  divergence. 

The  total  instantaneous  acoustic  power  radiated  from  the  transient  motion  of  the  sphere  is 
obtained  by  integration  over  a  sphere  of  radius  r: 

W(t*)  =  J  pcv/  dS(r) 

Since  the  coordinate  axes  can  be  aligned  arbitrarily  one  can  take  u0  =  r  =  |u0|  cosfl.  Hence, 

W(t*)  =  pc  2  Rq  f  f  exp  (-2 sin2  (~r*  -  tt/4)  cos20  —■  sin  Oddd<t> 

0  0  Ro  Rq  r 

W(t*)  =  uq  rcRq  exp  (--—-t*)  sin2  (-§-1*  -  rr/4).  (7.8.12) 

i  R  o  R  o 

By  changing  variables,  ct*/R 0  =  jt,  and  using  the  formula, 

J.  oo  j 

e~u  sin2  xdx  =  — 
o  8 

it  is  seen  that  the  total  energy  radiated  over  all  time  is, 

W  =  y  u^pRl  (7.8.13) 

This  is  1/2  of  the  kinetic  energy  (1/2  Mutf)  of  the  mass  M  of  medium  in  the  volume  of  the 
sphere  accelerated  from  rest  lo  uniform  velocity  r/0. 


7.9  SOUND  GENERATED  IN  LIQUIDS  BY  SPLASHES 

The  sound  made  by  entry  of  objects  form  a  gaseous  medium  (air)  into  a  liquid  medium 
(water)  is  attributable  to  several  mechanisms:  in  the  gas  the  mechanisms  are  (1)  transient  pas¬ 
sage  through  the  interface  (2)  vibrations  of  the  penetrating  object  (3)  the  ejection  of  spray  from 
the  initial  splash  and  from  secondary  splashes  (4)  the  resonant  vibration  of  cavities  in  the  liquid 
formed  by  the  objects  (5)  the  breaking  of  bubbles  on  the  free  surface.  In  the  liquid  the 
mechanisms  are  (l)  transient  passage  through  the  interface  (2)  vibrations  of  the  penetrating 
object  (3)  oscillations  of  gas  bubbles  and  cavities  (4)  secondary  splashes. 

In  the  following  discussion  these  various  mechanisms  are  codified  into  3  types  called 
phases  of  sound  separation:  (a)  flow  establishment  phase  (b)  object  vibration  phase  (c)  cavity 
and  bubble  phase. 
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7.9  Sound  Generated  by  Splashes 


M 


If  the  objects  entering  the  liquid  have  arbitrary  shape  the  mathematical  description  of  the 
radiated  sound  is  complex.  It  is  therefore  useful  to  consider  only  simple-shaped  objects  such  as 
spheres,  circular  pistons,  etc. 

7.9a  SOUND  GENERATED  BY  THE  IMPACT  OF  A  HIGH  VELOCITY  RIGID  SPHERE 
ON  A  LIQUID 


Flow  establishment  phase 

Let  a  rigid  sphere  radius  a,  moving  vertically,  strike  the  horizontal  free  surface  of  a  liquid 
(density  p  and  sound  speed  c)  with  velocity  V0.  Assume  first  the  impact  velocity  is  supersonic. 
The  initial  flow  in  the  liquid  is  for  a  very  short  duration  (also  supersonic)  approximately  equal 
to  (1/2)  (a/c)  (Vq/c).  Such  a  flow  generates  acoustic  radiation  composed  mostly  of  very  high 
frequency  (short  wavelength)  components  directed  radially,  as  from  a  hemisphere.  It  can  be 
thought  of  as  a  simple  source,  Eq.  (7.1.22),  and  modelled  as  a  piston  of  radius  a  impacting  the 
liquid  and  radiating  sound  into  halfspace  with  source  strength  £(t)  =  i ra2V(t- r/c). 


A  first  estimate  of  the  radiation  in  obtainable  from  (7.2.2)  by  replacing  some  speed  C 
with  supersonic  velocity  V0,  then  because  of  the  very  short  time  duration  of  impact  at  /  =  0, 
expanding  the  exponential  to  two  terms: 

M 

'  •  (7.9.1) 

The  c  in  r/c  is  retained  because  at  distance  r  one  assumes  the  initial  supersonic  flow  has 
become  sonic.  This  formula  is  valid  for  time  (1/2)  (aV^jc2).  After  this  time  the  flow  is 
thought  to  be  subsonic. 


p(r,  t)  =  p  V o  ~ 


..LX 

c  a 


,\ 


$ 


nm 


In  the  regime  of  subsonic  hydrodynamic  flow  the  slug  of  water  pushed  into  the  liquid  by 
the  entering  object  constitutes  a  source  of  sound  whose  characteristics  wavelength  is  such  that 
within  one  such  wavelength  of  the  free  surface  the  source  is  strongly  coupled  to  the  surface  and 
is  thus  accompanied  in  its  travel  by  its  image  (or  out-of-phase  reflection).  The  source  and  its 
image  thus  constitute  a  moving  acoustic  dipole.  An  estimation  of  the  vertical  dipole  strength 
D( t)  (units:  m4s_l)  of  this  source  is  quite  complicated:  one  procedure  for  making  this  estimate 
is  to  construct  a  fictitious  "pseudobody"  made  up  of  the  (time- varying)  submerged  portion  of 
the  real  object  as  it  penetrates  the  surface,  and  its  image  (by  reflection)  in  the  free  surface  [1]. 
This  pseudobody  at  any  instant  is  treated  as  if  fully  submerged.  To  estimate  its  instantaneous 
dipole  strength  it  is  fixed  in  space  momentarily.  One  then  replaces  it  by  a  set  of  simple  sources 
and  their  images.  Each  pair  of  simple  sources  consists  of  volume  velocities  V'dA , ,  VdA2  where 
dA  |,  dA2  are  the  horizontal  components  of  incremental  area  on  the  real  and  image  bodies 
respectively.  The  distance  between  each  simple  source  at  dA  (  and  its  image  at  dA2  is  l(z).  The 
dipole  strength  is  then 
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(7.9.2) 


in  which  L  is  the  length  of  the  real  submerged  object  and  z  -  z(t).  This  approximation  is  valid 
for  far  field  radiation,  but  is  not  useful  in  describing  the  pressure  on  the  surface  of  the  object  as 
it  enters  the  liquid.  A  second  procedure  in  estimating  dipole  strength  is  to  neglect  the  contribu¬ 
tion  of  the  images  and  consider  radiation  into  half  space  from  the  real  body.  Then 


2  (' 0-0  % 

J  0  fit  fie 


(7.9.3) 


[14]  in  which  z  =*=  z(t)  and  A  =  A  (s)  is  the  horizontal  cross-sectional  area  of  the  body  as  a 
function  of  vertical  distance  s  from  the  nose  of  the  body.  For  a  rigid  sphere,  radius  a,  one  has 
A  —  rr  (2 as  -  s2).  Hence  its  instantaneous  dipole  source  strength  is. 


2irz2  —  (3 a  -  z)/3 


(7.9.4) 


If  the  pseudobody  is  blunt  one  must  multiply  D(t)  by  b ,  the  bluntness  factor,  which  is  the  ratio 
of  the  average  distance  from  nose  to  tail  around  the  body  to  the  distance  from  nose  to  tail 
through  the  body.  For  long  slender  bodies  b  =  1;  for  spherical  bodies  b  —  3/2. 

When  the  sphere  impacts  the  free  surface  at  angles  other  than  vertical  the  radiation  of 
sound  in  the  liquid  is  of  thequadrupole  type.  A  discussion  of  the  quadrupole  source  strength 
(defined  in  7.1.19)  for  the  case  is  given  by  Ref.  [14]. 

Object  Vibration  Phase 

When  a  high  velocity  uncompressible  sphere  strikes  the  free  surface  of  a  liquid  the  sphere 
is  set  into  vibration.  The  lowest  mode  of  free  vibration  is  spheroidal  in  which  the  sphere  is  dis¬ 
torted  into  an  ellipsoid  of  revolution,  becoming  alternately  prolate  and  oblate  in  shape.  The 
frequency  of  this  vibration  is  the  value  of  w  given  by, 


—  “  0.848,  k  =  c,- 

v  c,  V  p 


(7.9.5) 


[15].  When  the  direction  of  entry  of  the  sphere  is  vertical  and  the  flow  phase  is  subsonic  the 
sound  generated  is  predominantly  dipole  in  nature.  The  dipole  source  strength  can  then  be 
estimated  by  first  calculating  the  (normal)  surface  velocity  v(s)  due  to  spheroidal  motion  at  fre¬ 
quency  tu  in  7.9.5  and  then  adding  v(s)  to  dz/dt  in  7.9.3.  This  procedure  requires  an  explicit 
knowledge  of  the  forces  generated  by  impact  and  the  kinematics  of  the  entry  of  the  object  into 
the  liquid. 

Cavity  and  Bubble  Phase 

The  entry  of  a  high  velocity  object  moving  from  air  into  the  free  surface  of  a  liquid  gen¬ 
erally  creates  a  cavity  and  entrains  air  bubbles.  Under  the  action  of  unbalanced  forces  the 
entrained  bubbles  vibrate  or  collapse  completely.  The  theory  of  the  radiation  of  sound  from 
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collapsing  bubbles  in  freespace  is  presented  in  Secs.  10.5b  and  10.5c  of  this  treatise.  The  effect 
of  the  liquid  surface  in  modifying  (unbounded  domain)  acoustic  radiation  from  oscillation  or 
collapsing  bubbles  into  the  liquid  is  described  in  Sec.  ll.le.  When  the  bubbles  are  physically 
located  within  a  wavelength  (of  the  characteristic  frequency  of  bubble  oscillation)  of  the  free 
surface  their  radiation  is  dipole  in  nature.  To  predict  this  radiation  one  notes  that  essentially,  if 
the  monopole  radiation  of  a  bubble  oscillating  at  frequency  /  in  a  free  field  is  calculated  by  use 
of  Sec.  11.2,  the  effect  of  proximity  to  the  free  surface  is  obtained  by  multiplying  this  radiation 
by  the  factor  kd  cos  9 ,  where  /c(=  w/c  =  2irf/c)  is  the  wavenumber  of  the  medium  of  acoustic 
propagation,  d  is  the  dipole  separation  distance  (small  relative  to  wavelength  X  =  c/f)  and  9  is 
the  polar  angle  measured  from  the  normal  to  the  free  surface.  This  procedure  provides  a  good 
farfield  approximation. 


The  cavity  formed  by  the  penetrating  object  undergoes  transient  distortion  and  thus  itself 
radiates  sound.  A  useful  approximation  in  predicting  this  radiation  (in  the  liquid)  is  to  model  it 
as  cavitation  noise.  The  theory  of  cavitation  noise  is  treated  in  Secs.  10.6  and  10.7  of  this 
treatise. 

7.9b  PRESSURE  LEVEL,  PULSE  SHAPE  AND  ENERGY  SPECTRA  OF  ACOUSTIC 
RADIATION  IN  WATER  GENERATED  BY  VERTICAL  IMPACT  OF  SINGLE  DROPS, 
AND  RAIN 


K 


A  spherical  water  droplet,  radius  a ,  impacting  a  free  water  surface  with  (normal)  velocity 
V  generates  a  sound  pressure  pulse  in  the  water.  The  shape  of  this  pulse  is  generally  reproduci¬ 
ble  and  has  the  appearance  shown  in  Fig.  7.9.1.  The  similarity  of  this  figure  to  pressure  pulses 
due  to  explosive  sound  may  be  observed  by  referring  to  Chapter  XI  of  this  treatise.  In  particu¬ 
lar  similar  formulation  of  the  sound  energy  £  radiated  into  the  water  is  found  from  the  general 
radiation, 

£-  f  dAis)  dt  ^-(r,  t)  (7.9.6.) 

U  -oo  pc 

in  which  pi r,  t )  is  the  sound  pressure  at  radius  Irlland  time  t.  In  the  calculation  of  £  a  usual 
procedure  is  to  filter  pis,  t)  through  a  sequence  of  broadband  filters  to  obtain  the  time- varying 
pressure  signature  pa(r,  t)  in  each  band.  If  the  geometric  mean  frequency  of  a  band  is  desig¬ 
nated  /  the  pressure  pA(r,  ()  can  be  considered  as  that  due  to  a  "steady  state"  dipole.  From 
5.4.8  and  5.3.10a  it  is  seen  that  when  near  field  is  included,  the  steady  state  dipole  intensity  is 
given  by. 


El  = 

pc 


Qi  k*  cos2  9 


(4tt)2 


pc 


4t t/2R: 


+  1 


units: 


Nm 


sm 


(7.9.7) 


in  which  Q2  is  the  dipole  source  strength  in  units  of  m4/s.  Now  when  pf  is  measured  as  a 
time-varying  pressure  in  (say)  half-octave  bands  the  source  strength  Q2  is  a  time-varying  quan¬ 
tity.  The  measured  pressure  can  be  normalized  with  respect  to  9 ,  / and  pc,  to  make  it  indepen¬ 
dent  of  nearfield  and  angle,  and  then  integrated  only  over  the  time  coordinates  to  give  the 
time-averaged  energy  per  unit  area.  Final  multiplication  by  the  area  of  a  hemisphere  (2v  R7) 
gives  the  energy  £1/2  in  (say)  a  half-octave  band  at  near  frequency  /, 
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Fig.  7.9.1.  The  typical  shape  of  the  sound  pres¬ 
sure  pulse  radiated  into  the  water  by  the  vertical 
impact  of  a  water  droplet  after  ID 


2nR2 


M/2 


3pc  cos2  0 


1  + 


QnfR 


f  p\u(R,  t)dt,  (units:  Nm).  (7.9.8) 


The  factor  3  is  inserted  because  the  dipole  amplitude  M0|)  (see  Eq.  5.4.8)  is  normalized  to  be 
inversely  proportional  to  V3,  hence  the  dipole  energy  is  inversely  proportional  to  the  numeric  3. 
In  an  experiment  of  water  droplets,  inpacting  a  water  surface  the  half-octave  energy  spectra  of 
0.14  cm,  0.24  cm,  0.29  cm  and  0.35  cm  droplets  striking  the  free  surface  at  impact  velocities 
200  to  700  cm/sec  were  obtained.  The  results  [14]  are  reproduced  from  here  as  Fig.  7.9.2.  In 
this  figure  it  is  seen  that  the  maximum  underwater  acoustic  noise  energy  radiated  by  a  single 
water  droplet  (0.35  cm)  impacting  the  surface  at  700  cm/sec  as  measured  in  a  half-octave  band 
at  the  geometric  mean  frequency  of  (approximately)  4  kc  is  nearly  3  x  10-3  erg.  The  data  of 
Eq.  (7.9.2)  can  be  condensed  into  the  dimensionless  plot,  Fig.  7.9.3.  In  this  figure  T  is  the 
kinetic  energy  of  the  droplet  at  impact  and  M  is  the  mach  number  ( VJ c0)  of  the  droplet  or 
impact. 


Figures  7.9.2  and  7.9.3  give  measured  energy  of  impact  noise  of  single  water  droplets. 
The  noise  due  to  the  bubble  component  of  the  underwater  sound  energy  from  a  splash  of  a 
water  droplet  has  also  been  measured  [1].  The  results  are  reproduced  here  as  Fig.  7.9.4.  This 
figure  shows  that  the  formation  of  bubbles  by  entrainment  from  impacting  water  drops  and 
their  subsequent  radiation  of  sound  are  erratic  processes  and  not  easily  predictable.  However 
on  comparing  the  half-octave  energy  spectra  of  noise  of  impact  with  the  noise  of  subsequent 
bubble  oscillation  it  is  concluded  that  upon  averaging  over  many  droplets  the  two  energies  are 
about  equal. 
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Fig.  7.9  4.  The  half -octave  frequency  spectra  of  the  bubble  part  of  the  sound  energy  radiated 
into  the  water  by  the  splashes  of  single  water  droplets  [after  [14)1. 

Figure  7.9.3  may  be  converted  to  a  more  useful  form  by  conversion  from  energy  in  half¬ 
octave  bands  to  spectral  energy  E(v)dv  in  dimensionless  band  dv  =  ( a/V)df  This  represen¬ 
tation,  Fig.  7.9.5,  is  a  universal  curve  which  can  be  used  to  estimate  spectral  energy  density, 
£(p),  given  the  kinetic  energy  T  of  single  droplets  of  water.  The  abscissa  v  is  the  spectral  fre¬ 
quency  normalized  by  the  ratio  V0 la.  The  maximum  energy  is  near  /=  V<Ja.  By  use  of  such 
diagrams  one  can  estimate  the  sound  pressure  spectrum  level  SPL  in  a  1  Hz  band  of  the  noise 
radiated  underwater  by  a  spray  of  waterdroplets.  By  definition, 


SPL  =>  10  log10 

Pref 


(7.9.9) 


in  which  p}v  is  the  time-average  squared  pressure  level  and  p?e(  is  the  reference  level.  To  cal¬ 
culate  p}y  one  returns  to  7.9.8  and  chooses  an  integration  time  A  t  units  long  over  a  unit  area 
AS  covered  by  the  spray  in  the  free  surface, 

p2(R,  t)dt  3oc  cos2  q 


(units:  Nms  ‘m  2) 
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Fig  7  9  5  The  dimensionless  spectral  density  of  the 
sound  energy  radiated  into  the  water  by  the  impact  of 
single  droplets  of  water  or  by  the  splashes  of  a  spray 
of  water  droplets  after  III 


Assume  now  that  the  spray  area  is  bounded  by  a  circle  which  subtends  an  angle  a  from  a  point 
on  the  normal  through  the  center  h  units  below  the  surface.  Then  an  elementary  area  of  this 
spray  on  the  free  surface  is  given  by. 


in  which 


dS  *»  R2  sin  9  cos  9  d9d<f> 


R  cos  9. 


Thus, 


Pav  ”  ^ - /s  cos2  9  1  +  ]  J  R2  sin  9  cos  9  d9d4> 


-  jpclG(a) 
G(a )  —  (1  —  COS2  a)  + 


(7.9.11) 


c2(l  -  COS4  ») 

2  •  4t r2f2h2 


Now  one  can  define  /  in  terms  of  Fig.  7.9.5  by  introducing  the  kinetic  energy  (per  unit  time  per 
unit  area)  of  the  spray,  (l/2)pF02?C  where  ?^is  the  volume  of  droplets  impinging  on  the  free 
surface  per  unit  of  time  per  unit  of  spary  area, 


i=\pv}r 


(7.9.12) 


Since  M3  —  F^/c3  and  since  the  maximum  sound  energy  is  radiated  at  frequency  /  where 
fa!  V0  —  1  it  is  seen  that  per  unit  band  of  frequencies 


(7(a),  (units:  N2sm  4). 


(7.9.13) 


Choosing  MKS  units  throughout  and  a  reference  pressure  of  one  micropascal  ( 1 0-6  Nm~2)  per 
unit  band,  the  sound-pressure-spectrum  level  underwater  of  a  circular  area  spray  of  droplets, 
whose  single  droplet  kinetic  energy  at  impact  velocity  V0  is  T,  is  given  in  units  of  dB/re  1  pPa 
per  unit  band  by 
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SPL-  120+  10log10  p2V$ar  ^  G(a) 


(7.9.14) 


in  which  E(v)/TMl  is  taken  from  Fig.  7.9.5  at  v  —  1. 


When  the  spray  area  is  other  than  circular  in  shape  one  can  calculate  p}y  by  7.9.1 1,  using 
however  the  appropriate  expression  for  the  elementary  area  dS  as  a  function  of  spherical  coordi¬ 
nates  R ,  9 ,  <f>. 

7.9c  SOUND  RADIATED  UNDERWATER  BY  IMPACT  OF  RAIN  ON  THE  WATER 
SURFACE 

To  calculate  the  underwater  sound  caused  by  rain  one  can  use  7.9.14.  However  it  is 
necessary  to  know  the  impact  velocity  F0,  size  of  droplet  a  and  the  volume  rate  V.  In  the  case 
of  rain  both  a  and  V0  are  functions  of  rate  of  rainfall  (16).  Using  the  data  from  this  reference 
in  7.9.14  Franz  [14]  has  calculated  estimates  of  sound-pressure-spectrum  level  caused  by  rain. 
His  results  are  reproduced  here  in  Fig.  7.9.6.  For  comparison  this  figure  displays  the  level  of 
ambient  noise  at  sea  state  1  in  the  sea  (excluding  shipping  noise)  as  a  dotted  line  versus  fre¬ 
quency.  It  is  seen,  for  example,  that  a  rainfall  rate  of  1  in.  per  hour  is  anticipated  to  raise  the 
noise  in  the  sea  by  about  10  dB  re  2  x  10-4  dipole/cm2  per  1  Hz  band  above  sea-state  1  in  the 
frequency  range  of  approximately  400  Hz  to  10  kHz.  Such  estimates  are  valid  as  long  as  the 
depth  of  measurement  is  greater  than  one  wavelength  from  the  surface.  However,  since 
attenuation  accompanying  propagation  is  not  included  in  this  figure  it  must  be  accounted  for  by 
application  of  propagation  theory  if  measurements  are  made  at  points  very  deep  in  the  sea. 
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Fig.  7.9.6.  The  estimated  sound  pressure-spectrum  levels  of 
the  underwater  sound  from  the  impact  of  rain  on  the  sur¬ 
face,  at  depths  greater  than  a  wavelength  from  the  surface 
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When  the  band  of  frequencies  is  made  very  wide  one  can  summarize  Fig.  7 
approximation  formulas  for  the  sound  pressure  level,  SPL: 

(1)  for  a  band  0.1  to  10  kHz,  SPL  =  106  +  145  logm  V 

(2)  for  a  band  0,1  to  100  kHz,  SPL  =  109  +  14.5  log,0  V 
in  which  the  units  of  SPL  are  dB  re  1  /*Pa. 
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7.10  RADIATION  OF  SOUND  FROM  A  POINT  FORCE  IN  MOTION 


A  point  force  f  per  unit  volume  located  at  y  undergoes  accelerated  motion  V  (r),  radiating 
sound  to  observation  point  x.  By  use  of  the  method  of  Lighthill,  Curie  (see  Eq.  8.7.1),  the 
acoustic  pressure  at  x  is  found  to  be. 
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<1 
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dV 


(7.10.1) 


in  which  the  brackets  indicate  evaluation  at  retarded  time  t' -  t  -  r/c,  where  r  =  |r|, 
r  =  x  —  y.  Now  f  is  a  concentrated  force  and  is  represented  by  f(/)  8  (y  -  y0).  Thus  one  is 
required  to  find  the  divergence  V  •  (f(/)  8  (y  -  y0))  in  which  y0  =  ,y0(f').  By  proper  attention 
to  the  square  brackets,  it  may  be  shown  following  Lowson  [17]  that  the  far  field  pressure  /?,  is 
given  by 


Pi  = 


4ir  r(c  —  V  ■  n)2 


?/ 

a/ 
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dr 

dr 

t—V  ■ 


in  which  n  is  a  unit  vector  in  direction  of  r.  Similarly,  the  near  field  is  given  by 


(7.10.2) 


(7.10.3) 
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CHAPTER  VIII 

THEORY  OF  RANDOM  RADIATION  FROM  A  SURFACE 


8.1  PARAMETRIC  EQUATIONS  AND  DISPLACEMENTS  OF 
A  RADIATING  ELASTIC  SHELL 

Let  a„  a2  be  the  curvilinear  coordinates  of  a  surface  S  in  a  rectangular  coordinate  system  x,  y,  z. 
A  location  vector  r  from  the  coordinate  origin  to  point  x„  y„  z,  on  the  surface  is, 

r(o„  <»j)  =  x.Co',,  a2)e,  +  J'lfa,.  cr2)e2  +  z,(q-,,  o2)e3  (8.1.1) 

in  which  e,  is  a  unit  vector.  A  differential  change  dr  in  r  lies  in  the  surface  and  its  magnitude  squared 
is dr'dr  =  ( ds )J  =  E(da,y  +  lFda,da2  +  G(da2y.  Assume  a,.  o2  are  orthogonal  so  that  curves  o, 
=  const,  a2  =  const  form  an  orthogonal  net.  Then, 

(ds)1  =  AKda,)1  +  Al(da2y  (8.1.2) 


where  A  |(=  VE),  A2=  (VG )  are  the  scale  factors,  and  F  ~  0. 

At  point  x„  yt,  z,  let  the  displacement  vector  be, 

d  =  u,  a,  +  u2d2  +  wa,  (units:  m) 

in  which  a,  are  unit  vectors  in  the  direction  of  a,  =  const,  a2  =  const  and  the  outward  normal  n, 
defined  as  pointing  from  the  concave  to  the  convex  side.  In  general  d  is  a  function  of  a„  a2  and  time 
t.  To  describe  it  we  assume  an  expansion  in  functions  Qm(au  a2)  which  are  orthogonal  in  coordinates 
a  i,  a  2  over  the  surface, 


d(o i,  a 2,  t )  = 


q»(t)Qm(<*  1,0/2) 


(8.1.3) 


h 


is. 


K* 


m 


The  units  of  q„  are  m(=*  meters).  The  symbol  Qm  is  non-dimensional.  The  subscript  n  indi¬ 
cates  a  temporal  mode.  A  natural  choice  of  Q„  is  the  set  of  normal  modes  of  free  vibration 
whose  w’th  member  is, 


Qmcosoo„t  =  u,„(au  c/i)  coswj  a,  +  w2rl(cr,,  a2)  coswj  d2 

+  VVrt(fl'  1,  O'  2)  cosco„/  ci 3 


(8.1.4) 


where  w„  is  the  radian  frequency  of  a  normal  mode  of  free  vibration.  Since  the  normal  modes  are  or¬ 
thogonal  to  each  other  over  the  range  of  the  coordinates  a„  o2  one  may  express  this  orthogonality  by 
an  integral, 
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(a) 


Js  f  (0-*  Q.) 


A  ,A  2  dctxdoti 


6„„  Nm 


or 


(b) 


/./ 


(u,mu,„  +  uimUi„  +  wn,w„)A,A2da,dal  =  6„„N„ 


in  which 

=  1,  m  =  n 
6„„  =  0,  m  #  n 

(C)fsf  (u\„  +  u\„  +  w*)A,A2  da,  da2  =  N„,  (units:  m 2)  (8.1.5) 

Eq.  8.1.3  is  the  spectral  representation  of  the  displacement  and  is  fundamental  in  the  spectral  method 
of  solving  problems  in  the  forced  vibration  of  shells. 


8.2.  EQUATIONS  OF  MOTION  OF  A  SHELL  DRIVEN  IN  FORCED 
VIBRATION  BY  SURFACE  LOADS 

Let  p„  p2,  -  P  be  the  forces  per  unit  area  exerted  by  external  agencies  on  the  surface  in  the  a,  = 
const,  a 2  =  const,  and  normal  directions  respectively.  The  negative  sign  indicates  that  the  normal 
force  acts  into  the  surface.  Upon  substitution  of  8. 1 .3  into  the  equations  of  motion  of  a  thin  materi¬ 
ally  homogeneous  and  elastically  isotropic  shell  [1J  it  is  found  that  the  spectral  method  of  solving 
them  leads  to  a  set  of  three  ordinary  differential  equations. 


[eh  d2«”  +  A 

+  (k  +  eha>i)q„  l  <  u2, 

-  \  P,  (0  \ 

-  ■  aw  y 

(8.2.1) 

1  dt 1 

dt  J  j  w„ 

.  J  1  -ml 

in  which  A  represents  the  damping  coefficient  (units:  Nsm  3),  k  the  spring  constant  of  the  “founda¬ 
tion”  supporting  the  shell  (units:  Nnr J)  h  is  the  shell  thickness  (units:  m )  and  e  is  its  mass  density 
(units:  Nslm~*).  Since  this  infinite  set  must  obey  8.1.5,  each  equation  is  multiplied  by  Ulm>  W m 
respectively,  then  added,  then  integrated  over  the  orthogonality  ranges  of  the  surface.  This  procedure 
reduces  8.2.1  to  one  equation  (as  required)  for  determining  q„. 


(a)  -t’  {q„(t)\  =  1  Gn(t) 

gh 


in  which 


(b) 


if  =  t 


t 

'■  dT  oh 


d  +  (k  +  ghwi) 


gh  dt 


eh 


) 


(8.2.2) 


(c) 


G„  =  J _ jsj  (p,u,„  +  PiUtr,  -  pw„)  A,Aida,dai  (units:  N/nv) 

N. 


It  is  to  be  understood  that  orthogonality  of  free  modes  is  a  valid  assumption  only  if  the  shell  is 
homogeneous  and  isotropic.  The  initial  conditions  of  displacement  «,(0),  W;(0),  w,(0),  and  of  velocity 
M|(0),  Kj(0),  w(0),  are  also  represented  by  spectral  expansions, 
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8.2  Equations  of  Motion  of  a  Shell  Driven  by  Surface  Loads 


(a)  h,(0)  =  9.(0)  u,„,  i  =  1,  2,  3 

n=  I 

(b)  u,{ 0)  =  J.  9.(0)  ut„  i=  1,2,3 


(8.2.3) 


Application  once  more  of  the  orthogonality  of  normal  modes  leads  to  explicit  forms  for  qn(0),  9.(0): 

(a)  9.(0)=  ..  I .  XX  (u,(0)u,„  +  u2(0)  w2.  +  w(0)w„)  AlA2datda2 

N„ 


9.(0)=  1  j X  (“>(0)“'"  +  “40)«2.  +  w„(0)w„)  AtA2daxda2 

N. 


(8.2.4) 


The  solutions  of  8.2.2  fall  into  these  categories: 


(1)  Complementary  solution 

If  there  is  an  initial  displacement  u,(0)  and/or  an  initial  velocity,  «,(0)  the  shell  responds  in 
each  mode  with  a  decaying  vibration  (underdamped,  critically  damped,  or  overdamped). 

(2)  Particular  solution 

This  is  the  part  of  the  general  solution  caused  by  the  forcing  function  G„(/).  If  G„(/)  is  a  unit 
impulse  (that  is,  a  delta  function)  the  response  of  the  shell  is  the  impulse  response  h(t).  If  G.(/)  is  a 
steady  state  sinusoid  at  frequency  cu  the  response  of  the  shell  is  the  complex  frequency  response  H( tu). 
A  basic  result  of  Fourier  analysis  is  that  h(t)  and  H(w)  are  Fourier  transform  pairs, 


h(t)e““'dt 


(8.2.5) 


We  now  omit  from  further  consideration  the  effect  of  initial  conditions.  The  amplitude  q„(t)  is  then 
only  the  particular  solution.  It  depends  on  the  magnitude  of  damping.  Three  cases  are  obtained  b> 
applying  the  method  of  the  Laplace  transform  to  8.2.2b. 


(a) 

Case  I. 

(  "  ' 
V  2 Qh  j 

£  +  “l) 

Solution: 

9.(0  =  *  J  G„(t)  0  ^  sin  y„(t  - 

Qhy.  0 

t)  dr 

ri~ 

^  -  (  *  'l  (units:  S  *) 

Qh  V  2gh  J 

(b) 

Case  II. 

V  Iqh  , 

j-iir-") 

Solution: 

9.(0  = 

*  X  G.(t)  {t  -  r)r*('  0  ^  dr 

Qh 

(8 

(c) 

Case  III. 

(  A 

V  2 eh 

/>(-£  *-) 

Solution: 

q„(t)  = 

*  J  G.(t)  ektl  T*  2‘'*  sinh  y-(r  -  t)  dr 

Qhy,  0 

These  equations  allow  one  to  calculate  shell  responses  to  forced  drive. 
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8.3  TEMPORAL  IMPULSE  RESPONSE  OF  A  HOMOGENEOUS  ISOTROPIC  SHELL 

We  consider  now  that  the  loading  on  the  shell  surface  is  due  only  to  a  normal  force  per  unit 
area,  P(a,.  a2,  /)•  Assume  the  time  variation  is  an  impulse  at  t  =  0, 


P(a,,  a 2,  0  =  a2)  Tu  6(t) 


(8.3.1) 


Here  p,  is  an  impulse  amplitude, 


p((a,.  o2)  T„  =  J  P(a„  a2,  t)  dt,  (units:  Nsm~‘) 


From  8.2.2c, 


(a)  G.(t)  =  6(t)p,.  T0 


(units  :Nnr‘) 


(8.3.2) 


where, 


(b)  P„  =  1  fj  p,(a,,  a2)  w„(a,.  a2)  A  ,A2  da,da2  (units:  Nm~!) 


Of  the  three  cases  given  by  Eq.  8.2.6  we  take  Case  1  (lightly  damped)  to  be  most  representative  of  low 
frequency  radiation  problems.  Substituting  8.3.2  into  8.2.6a  gives  the  temporal  impulse  response  in 
the  n’th  mode.  Superposition  of  all  modes  then  leads  to  the  total  impulse  response  8.1.3: 


w{a„a2,t)  =  U( 0)  JL  X  Pt;To  e  *'  sin  yj  w„(alt  02),  (units:  m) 
eh  y. 


(8.3.3) 


This  equation  states  that  under  the  influence  of  a  spatially  averaged  force  impulse  the  temporal 
response  at  surface  coordinates  »„  a2  is  a  sum  of  all  modes  in  the  form  of  lightly  decaying  sinusoids. 
The  step  function  L/(0)  indicates  that  the  response  begins  at  /  =  0.  To  obtain  the  unit  impulse  h(t) 
response  in  the  /t’th  mode  we  regroup  the  symbols: 


(a)  w„(a,.  a 2,  t)  =  A„[T„h„(t)\ 


so  that 


(b)  A„  =  <*i)  (units:  m) 

ehyi, 


(:)  h„(t)  =  yn  exp(-A//2p/j)  sin  yj  (units:  s"1) 


(8.3.4) 


[he  essential  step  here  is  to  make  A„  have  the  dimensions  of  a  displacement  by  multiplying  and 
Jiv idmg  by  y„. 

lo  obtain  the  steady  state  one  may  use  8.2.5: 


8.3  Temporal  Impulse  Response  of  a  Homogeneous  Shell 


HX  to)  =  JL  U( 0)  y„  e~i,/ll/h  sin  yje"*'  dl 

From  a  table  of  integrals  [3],  it  is  seen  that, 

HX <u)  =  _ ! _  (units:  none)  (8.3.5) 


1  -  ( 

-i  +  ( 

X  ) 

\ 

V  y.  ) 

Qhyl  \ 

2 ghy„  J 

The  symbol  H(co)  is  the  complex  frequency  response  or  complex  transfer  function  of  the  vibrating 
shell.  It’s  fundamental  property  is  that  it  is  nondimensional.  The  procedure  for  obtaining  H( co)  is 
generalized  in  the  following  way:  for  time  given  by  exp(-/'o>0  one  replaces  d/dt  by  -uo  in  8.2.2b. 
Then  one  defines  a  quantity  y 2  such  that 

(-  'cu)  =  y2 

so  that 

H{ w)  =  ("l  -  ^  W  J 
L  yi 


In  the  time-domain  we  recast  8.2.2  in  the  form, 

(  —  +  A  \ 

(a)  8Xt){qXt)}  =  [l  +  V  dt  2 Qh  )  _  j  qXt)  =  FXt)  (8.3.6) 


(b)  FXt)  =  G"(/)  (units:  m) 

ehl 

Here  FXt)  is  the  equivalent  force  in  the  n’th  mode  expressed  in  units  of  meters  and  $  „(0  is  a  unit 
nondimensional  operator.  For  a  temporal  loading  G„(0  the  temporal  amplitude  qXt)  is  obtained  by 
convolution: 

(a)  <7.(0  =  X,  F„(r)h(t  -  T)dr 

(b)  <7-(0  =  J  ft.(r)  FXt  ~  r)dr  (8.3.7) 

^  O 


Thus,  using  8. 1 .3  and  8. 1 .4,  the  normal  component  of  displacement  due  to  F(t)  is, 

O'  o 

W(o,.a2,0=  X(J  /i„(t)  FXt  ~  T)dr)  wn(a,.  a  X 

..I  J  O 


(8.3.8) 


We  next  take  the  normal  component  of  loading  P(a ,.  alt  I)  to  be  a  stationary  random  process  of 
time.  It  follows  then  that  »v(o,.  alt  t)  is  also  a  random  process  whose  autocorrelation  is. 
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♦  T  oo  00 

R„(a„  a2,  t)  =  lim  _L_  J  r  j  X  /j„(t,)  F„(f  -  t.)  rfr,  w„(a,,  a2)J  (8.3.9) 


hm{ti)  Fm(t  -  t  -  t2)  dr2  wm{‘ 


a,.a2)  | 


Two  cases  of  8.3.9  are  possible:  (1)  the  modes  m ,  n  are  uncoupled,  that  is,  are  uncorrelated. 
Then  all  terms  m  *  n  in  the  double  series  are  zero.  (2)  the  modes  m ,  n  are  correlated.  We 
considered  here  only  the  first  case  and  sum  only  the  terms  m  =  n.  For  the  w’th  term  then: 

y  oo  ou 

/?„,,  =  *v2(a„  a2)  lim  A.  f  dr  f  h„(r,)  F„(t  ~  T,)dT,  J  h„(i2)  F„(t  -  t  -  t2)  dr2 

7—00  LI 

The  total  lag  between  the  exciting  forces  is  t  -  tj  -  (/-  t  -  t2)  =  t  +  t2  -  t,.  Interchanging  the  order  of 
integration  and  noting  that, 


/ 

Rt  =  lim  _ L  f  TF„(t)  Fn{j  +  t2  -  t,)  dt  (units:  m1) 

r-  *  IT 

po  oo 

Rwn(al,a2,  t)  =  w„J(a„  o2)  X  h(T,)dT,Jo  h{T2)RF(T  +  Ti-T,)dTz  (8.3.10) 


it  is  seen  that 


Now  by  definition  the  power  spectral  density  |SH,,I(a1,a2,<o)|2  is  the  Fourier  transform  of 


oo 

|S„„(o,,o2,  cu)|2  =  2  f  a>Rw„(a„a2,T)e‘u',dT 


(8.3.11) 


The  factor  2  is  inserted  for  this  reason:  the  spectral  density  contains  real  power  for  both  positive  and 
negative  frequencies  while  the  real  power  in  /?„„  is  only  in  the  positive  frequencies.  Thus  |SH.,,(cu)  | 2 
contains  twice  the  real  power  in  the  n’th  mode.  Since  h(t)  =  0  when  t  <  0  one  can  extend  the  integra¬ 
tion  limit  from  0  to  -  00 .  Letting  t,  =  t  +  t2  -  t,  so  that  exp  iut  =  exp  +  /cut,  exp(-/cuT2)  exp  (/cut,) 
and  using  8.2.5  it  is  seen  that, 

|Sw„(a,.  a2,  cu)| 2  =  H  „(oj)  H  n(- to)  |Sf„(cu)|2  w„2(a,.a2) 

and 

JU®..  ®i.  t)  =  (  1  /  „  |H„(cu)p|S,»!!  )  w„(o„  a2) 

V  2  2rr  / 

Noting  that  both  |//„(cu)|2  and  |Sf„(cu)|2  are  even  functions  of  cu  one  finds  the  temporal  autocorrela¬ 
tion  of  displacement  from  8.3.9  to  be, 

/?„(<»,,  <r2,  t)  =  Z  ^  |Wn(cu)P|St»|2c  "-"  J  w2(a„a2)  (8.3.12) 

When  the  modes  are  coupled  temporally  the  temporal  correlation  becomes  a  complex  number:  the 
single  series  is  replaced  by  a  double  series;  |//,(cu)|2  is  replaced  by  H„( cu)  Hm{~  cu);  |S,„(cu)|2  is  re¬ 
placed  by  the  cross-spectral  density  Sf„(cu)  Sf  j-  cu),  and  w‘  by  w„ 


364 


8.4  Theory  of  Randcm  Displacement  of  a  Shell 


8.4  THEORY  OF  RANDOM  DISPLACEMENT  DUE  TO  RANDOM  FORCES 
ACTING  ON  A  SHELL 

Let  the  normal  loading  on  the  shell  be  a  random  function  of  position  and  time,  P(r0 ,  /),  (units: 
Nm~2)  where  r0  =  (a„  a2).  Assume  it  vanishes  everywhere  outside  a  time  interval  (-  77 2,  77 2). 
The  average  power  W„  over  the  interval  will  be  proportional  to  P \ 

r/2  M 

WP{T)=  y  Jr  2  P(r0,  I)2  dt  =  y  ')!  dt’  (units:  NVm4)  (8.4.1) 

Let  P(r0,  co)  be  the  Fourier  transform  of  P(r0,  l), 

P(r0,w)  =  J  ^  P(r0,  i)e‘^dl  (units:  Nsm'1)  (8.4.2) 

then,  according  to  Rayleigh’s  theorem  for  the  Fourier  pair  co/, 

total  intensity  of  loading  =  P(ro,  t)!  dt  =  J^\P{r0,ai)\2  (8.4.3) 

2n 


The  average  intensity  (or  power)  of  loading  over  duration  T  is  then 

l"l(n=  l  J„jp(;0,co)p  (8.4.4) 

T  In 


We  next  define  an  average  intensity  density  y,,(co)  of  P(r„,  t)  such  that 

OO  00 

ri(71  =  _L  f  ?T,(a>)  AA  =  f  r,(o,)  (8.4.5) 

2  2n  2n 

The  factor  Vi  is  inserted  because  we  wish  to  calculate  power  in  terms  of  positive  frequencies  only  of 

*^(«). 

Comparing  8.4.4  with  8.4.5  shows  that, 

W,.{oj)=  A  |P(r0,  co)|2  (units:  /SPsnr*)  (8.4.6) 

T 


Now  in  accordance  with  8.1.3,  the  amplitude  of  normal  displacement  in  the  co-domain  is, 

w(r i,.  co )  =  2  <7„(co)  w„(ra)  (8.4.7) 

where,  from  8.3.6, 

qm(oj)  =  H.{ to)  F„( co)  =  —H„(w)  f  P{r"'  uj)  tv"(r")  </r0 

N.,Qhy!, 

and  where  wm(70)  is  a  spatial  mode.  The  time  iiveraged  power  density  of  displacement  8.4.7 
assumes  the  same  form  as  8.4.6: 


fK(rn,  co)  =  A  w(r,„  w)  w*(r„,  co) 


(8.4.8) 
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Substituting  8.4.7  into  8.4.8,  one  obtains, 

oo  oo 

% K(r„,  a .)  =  Z  S  w„(r0)  wm(i0)  //*(a,)  x 

N„Nne2h2yl 

I  j  —  P(r0,  co)  P*(r'0,  to)  w„(r0)  w„(r0)  dr0  dr'0 
T 


(8.4.9) 


Suppose  next  that  H(co)  is  written  in  the  form  of  magnitude  and  phase  so  that, 

//„M  H*(w)  =  |  H„(co)  I!  H„(co)  |  e*  t 

=  e.-om 

CO 

According  to  the  Wiener-Khintchine  theorem  [4]  the  power  density  of  random  normal  loading 
multiplied  by  phase  expf/cor)  is  equal  to  the  correlation  of  loading  at  delay  t  in  a  narrow  fre¬ 
quency  band  MT  units  wide: 


‘W'pif [>,  r o.  co) 


2_ 

T 


P(r0 ,  co)  P*(ro,  co)  e*“' 


/ 


T/2 

r/,  Pfro,  /)  t  +  -t)  dt 


(units:  fiPsnr*). 
(8.4.10) 


Thus,  Eq.  8.4.7  reduces  to, 


co)=  I  X  w„(r0)  w„(r0)  |  //„(co)  ||  //„(co)  | 

x  - ! -  J  J  "W p{r„,  r’0,  oj)  w„(fo)wm(r'o)dr0dr'o  (units:  m2s)  (8.4.11) 

NmN„e2hyn 

We  now  assume  that  the  correlation  of  loading  forces  is  homogeneous  in  space,  that  is,  it 
depends  only  on  the  vector  difference  f  =  70  —  T0.  We  introduce  the  space— time  spectrum, 

(a)  WP( K,  co)  =  irp(ico)e-*'‘dl  (units:  APsm-*)  (8.4.12) 

so  that, 

’  oo 

(b)  *;(«,  co)  =  ri<o)f« 

(2tt)j 

Returning  to  8.4.1 1  we  extract  the  double  integral  and  rewrite  it  with  8.4.12(b)  in  mind.  Then  we  first 
let  n  =  m  and  recall  that  the  correlation  is  homogeneous  in  space.  The  result  is, 

(a)  J  J  J  ^.(K.  co)  w„(/-0)  y,r-  w„(r,'>)  e'^dr„  dr0  dK 

=  J  Wp(K,w)\S..n(K)\2dK  (8.4.13) 

(b)  S„n(K)  =  J  w„(r0)  elK'r'dr„ 


(units:  m1) 
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The  power  spectral  density  of  normal  displacement  at  point  r„  for  uncoupled  modes  given  by  Eq. 
8.4.11  becomes, 


K(r0,  c)  =  I 


Wj{r0)\Hn^)V  f  sr(K_ 
Nie!hY„  J 


|S„,,(K)|2 


d  K 


(2tt); 


(units:  m  s) 

(8.4.14) 


A  physical  interpretation  of  this  result  states  that  the  spectral  power  of  the  forcing  load  in  both 
wavenumber  and  frequency  (=  ^,,(K,  ou)  is  available  to  drive  the  shell  structure.  The  structure 

selects  out  the  energy  in  frequency  bands  described  by  |//„(cu)|  2,  and  in  wavenumber  bands  described 
by  |S„„(K)|2.  The  structure  therefore  acts  as  a  temporal  and  spatial  filler  of  input  energy,  delivering 
this  energy  to  the  point  r0.  The  spatially  averaged  displacement  is  obtained  by  averaging  W},  over  the 
shell, 

<VV!>=  /  Wj{rn)  dra 
/  dr„ 


A  second  application  of  the  Wiener-Khintchine  theorem  shows  that  for  ergodic  processes  (which  are 
assumed  in  this  analysis)  the  temporal  autocorrelation  of  displacement  at  point  r0  of  the  shell  is 
related  to  the  power  spectral  density, 


R  T)  _  lim  _L  J  T  2  w(r0,  t)  w(r„,  i  +  r)  dt  (units:  m:) 

r-”  J 

R^r„,  t)  =  1  f  WSu.  w)  r . d 

2  2tt 

[4],  Now  when  t  =  0  the  correlation  Rw(r0, 0)  is  equal  to  the  mean-square  displacement  at  r„.  Thus  the 
time-averaged  displacement  ( =  mean-square  displacement)  of  the  spatially  averaged  displacement  is, 

<w2>  =  Z  <tv">  f  |//„(o))p  f  o;)|S.  (K)P  (units:  m2) 

"  Nlg'hY  2n  "  (2n)2 

in  which  K  is  the  2-D  space  of  wavenumbers. 


8.5  THEORY  OF  RANDOM  RADIATION 

The  total  acoustic  power  (nearfield  and  farfield)  developed  in  all  space  by  a  radiating  sur¬ 
face  S  driven  by  random  forces  P( 7„,  t )  (units:  Nm  2),  which  generates  a  directivity  pattern 
D(0,  <£)  is  given  by  6.6.17.  This  equation  requires  that  the  peak  amplitude  squared  I  VAi  |2  of 
the  normal  component  of  surface  velocity  be  known.  The  rms  amplitude  squared  is  just 
I  Vav\2I2.  To  find  it  we  use  8.4.15,  with  an  adjustment  to  represent  velocity  rather  than  dis¬ 
placement.  This  adjustment  is  made  by  the  replacement, 

/f(cu)  -  iw  H{u>)  =  H,( cu)  (8.5.1) 

with  //(cu)  again  given  by  8.3.5.  Thus  the  total  rms  power  radiated  to  the  farfield  is, 
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IV-  **<*>*{'«(' 
16t72  ° 


| D(6,  <j>)  |2  sin  Odd 


(8.5.2) 


in  which 


(b)  <w2>  =  Z  J  | //.(ca)  |j  J  Wp{K.  0))|  S„(K)|2  gjj 

"  A^c2*2yi  °  2tt  '  (2n)2 

in  which, 

^C(K,  w)  =  power  spectral  density  of  P(T0,  t)  Eq.  8.4.6,  8.4.12  (units:  N2sm~2) 
IS^CADl2  =  wavenumber  spectral  density  of  the  shell,  Eq.  8.4.13  (units:  m4) 

I H\ y (oj )  1 2  =  frequency  spectral  density  of  the  shell  excitation,  Eqs.  8.5.1,  8.3.5  (units:  s~2) 
<w„2>  =  space-averaged  orthogonal  function  squared,  Eq.  8.1.4 
=  normalization  of  w2,  Eq.  8.1.5c  (units:  m2) 
q  =  mass  density  of  shell  material  (units:  Ns2m~ 4) 
h  =  shell  thickness  (units:  m) 
y„  =  generalized  frequency  (units:  s_l)  Eq.  8.2.6(a). 

It  is  important  to  note  that  8.5.2b  is  a  sum  on  uncoupled  modes,  meaning  n  =  m  in  8.4.9.  Energy  to  a 
surface  point  r0  is  also  delivered  by  coupled  modes  n  +  m.  However,  the  displacements  due  to  these 
modes  tend  to  cancel  when  they  are  averaged  over  the  surface  because  of  the  orthogonality  of  H>„(rc). 

A  second  method  for  computing  the  radiation  from  a  surface  driven  by  random  loading 
makes  use  of  the  correlation  function  for  the  normal  component  of  velocity.  We  outline  this 
alternate  method  by  first  assuming  a  knowledge  of  the  space-time  power  spectrum  of  loading 
Wp  (K,io)  defined  by  8.4.12(a) (b)  whose  units  are  N2sm~2.  Next  we  assume  further  that  the 
radiating  object  is  a  shell  which  responds  to  the  loading  as  a  spatial  and  temporal  filter  with 
transfer  function  in  the  n’th  mode  given  by. 


w2|//n(w)|2|5H,)[(K)|2  |units:  -^-j 

The  space-time  power  spectrum  of  the  normal  surface  velocity  (with  appropriate  constants)  (see 
8.4.9)  is  the  product  of  Wp  and  this  transfer  function: 

w2|//>)|2  Wf{K.a)\Sw  (K) |2 

3TV  ( K.w)-  - -  —  - - -  (units:  m4s  ')  (8.5.3) 

"  N„p2h2y 4 

According  to  the  Wiener-Kintchine  theorem  the  correlation  function  for  normal  velocity  can  be 
obtained  from  8.5.3  by  Fourier  transformation: 


(8.5.4) 


The  factor  of  1/2  appears  here  because  the  right-hand  side  contains  twice  the  real  energy  when 
t  -  0-  111  (see  Eq.  8.4.5). 


To  calculate  the  power  radiated  from  a  random  surface  we  note  these  expressions: 
(1)  By  definition,  for  a  given  random  velocity  v(r0,r). 


368 


8.5  Theory  of  Random  Radiation 


units: 


Rw(I,t)-  lim  f  v„(r0,t)  v„(r0  +  1,  t+r)d2T0dt 

*  A.T—*>  A l 

(2)  The  velocity  v(r<j,/)  has  a  spatial  and  temporal  transform, 

oo 

S%(K,«)  -  J*/J*  vn(r0,r)  e'"'  e  K  r°  d2r0df  (units:  m3) 

— oo 

(3)  By  the  Wiener-Kintchine  Theorem,  the  inverse  of  8.5.4  is, 

?Tv<(K,a>)-  2  ffj  Rv(lT)elure'tK ''  drdl 

(4)  By  an  easy  extension  of  8.4.6  to  spatial  transformation. 


m 


units: 


m 


|SV  (K,«>) |2  —  Wv  (K.w)  (units:  m 6) 
*  2  " 


Thus, 


|SV(i(K,o,)|2-  AT  fff  Rv(lr)e-,K 1  drdl 

(5)  The  farfield  intensity,  transformed  to  the  frequency  domain,  is  obtained  from  6.6. 17d 

/„(<*>)  =  -^--c  |SV  (K,o>)|2  (units:  Nsm~l) 

12nlrl  " 

(6)  By  the  Rayleigh-Plancherel  Theorem,  for  a  time  interval  T  seconds  long, 

</„(/)>  -  f  In(oi)~-  (units:  Ns~lm~l) 

T  •/-°°  2 it 

The  acoustic  power  radiated  to  the  farfield  is  therefore, 

w---g&SS<w>“ 


or 


W. 


32t t2 

Thus,  the  total  radiated  real  power  is: 

k2pcA  C°°  dm 


W 


x  J’J'd#  sine  fff  RVii(l,T)eiure-ik  1  drdl2 


(8.5.5) 


(units:  Wms  '). 

Here,  as  before  v„(r0)  is  peak  amplitude.  It  is  seen  that  the  power  radiated  by  n  modes  is  the 
sum  of  n  separate  powers. 

Summarizing:  When  an  elastic  shell  is  driven  by  a  loading  which  is  randomly  distributed 
in  space  and  time  it  vibrates  in  modes.  If  the  assumptions  are  made  (1)  that  the  modes  do  not 
couple  to  each  other  (2)  alternatively,  that  they  are  orthogonal  in  spite  of  the  loading,  (3)  that 
the  random  loading  is  homogeneous  in  space  and  stationary  in  time,  then  the  acoustic  power 
radiated  is  a  sum  of  the  separate  powers  in  each  mode.  To  calculate  these  separate  powers  one 
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first  formulates  the  space-time  spectrum  of  the  loading  Eq.  (8.4.6)  and  (8.4.12),  then  multiplies 
it  by  the  shell  transfer  function  of  the  n’th  mode  to  obtain  the  space-time  power  spectrum  of 
the  normal  velocity  Eq.  (8.5.3),  which  is  then  Fourier  transformed  to  obtain  the  autocorrelation 
function  Eq.  (8.5.4)  in  the  same  n’th  mode.  From  it  the  real  acoustic  power  from  all  modes 
radiated  to  the  farfield  is  obtained  by  Eq.  8.5.5. 

The  two  methods  of  calculating  the  acoustic  radiation  from  a  randomly  loaded  shell, 
described  by  8.5.2  and  8.5.5,  are  theoretically  equivalent,  but  the  calculation  procedure  is 
different.  In  8.5.2  one  is  required  to  find  a  directivity  function  D  which  is  a  composite  of  all 
modes  (see  Eqs.  (6.6.11)  and  (6.6.12)).  In  addition  one  must  determine  the  mean  displace¬ 
ment  (hence  mean  velocity)  over  all  modes.  In  8.5.5  the  procedure  requires  the  determination 
of  the  correlation  of  normal  velocity  in  each  mode.  Thus  8.5.5  is  just  as  difficult  to  calculate  as 
8.5.2.  In  either  case  a  substantial  numerical  effort  is  required.  Often,  however,  only  a  few  stra¬ 
tegically  selected  modes  are  actually  calculated  to  approximate  the  total  radiation  from  all  the 
modes. 

A  third  method  for  computing  radiation  from  randomly  excited  panels  is  to  make  use  of 
the  concept  of  radiating  efficiency  cr  defined  in  9.5.13.  Then,  by  definition,  the  acoustic  power 

density  radiated  by  mode  mn  is  y  p0C0Ap  cr  mn  <  w£n>  .  Thus  the  total  power  density  radiated 

in  a  band  Aa>  is  the  sum  of  powers  radiated  by  all  the  modes  which  occur  in  this  band: 


IH&j.Aco)  =  y  p0C0Ap  X 

*■  m.n 


mn  ^  ^ 


(units:  Nm) 


(8.5.6) 


in  which  peak  amplitudes  of  surface  velocity  are  used  and  (again)  the  brackets  <  >  signify  spa¬ 
tial  averages  in  single  modes.  To  find  the  total  power  one  must  integrate  over  the  frequency 
content  of  the  band. 

8.6  RESPONSE  OF  FINITE  SUPPORTED  PLATES  TO  CONVECTING  TURBULENT 
PRESSURE  FIELDS 

A  turbulent  pressure  field  convecting  across  an  elastic  panel  with  velocity  U  loads  the 
panel  with  randomized  pressures  characterized  by  various  spatial  and  temporal  scales.  Let 
P(r0.t)  be  this  random  hydrodynamic  pressure  field.  Its  statistical  properties  can  be  represented 
by  correlation  models.  Two  currently  used  models  have  exponential  and  normal  functional 
dependence.  Using  them  one  can  represent  the  statistically  averaged  wall  pressure  between  two 
points  on  the  panel  as, 

(a)  <P(r0,t)  P(r'Q.t')>  -  <  P2> ,  exp  1--^  -  V/l  -  M  -  Ml 


(b)  <  P(tq.i)  P(r'0,t')> 


_ L2U _ 


(8.6.1) 


<  P2> ,  exp 

2w/ 


in  which  lx,  lv,  wa  and#,  <u„  are  mean  statistical  correlation  distances  and  correlation  times 
respectively  measured  from  the  origin  of  spatial  and  temporal  coordinates,  <P2>,  is  the  mean 
square  pressure  averaged  over  time,  and  £  -  x  -  x\  £  -  y  —  y\  t  -  t  —  t .  The  exponential 
model  is  often  used  in  the  theory  of  random  forcing  of  panels  caused  by  turbulence.  In  a  par¬ 
ticular  but  useful,  case,  the  spatial  correlations  can  be  neglected  and  emphasis  focused  on  tem¬ 
poral  events.  The  exponential  model  then  becomes  [5], 


<  P(TQ,t)P(rQ,t')>  ,  -  Ac<  P2>  ,6  (£  -  d/r)8  ( •»))  exp - — 

U 


(8.6.2) 


in  which  Ac(—4lxlv)  is  the  correlation  area  of  pressure  fluctuations. 


8.6  Response  of  Plates  to  Converting  Turbulent  Pressure  Fields 

A  plate  excited  by  such  pressures  undergoes  dynamic  motion  which  can  be  described  (at 
low  enough  frequency)  by  4.2.8: 


£)(1  -  it})  V4  +  ph-^fr  +PoT~  w(x,y.t)  “  -P(x.y.t) 
dr  ot 


(8.6.3) 


Here  v  represents  hysteretic  damping  and  /3  0  represents  viscous  camping.  The  units  of  /3  0  are 
yVsm-3.  For  below-critical  damping  the  complementary  solution  of  8.6.3  is  a  sum  of  transient 
modes: 


w(x,y,t)  =»  £  wmn(t)  Wmn(x,y) 


(8.6.4) 


in  which  amplitudes  wmn(t )  are  decaying  sinusoids  with  modal  decay  constant  amn,  (units:  s-1) 
and  Wmn  are  nondimensional  eigenfunctions  (Sect.  8.3).  The  displacement  in  this  model  is 
then  given  by; 


(a)  w(x,y,t)  -  £  Amn  exp i~amnt  -  i<om„t )  Wm„(x,y) 


(8.6.5) 


(b)  J*s  Wmn(x,y)  Wpq(x,y)dS (x,y)  -  8mp8 

The  constant  Amn  (units:  m)  are  may  be  found  from  8.4.7.  From  4.2.9  and  4.2.13  the 
eigenvalues  of  the  operator  V4  in  8.6.3  obey  the  relation, 

v4*'™-  a4„  wmn, 

4  _ 

mn  "  D 

Substituting  this  relation  together  with  8.6.5  and  8.6.4  into  8.6.3  one  finds  the  equation  which 
governs  Wmn  for  the  choice  P  -  0: 


Z)(l  -  /r»)  A  4„  +  ph  (~amn  -  itomn)2  +/30(-amn  -  ia>mn)  -  0 


(8.6.6) 


For  light  damping,  a2„  «  <o2„.  Then  the  real  and  imaginary  parts  of  8.6.6  yield  a  pair  of  cou¬ 
pled  equations, 


/  \  2  23  .  4  ^0  . 

^ mn  ,  Am„ 

ph  ph 

<b)  ““  “  **  +  — 


Ph  mn 


(8.6.7) 


With  these  values  of  resonant  frequency  and  damping  in  mind  we  return  to  8.4.15  and  write  the 
mean  square  displacement  averaged  over  space,  <  >s,  in  the  mn’th  mode  on  a  plate  of  area 


(a)  <  W2  (a))>,  -  !mnJmn  (units:  m2s ) 


/ \  ^  "mn  ^  s'* p  ..  m 

,b) 

(c>  -± yf  »;<k,<.)|s..(k)|’- 


(8.6.8) 
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...  ,  /  W*  (i0)dr0 

(d)  <  H'mn  >  S  =  - - r~ - * 

J  dTo 


(units:  nondimensionat) 


The  units  of  various  quantities  in  this  equation  are  listed  in  Sects.  8.3  and  8.4.  This  equation 
states  that  the  mean  square  displacement  in  the  mn'ih  mode  depends  on  the  coupling  of  the 
wall  pressure  power  spectrum  Wp,  8.4.6  and  8.4.12,  with  the  panel  acceptance  |Sm„|2,  8.4.13b. 
Since  this  coupling  is  quite  complicated  it  will  be  useful  to  first  define  its  relevant  parameters. 

(1)  the  components  of  K  are  kt  in  the  x-direction  and  k}  in  the  /-direction.  These  are  the 
general  2-D  space  of  wavenumbers  either  of  the  plate  or  the  pressure  field. 

(2)  the  specific  modal  components  of  K  in  the  plate  are  km,  k„  in  the  x.y  directions 
respectively. 

(3)  Uc  is  the  convection  speed  of  the  hydrodynamic  flow  in  the  medium;  cb  is  the  speed 
of  bending  waves  in  the  plate;  c,  is  the  longitudinal  bulk  wave  speed  in  the  material  of  the  plate. 
The  wavenumbers  associated  with  Uc,  cb  and  c,  are  kc ,  kb,  k,  respectively. 

(4)  for  plates  of  thickness  h, 


kb  = 


W12 

he, 


(8.6.9) 


(5)  hydrodynamic  coincidence  occurs  when  kc=  km=  k\\  hydrodynamically  slow  flexural 
modes  occur  when  cb  <  Uc;  hydrodynamically  fast  flexural  modes  occur  when  cb  >  U( 

(6)  k0  is  the  acoustic  wavenumber 

(7)  the  wave  number  bandwidth  A  kc  of  the  wall  pressure  power  spectrum,  calculated  as  if 
the  spectrum  is  that  of  a  single  degree  of  freedom  oscillatory  process  with  exponential  damping 


186 10> 

in  which  k  is  the  "temporal  damping"  of  the  process  and  its  reciprical0T  is  the  "time  constant"  of 
the  process.  In  terms  of  logarithmic  decrement  2ny,  one  may  write  k  —  2ny,f.  Hence 


A/c(.  =  2-y  tA:f,  kc  = 


(8.6.11) 


(8)  the  bandwidth  of  panel  acceptance  Afct(=A/cx),  depends  on  the  length  Lx  of  the  panel 
in  the  x-direction, 


Ak,  —  2 


(8.6.12) 


Essentially  the  characteristic  length  of  the  plate  is  taken  as  LJ2tt  .  Similarly  in  the  /-direction. 


,  27T 

!  77 


(8.6  13) 


With  these  definitions  we  return  to  8.6.3. 


The  calculation  of  Jm„(<u ),  8.6.8,  in  the  general  case  is  very  difficult  because  ,<n)  and 
|Sm„(K)|2  may  peak  at  different  values  of  K.  Fig.  8.6.1  is  a  sketch  showing  this  peaking  condi¬ 
tion  as  a  function  of  kt  (w  —  const,  const.).  The  fiydrodynamic  power  spectrum  always 

peaks  at  kc  —  — ,  shown  here  to  be  greater  than  km  (where  the  panel  acceptance  is  greatest) 
uc 

Because  cb  >  Uc  this  is  the  case  of  hydrodynamically  fast  modes.  Fig.  8.6  2  is  a  superposition 
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on  a  two-dimensional  wavenumber  plane  of  the  points  representing  a  lattice  of  resonant  fre¬ 
quencies  (where  the  panel  acceptance  |Smn(/cm,/cn)|2  is  the  largest)  and  the  hydrodynamic  pres¬ 
sure  spectrum  (versus  kx,  k 3)  which  are  drawn  as  contours  of  equal  amplitude  coming  out  of 
the  page.  Here  the  convection  wavenumber  kc  is  shown  to  be  less  than  kp(—a>/cb).  The  mn 
modes  that  fall  within  the  region  of  high  panel  acceptance  are  hydrodynamically  slow  because 
cb  <  Uc.  The  region  kc  =  km  =  k t  exhibits  the  case  of  hydrodynamic  coincidence  (where 
cb  ”  £/f).  The  shaded  region  on  the  curve  kp  =  const,  surrounds  a  highly  excited  panel  mode. 

Figure  8.6.3  is  a  sketch  of  the  response  of  a  single  (mn)  mode  under  forced  drive  at  fre¬ 
quency  at.  Superimposed  is  a  sketch  of  the  power  spectrum  of  hydrodynamic  pressure  plotted 
versus  frequency.  The  effective  "quality  factof  of  the  plate  mode  vibrating  under  forced  drive 
as  a  simple  degree  of  freedom  system  is  Qmn.  The  amount  of  overlap  between  the  spectrum 
and  the  mode  determines  the  value  of  the  integral  Jmn,  8.6.8c. 


Fig  8  6  3  Superposition  of  the  amplitude  spectrum  of  the  mn'th  mode 
and  the  power  spectrum  of  the  hydrodynamic  wall  pressure  at  fixed  km.  k„ 


A  convenient  procedure  for  defining  the  ranges  of  slow  and  fast  modes  of  the  hydro- 
dynamic  type  and  the  acoustic  type  is  shown  in  Fig.  8.6  4.  Here  the  dispersion  relation 
kb  —  yjaiyJXll  ftCi  is  plotted  as  a  function  of  frequency.  Tne  cross-over  points  o<*,  wa  of  the 


lines  kc  and  ka  define  the  limits  of  slow  and  fast  modes  as  shown. 

An  alternative  procedure  is  to  plot  regions  of  slow  and  fast  hydrodynamic  modes  in  the  k  j, 
ky  space.  This  is  shown  in  Fig.  8.6.5.  In  this  plot  the  direction  of  convection  relative  to  the 
velocity  cb  is  Uc  costf> .  At  hydrodynamic  coincidence  cb  =  Uc.  Using  6.10.9  this  becomes 

k\  —7=  cL  -  Uc.  Thus  the  locus  of  coincidence  is. 


8.6  Response  of  Plates  to  Convection  turbulent  Prewar 


Pig  8.6.4.  Definition  of  slow  and  fast  modes  of  hydrodynamic  and 
acoustic  vibration  (after  (9]) 
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(after  |9|> 
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which  is  a  circle  of  radius  Ucyf\2/2hcL.  Inside  this  circle  cb  <  Uc  (that  is,  &»  <  k\Uc).  All 
combinations  of  k\,  k3  which  fall  within  the  circle  define  hydrodynamically  slow  modes,  and  all 
that  fall  outside  define  fast  modes.  As  noted  in  Sect.  9.S  a  plot  of  cd  “  const,  is  a  quarter  cielce 
in  At),  k)  space.  The  symbol  cd*  is  the  hydrodynamic  coincidence  frequency.  For  the  choice 
ki  -  UcyJT2j he L  it  has  the  value  k3cb. 

The  crucial  point  in  the  calculation  of  mean  square  modal  displacement  from  8.6.8  is  the 
modeling  of  the  power  spectral  density  Wp  (klrk3,co)  or,  alternatively,  the  modeling  of  the  spa¬ 
tial  and  temporal  correlation  function  of  the  random  wall  pressure.  A  much  used  model  of  the 
latter  is  that  of  Dyer  [S]  which  is  identical  with  8.6.2.  From  it  one  constructs.  Ikj,  by  Fourier 
transformation: 


irp(k„k},a»)  ~  Ac  <P2>,f  8(i~  Uc T)8(»,)exp--^ 


exp(—  /Ac  1 1  —  ik-p\  +  i'cdt)  d(dt)dr 


Using  the  Fourier  transform  pair. 


_ L  e-n\g\  <. 
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>2  —  /32  ’ 


(CD 


[6].  One  obtains. 


29 

r'Ul,<u)  ”  Ac  <p2> «  i+eT2(jtlyf_&))2 


Three  forms  of  this  power  spectrum  of  hydrodynamic  pressure  are  important: 

20 

(a)  k[Uc  «  cd  (fast  modes)  :  -  Ac  <P2>  - ~r 

P  1  +  0  2CD  2 

(b)  k,t/c  -  <d  (coincidence)  :  Wp  -  Ac  <  P2>  70 T 

70r 


(c)  k\Uc  »  cd  (slow  modes):  —  Ac  <P2> 


1  +  02k2U2 


(8.6.14) 


(8.6.15) 


The  model  given  by  8.6.14  matches  experiment  only  in  a  qualitative  way.  It  over  esti¬ 
mates  the  pressures  at  low  wavenumbers  as  compared  to  those  near  4rI  —  kc.  Also,  the  cd-2 
dependence  in  8.6.15a  is  not  correct.  An  improvement  to  the  model  was  made  by  Lyon  [7] 
who  replaced  Ac  by  an  "effective"  correlation  area  A,(kp)  given  by, 

AMp)  ~  <^r2>  /o  d<t>  /-<»  Wpiki.ki.^du  (8.6.16) 

Ac,  -  kpcost> ;  ki  -  kp  sii*6 ,  ^  -  cd/ ck 

Actually  k3  was  chosen  to  be  nearly  zero  so  that  the  integration  of  8.6.1b  was  expectively  res¬ 
tricted  to  the  low  wavenumber  portion  of  the  spectrum  near  k\ —  kp.  Evaluation  of  8.6.16 
leads  to  a  graph  of  the  type  shown  in  Fig.  8.6.6.  Here  Uc  is  normalized  to  the  free  stream  velo¬ 
city  (J\  in  the  x-direction,  and  the  wavenumber  kp  is  nondimensionalized  by  multiplication  with 
the  boundary  layer  thickness 

The  several  models  of  Wp  given  by  8.6.15  serve  to  obtain  estimates  of  the  cd -power  spec¬ 
trum  of  the  modal  displacement  8.6.8.  Multiplication  by  the  frequency  spectral  density  of  the 
plate  excitation  |//v(cd)|2  (see  8.5.1  and  8.3.5)  then  gives  thecD-power  spectrum  of  the  modal 
velocity.  By  integrating  radiation  from  modes  in  particular  frequency  bands  one  can  calculate 
the  acoustic  power  radiated  to  the  far  held  through  use  of  8.5.2  or  8.5.6. 
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Fig.  8.6.6.  Effective  correlation  area  for  turbulent  excitation  of  HF  waves 

(after  17]). 


A  case  which  occurs  in  typical  hydroacoustic  applications  is  one  in  which  the  hydro- 
dynamic  modes  are  fast,  cb  >  Uc,  while  the  acoustic  modes  are  slow  cb  <  c0,  see  Fig.  8.6.4. 
The  acoustic  power  (spectral  density)  radiated  by  a  group  of  modes  in  a  frequency  band  Aw 
centered  at  frequency  »  is. 


where 


IF(w.Aw)-  -^rPoCoAp  L0-™,  <  *«„(«)>,  (unite:  Nm) 

•  MM 


(8.6.17) 


and  peak  amplitudes  are  implied.  Total  power  is  obtained  by  integration  of  tf'(w,Aw)  over  w 
in  the  band.  The  brackets  <  >  s  signify  spatial  average  in  one  mode  (see  8.6.8).  The  symbol 
H *,,(«)  is  the  frequency  response  of  the  shell  in  the  mn  mode  as  defined  in  8.3.S.  Some 
authors  include  this  response  in  their  definition,  of  the  power  spectrum  Sm„  of  the  plate 
response,  writing  it  as  5n„(K,w).  However  in  this  treatise  the  temporal  response  of  the  plate 
well  be  represented  by  its  impulse  response  hit)  or  its  complex  transfer  function  //(<■>)  so  that 
the  plate  transfer  function  for  displacements  becomes  Hm„ (w )  Sm„( K).  Often  the  discrete  sum 
in  6.10.17  is  replaced  by  a  simple  average  over  all  modes  within  the  band.  This  average  is 


1.  s 
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represented  by  an  overbar.  Thus  if  the  quantity  <  w2„  >  s  is  to  be  averaged  over  aii  modes  in 
Aw  one  uses: 

1  (8.6.18) 

in  which  n,  (to )  is  the  density  of  modes  per  unit  of  bandwidth. 

In  applications  to  underwater  acoustics  the  frequency  band  of  interest  usually  centers  at  a 
frequency  to  »  k\Uc  where  the  hydrodynamic  modes  are  fast.  One  can  therefore  use  8.6.15a 
for  W„  with  the  observation  that  it  is  independent  of  wavenumber.  Now  it  is  customary  to  nor¬ 
malize  Smm(K)  such  that. 


■f  J7  is- 

w  <?>.  - 1 

(8.6.19) 

Thus,  from  8.6.8, 

(a)  A„Jmil  =  -  Ac  <  P2> ,  £(w) 

(units:  N2sm~2) 

(8.6.20) 

(b)  ^r(o »)-  ,  .  (units:  s) 

1  +<o202 

From  its  dimensions  one  can  interpret  WP  is  the  mechanical  energy  per  unit  area  per  unit  real 
mechanical  admittance  (G)  of  the  plate.  For  an  infinite  plate  excited  by  a  point  force,  the 
admittance  is, 

G„-  (units:  ms~lN~l)  (8.6.21) 

%>«*<* 

[8] ,  in  which  p,  is  the  mass  of  the  plate  per  unit  area  (units:  Ns2/m}).  Thus  the  mechanical 
energy  per  unit  area  due  to  peak  turbulent  wall  pressures  is, 

1  JT) 

G*  Wp  “  -r  n  v  Ac  <  P2> ,  ?T  (a*).  (units:  Nmm~ 2)  (8.6.22) 

2  opshcL 

Corresponding  to  this  energy  there  is  the  kinetic  energy  power  spectrum  in  the  mn' th  mode, 

(8.6.23) 

whose  units  are  ( Ns1m~i)(m2/s2)s  —  — s.  This  entity  can  be  interpreted  as  energy  per  unit 

area  per  unit  bandwidth.  Assuming  it  is  an  average  energy  per  unit  band  A  to  -  tjw  one  can  find 
the  total  kinetic  energy  by  simple  multiplication  with  Aw.  Equating  total  energies  8.6.22  and 
8.6.23  leads  to  the  convenient  formula  for  mean-square  velocity  density , 

<  w2„ (w ) > ,  —  — - - - -  (units;  (m2/s2)s).  (8.6.24) 

8 pfhcL  nw*, 

A  formula  closely  allied  to  this  has  been  derived  by  Lyon  (7).  Equation  (8.6.24)  requires  a 
model  of  the  temporal  power  spectrum  of  the  turbulent  wall  pressure  (<?T(w)).  A  universally 
accepted  model  valid  over  all  temporal  scales  of  turbulence  is  difficult  to  construct.  Leibowitz 

[9) ,  in  a  basic  survey  of  the  the  problem  of  the  response  of  turbulence-excited  plates,  recom¬ 
mends  the  following  steps  for  calculation  of  mean-square  plate  displacements  and  acoustic  radi¬ 
ation. 
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8.6  Response  of  Plates  to  Convecting  Turbulent  Pressure  Fields 


(1)  The  power  spectral  density  of  wall  pressure  fluctuations  (£,«*)  (units:  N2sm~4), 
defined  by  8.4.10,  is  calculated  by  use  of  the  (air)  model  of  Maestrello  (10).  Using  experimen¬ 
tal  data.  Fig.  8.6.7,  in  turbulent  channel  flow  in  which  semifrozen  patterns  of  pressure  tur¬ 
bulence  are  convected  (velocity  Uc)  across  a  flexible  panel,  Maestrello  plotted  density  of  power 
spectrum  Pint)  (units:  N2sm~*)  versus  radian  frequency  <u.  P(<o)  is  nondimensionalized  by  the 
factor  r~2  US  (r  w  is  the  wall  shear  stress  ( NnC J),  U  is  the  convection  velocity  and  S  *  is  the 
boundary  layer  thickness).  The  frequency  «  is  nondimensionalized  by  the  factor  US  *~l.  From 
this  plot  Maestrello  constructed  (by  curve  fitting)  a  normalized  cross-correlation  function  of 
wall  pressure  fluctuation: 


Rfi.tl.r)  -  e 


-k \u/ 
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AyKy  | 

K2  + 
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FU 

Id  -  Uct)2+  7)21 

(nondimensional) 


(8.6.25) 


Ki  -  0.470 

>«,-  1.6 

F  -  8  •/  U 

tf2-  3.0 

A 2-  7.2 

K>-  14.0 

A  3-  12.0 

The  related  power  spectral  density  was  found  from  this  correlation  function  to  be, 
t*8  * 

/*(«)  —  Mi  cxp(-K\o»F)  +  A2  exp(-KjuF)  +  Aj  exp(-KfoF) 

(units:  N2sm~4) 
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Fig.  8.6.7.  Dimensionless  power  spectrum  of  the 
wall  pressure  fluctuations  (after  [10)). 


2.  Because  of  experimental  errors  introduced  by  finite  sized  wall  pressure  probes  a  correc¬ 
tion  factor  is  introduced  into  the  above  calculation  of  /’(<■>).  The  correction  is  provided  by 
Lyamshev  and  Salosina  till  who  replaced  F  by  Vr/S*,  where  r  is  the  size  of  the  transducer. 
The  corrections  are  shown  in  Fig.  8.6.8. 

3.  Under  excitation  6.10.25  and  6.10.26  the  vibration  of  the  plate  in  air  (—  vacuo)  is  calculated  by 
the  procedures  used  by  Warburton  (12).  The  dynamic  input  parameters  of  this  method  are:  the  mass  M 
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and  without  transducer  effects  (after  [11]). 

per  unit  area  of  the  plate  (units:  Ns1m~}),  the  plate  bending  stiffness  B  (units:  Nm),  modal  damping  am„ 
(units:  s~')  the  plate  modal  resistence  per  unit  area  r,  (units:  Nsm~}),  or  the  modal  damping  ratio  8m„ 
(units:  nondimensional).  The  output  parameters  include  the  modal  resonant  frequency  a>„„  and  the  dis¬ 
placement  due  to  several  cases  of  applied  forces  and  boundary  conditions. 

4.  The  calculation  of  the  displacement  in  water  is  made  by  correcting  the  air  displacement 
for  the  effects  of  the  water  load.  When  the  plate  (in  an  infinite  rigid  baffle)  is  loaded  with 
water,  the  reaction  of  the  medium  adds  dynamic  mass  and  radiation  damping.  The  magnitude 
and  frequency  dependence  of  these  reactions  depend  on  the  radiation  classification  of  modes. 
A  convenient  classification  can  be  made  in  fc-space,  Figs.  8.6.9a,  9b.  Fig.  8.6.9a  shows  a  fre¬ 
quency  band  A kf  inside  of  which  there  are  several  modes  kmi ,  km2.  In  addition  there  are  (1)  a 
region  k  <  k0  of  surface  acoustic  modes  (2)  hatched  regions  of  x]  edge  (or  strip)  modes  and 
x2  edge  modes  and  (3)  a  region  (in  between  the  latter)  of  corner  modes.  Figure  8.6.9b  shows 
the  relation  of  these  radiating  modes  to  hydrodynamic  modes  in  k- space. 
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8.6  Response  of  Plates  to  Connecting  Turbulent  Pressure  Fields 


FREQUENCY 


Fig.  8.6.9a.  Radiation  classification  of  modes  in  k  space.  The  frac¬ 
tion  of  corner  modes  in  the  band  -  1  -  fraction  of  x,  +  x2  edge 
modes  in  the  band  1  -  -(A/V/AO,.,^,^  ln  ,„nd  -  1  -(4/ir) 
sin'1  (k/kf).  For  k/ky  small,  sin-1  (k/kf)  —  k/kf.  The  max¬ 
imum  corner  mode  radiation  in  the  band,  occurring  when  k„t  — 
kf  of  k„2  -  ky  is  ”  pCApm}wc/ir}Apa>)  (after  (91). 
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Fig.  8.6.9b.  Classification  of  acoustic  and  hydrodynamic  modes  in 
/c-space  of  a  finite  plate  (after  [9]). 

The  calculation  of  added  mass  on  rectangular  plates  caused  by  random  excitation  has  been 
performed  by  several  independent  authors.  Leibowitz  recommends  the  one  worked  out  by 
Davies  [13],  This  is  summarized  in  Fig.  8.10.10.  Here  mn,  qr  specify  two  distinct  plate  modes. 
The  symbol  mm„  is  the  added  mass  (units:  Ns2/  m J)  in  the  mn’th  mode  while  the  symbol  rnmm)r 
is  the  mass  coupled  from  the  qr  mode  into  the  mn  mode.  Although  specialized,  the  cases  con¬ 
sidered  are  the  ones  most  likely  to  be  met  in  practice.  When  so  calculated  the  masses  mm„, 
mmnqr  due  to  water  load  are  added  to  the  plate  mass  M  to  form  the  totalf  mass  M„  (units: 
NsVm 3).  This  then  becomes  the  mass  parameter  in  Warburton’s  analysis  procedure.  From  it 
and  from  the  bending  stiffness  B  the  modal  resonant  frequency  in  water  <om„)  is  calculated. 


8.7  Direct  Radiation  of  Sound  from  Compliant  Surfaces 


S.  The  calculation  of  radiation  damping  due  to  fluid  loading  on  a  vibrating  rectangular 
plate  is  a  difficult  task.  Several  important  cases  of  modal  damping  and  mode-coupled  damping 
have  been  derived  by  Davies  [13].  These  are  summarized  in  Fig.  8.6.11.  The  units  of  damping 
treated  in  this  manner  are  those  of  characteristic  impedance  of  the  medium  p0c0,  which  are 
Nsm~3.  Again,  the  concepts  of  fast  nodes,  slow  modes,  corner  modes,  edge  modes  etc.  noted 
in  Fig.  8.6.10  are  reviewed  in  earlier  parts  of  this  section.  The  radiation  damping  Smn  etc.  so 
calculated  is  added  to  the  modal  resistance  and  the  sum  is  used  to  calculate  the  modal  damping 
amn  in  water, 


(rs  +  Sm„) 
2MP 


2 


(units:  s  ') 


(The  over  bar  indicates  water  loaded) . 

6.  The  acoustic  power  radiated  by  turbulence  driven  panels  is  calculated  from  a  knowledge 
of  the  (frequency  dependent)  panel  radiation  efficiency  in  the  mn’th  mode  <r  mn,  discussed  in 
this  treatise  in  Sect.  9.5.  From  8.6.7  the  total  power  in  the  frequency  band  Aw  for  the  case  of 
uncoupled  modes  than  becomes, 


IF  (Aw)  -  Jf>0C0/tp  L JA<u  a  mn  <  »mn  (w  )  >  s  rfw 

Alternatively,  from  the  definition  of  radiation  damping, 

IF (Aw)  -  y  L  S>«nmn  <  *d,(w)>5rfw 

m.n 


8.6.27 


(8.6.28) 


These  radiated  powers  are  statistical  averages. 

8.7  DIRECT  RADIATION  OF  SOUND  FROM  COMPLIANT  SURFACES  EXCITED  BY 
HYDRODYNAMIC  PRESSURES  CAUSED  BY  FLOW  TURBULENCE.  (Case  of  large 
plane  surfaces  with  no  edge  effects.) 


The  radiation  field  at  point  x,  t  caused  by  a  turbulent  boundary  layer  acting  in  a  surface  is 
governed  by  the  equation  of  Curie  [14].  It  has  the  form  of  a  sum  of  one  volume  integral  and 
two  surface  integrals,  resulting  from  the  integration  over  source-time  using  the  transient 
Green's  function  1.8.18(a): 


(a)  pix,  t)  -  pv  +  Ps,  +  PSu 

(C)  <-»«'>-■£-£;/ lpv(v.-f,lf 
(d)  fs«Oi.  I)  -  -  f  jj  Ipv.l  y 


(8.7.1) 


in  which  Ty  are  components  of  the  stress  tensor  defined  by  Lighthill  [15],  v*  is  the  component 
of  flow  velocity  in  the  i  —  1,  2,  3  directions  v„  -  v2  is  the  velocity  normal  to  boundary  surface 
S,  and  Pt  is  the  force  (units:  Nm2)  exerted  on  the  fluid  by  the  surface  in  the  x,  direction.  The 
brackets  []  denote  retarded  values  in  time  wherein  variable  t  is  replaced  by  variable  t  -  r/ o0,  r 
—  |x-x0|.  The  corresponding  spatial  variable  in  these  bracketed  quantities  is  the  source  coor¬ 
dinate  x0.  Finally,  repeated  subscripts  i,  j  signify  summation  over  1,  2  and  3. 
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The  roL  of  the  surface  integrals  in  8.7.1  in  promoting  (or  amplifying)  the  direction  sound 
from  the  volume  integral  is  difficult  to  evaluate.  Powell  [16]  invoked  the  concept  that  the 
boundary  surface  acts  as  a  "mirror"  which  produces  an  image  of  the  entire  set  of  equations  8.7.1. 
He  then  superimposed  the  direct  field  and  the  image  field  and  showed  that  when  the  boundary 
surface  is  pressure-release  no  amplification  occurs:  the  surface  plays  a  pure  passive  role  and 
merely  reflects  (with  opposite  sign)  the  sound  generated  by  the  volume  integral.  The  question 
then  arises,  is  there  amplification  of  radiated  sound  for  other  condition  of  surface  impedance? 
Ffowce  Williams  [17]  developed  the  following  procedure  for  answering  this  question. 


In  8.7.1  all  terms  that  are  nonlinear  in  v„,  and  all  viscous  terms  in  Ttj  are  neglected. 
Decomposing  the  surface  integrals  into  symmetric  components  (real  field  and  image  field  equal 
with  the  same  sign)  and  antisymmetric  components  (equality  with  opposite  sign)  relative  to  the 
boundary  surface,  and  equating  like  components  of  the  real  and  image  systems,  then  applying 
KrichofFs  theorem  of  volume  sources  and  their  equivalent  surface  source  representation  one 
finds  the  fields  of  the  real  (+)  and  image  (-)  systems  to  be: 


{p(x,  t) 

(a)  i  0 

(b)  psj(x,  t ) 

(c)  ps,(x.  t )  ■ 


Pv  +  Pst  +  Pstt 
Pv  ~  Psi  +  Pstt 


_1_ 

4 7T  t)x. 


r^-/[p]  —  Iv»l  — 

8xn+  J  r  4ir  dxn+  J  r 


(8.7.2) 


—  J 

4ir  J 


Pdtvj  dS 
dt  r 


in  which  n+  signifies  the  surface  normal  into  volume  K+,  and  p  is  the  surface  pressure.  The 
symbol^- is  a  differential  integral  operator  which  relates  surface  pressure  to  surface  velocity  v„. 
From  (b)  and  (c)  it  is  concluded  that. 


dPsr 

p~dT 


(8.7.3) 


Equation  8.7.3  immediately  yields  the  radiated  field  when  the  boundary  surface  is  rigid  (v„  - 
0),  for  then  Psn  vanishes  and, 

p (x,  t)  -  pv  +  Pv,  (rigid  surface).  (8.7.4) 

This  is  expected  doubling  of  the  field.  Similarly,  for  pressure-release  boundary  surfaces  Psi 
vanishes  and, 

p (x,  t)  -  pv  -  Pv  (pressure-release  surface).  (8.7.5) 

This  means  that  the  surface  reflects  a  negative  image  of  the  field  due  to  boundary  layer  tur¬ 
bulence. 

Further  progress  in  analyzing  the  effect  of  compliant  boundaries  in  amplifying  sound  due 
to  boundary  layer  turbulence  can  be  made  by  considering  various  spatial  and  temporal  scales  of 
the  turbulent  source.  To  obtain  these  one  first  defines  amplitudes  of  acoustic  pressure, 
p(K,  m),  and  stress  tensor  T0(x0,o>)  in  K,  <o  space  by  means  of  Fourier  transformation: 

p(K,  at)  -  J*  J*  />(*<,).  I )  expUwf  -  iK  ■  x,)dxsdt,  (units:  Ns)  (8.7.6.) 

r„Oco,<u)  -  /  TtJ (3?0.  f)  exp  (iot)dt,  (units:  Nsm-2)  (8.7.7) 
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x0-  Oro(l)>  *0(2).  x0(3))'»  x  “  (xl>  x2-  x3)’>  K  “  (^1*  ^3) 
r  -  |x- x0l;  x,  -  (x|,  x3);  x0(j)  -  Uou).  x0(3)). 


The  acoustic  pressure  on  the  boundary  surface  p(x(s),  /)  is  then  given  by  (8.7.1b)  with  full 
space  factor  4rr  replaced  by  half-space  2tt  ,  and  with  the  observation  vector  x(s)  being  in  the 
surface  so  that  k  —  |x(l)-  x0|.  Using  the  shift  theorem  in  the  theory  of  Fourier  transformation 
one  can  write  (8.7.6)  from  (8.7.1),  in  the  form: 


pv(k,o>)-  jj  r -l 

JlJxOh)'fV  2 7T 


f  .  I — a - Tu^o-  <•> 

“  dx(,)dxoo) 


dot  * 
2rr 


,dV  e'“‘  lK*e>tfg  & 


(8.7.8) 


The  integration  over  t  yields  the  delta  function  8  (o>  —  <0  *)  and  the  integration  over  to  *  merely 
replaces  <0  *  by  « .  Hence, 


,x0<s> 


Pv(K,<»)-  X 
Now 

and  Weyl’s  formula  is. 


f  -± 

J  V  (~t— 


2—  r.<*. 


v  (2n)2  Bx0(s}dx0(j) 

K  ■  x(l)  =  K  ■  x0  —  K  ■  (x0-  x(s)) 


^(S). 


(8.7.9) 


(8.7.10) 


mr 

exp 

a° 

00 

JJ  exp— l{fc|  (x0O)  Xj)  +  /cj  (*0<3)-x3>  +  *2*0(2)} 


dk j  dk 3 


V 


<*0 


-  (*;2+*;3). 


(8.7.11) 


Upon  insertion  of  8.7.10  and  (8.7.11)  into  (8.7.9)  and  integrating  over  dx<S)  “  dxtdx3  one 
obtains 


expl/(*|- Acj)x0(i)J  exp  l/(*3-  *3  Jxqo)!®  (*  1  —  *  1  )S (Ac3  —  k'}). 

Then  integration  over  dk{  dk'}  merely  replaces  k\,  k j  by  k\,  k3.  Equation  (8.7.9)  then  reduces 


to. 


(a)  pAK,  a>)-~ 


(b)  k 


-V 


<lt 


(2tt)3  j  v  Bxflxj 

T 


7;;(xo,  w) 


exp  (-/Mow)  -ikx0 


ao 


-  (*?  +k$). 


e  ~dV  (x0)  (8.7.12) 

(8.7.12) 


[17],  Writing  the  volume  integral  in  vector  rotation  and  integrating  by  parts  one  has, 

J>o-7  ?o)^o-  JKr:(VogV0)dF 


exp|-/'lK  +  jk2 1  ■  x) 
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in  which  terms  involving  the  divergence. 


J,.v  •  (g?V0)dV 


vanish  because  T  vanishes  outside  the  source  region.  Since 

—  II 2 

r—r  -  n  "  *  _  r  ■  >  >  c>  1 


^  o*V  ( 


it  is  seen  from  (8.7.12)  that 


dx,dx. 


g  =  ~lkj  +  k£i2][kj  +  k$j2\g 


pv(K,  «)-  -^)3  Jy  TiJ(x0,u)[ki  +  k£  l2][kj  +  k£  J2] 

exp  (- »* 2JCo(2) “  '  *o>  , 

x  - - - dK(jc0). 

*2 


(8.7.13) 


Now,  </F  =  dx0(2)<£to(j)-  Integration  over  <£c0(j)  leads  to  a  generalized  three-dimensional  (two 
spatial  and  one  temporal)  Fourier  transform  of  the  turbulence  tensor: 

7)j(*o<2).  K'  «)  =  f-  7^(*0.  *»)  exp  (— xo)d5fo(j)>  (units:  Ns).  (8.7.14) 

*0(j> 

In  terms  of  this  transform  one  can  reformulate  the  pressure  field  on  the  surface  (8.7.9)  to, 
read: 


pv(K,u>)~  ~~  j~Q  7’y(x0(2).  «•>)  [A:f  +  k-fi  j2l  lAry  +  k£  j2] 


exp  (-ik  2Xo(2)) 


d*0(2).  (units:  Ns). 


(8.7.15) 


This  is  the  K-<o  space  representation  of  the  wall  pressure  generated  by  boundary  layer  tur¬ 
bulence.  Except  for  the  factor  (2w)3  due  to  differing  definition  of  Fourier  transformation  it  is 
identical  with  that  of  Fowcs- Williams  117]. 

Under  excitation  by  these  wall  pressures  the  compliant  wall  vibrates  with  velocity  w.  Dur¬ 
ing  vibration  the  compliant  wall  experiences  additional  forces  due  to  the  reaction  of  the 
medium.  A  simple  procedure  for  calculating  them  is  to  assume  the  wavelength  in  the  medium 
is  small  relative  to  any  length  scale  of  model  vibration  in  the  compliant  surface.  The  reaction 
forces  them  correspond  to  those  of  an  infinite  surface  under  harmonic  excitation  forces. 
Choosing  the  surface  to  be  an  elastic  plate  excited  by  a  sinusoidal  acceleration  in  the  x-direction 
(-  iv  cos  kxx)  we  infer  that  the  acoustic  field 'has  the  form, 

p  -  Pgz(z,  kz)  cos  kxx 

in  which  gz  is  the  1-D  Green’s  function  given  by  (3.7.8)  (multiplied  by  a  factor  of  2  to  allow 
for  half  space  rather  than  full  space).  At  the  surface  z  —  0  the  boundary  condition  is. 


i£_  _ 

8z 


p0w  cos  kxx  -  ikzP 


exp  ikzz 


cos  kxx 


so  that 


Thus  the  reaction  pressure  due  to  the  medium  is, 

ip0w  cos  kxx 

" - T, - 


;  kz  -  yj  {‘ka  -  kx  \  ka  -  — . 

Co 


(8.7.16) 
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At  frequency  at,  iv  —  —iutw.  The  specific  acoustic  impedance  of  the  infinite  plate  is  then. 


= 


w 


(8.7.17) 


Here  kx  is  treated  as  a  continuous  variable.  When  ka  >  kx  this  reaction  impedance  is  purely 
real:  all  the  energy  in  the  medium  is  radiated  out  to  infinity.  When,  however,  ka  <  kx  the 
medium  load  is  purely  imaginary  corresponding  to  an  inertial  load,  whose  form  is. 


(a)  z„  - 

( b )  ma  - 


-  iut  ma . 
P  o 


V  k?  -  ka2 


(8.7.18) 


Because  of  the  absence  of  edges,  and  hence  of  long  wavelength  radiation,  the  specific 
acoustic  resistance  is  infinite  at  ka  —  k„  and  zero  at  ka  <  kx.  Correspondingly,  the  inertial 
mass  makx/p0  rises  from  unity  when  ka  — *  0  to  infinity  when  ka  =  kx.  It  vanishes  when 
ka  >  kx. 


With  such  a  model  of  acoustic  load  we  return  to  4.2.8  and  from  it  easily  derive  the  rela¬ 
tion  of  wall  velocity  amplitude  w  to  the  applied  pressure  QiA)  (which  is  6.11.1b)  by  (1) 
assuming  to  plate  the  infinite  in  size  (2)  taking  the  space-time  Fourier  transform  in  the 
transform  pairs  K,7(x,y )  and  ui.t  (3)  noting  that  V*w(x,y,t)  transforms  to  k*w(K,ui)  where 
k2  —  I  AT  |2.  To  account  for  plate  damping  loss  the  plate  bending  stiffness  is  made  complex  by 
writing  D(1  -  /17).  Thus, 


w(K.<u) 


Q^CK.o) 


—  iutm. 


1  - 


Dk 4 


phut2 


+  y)utmp 


Dk 4 


ka>  k  (8.7.19) 


“PoCo 


phut 2 


The  units  of  W(K,ut)  are  m3  and  those  of  @(,4,(K,a>)  are  Ns.  @M)(K,a>)  in  this  context  is 
identical  with  8.7.15.  The  symbol  a  has  a  value  of  unity  if  only  one  side  is  loaded  with  the 
medium,  and  2  if  both  sides  are  loaded.  Multiplication  of  8.11.19  by  its  conjugate  gives  an 
expression  for  the  amplitude  power  spectrum  of  normal  component  of  surface  velocity 
(—  |  w  (K  ,<u)|2)  in  terms  of  the  amplitude  power  spectrum  of  the  applied  pressure 
(-IOM)(K.w)|2): 


I  w(K,ci»)  |2 


|Qu>(K,q>)| 


Dk 4  . 
\r\utmp— — -  + 


apoco 


phut 


V 


k2c$ 


1- 


+ 


1- 


Dk 4 


phut 2 


(units:  m6)(8.7.20) 


Various  regimes  of  wall  surface  velocity  response  can  be  defined  from  this  relation  by 
specifying  the  magnitude  of  w/(K)c0  relative  to  unity.  Evidently  most  intense  vibration  will 
occur  at  frequencies  at  »  |K|c0,  together  with  wavenumbers  in  the  vicinity  of  k4-  phw2/D. 
The  latter  is  the  condition  of  free-wave  response  ((?m  -  0)  of  the  infinite  plate; 


•.'V'V'V'c* 
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\w{kp,kpcb)\^t 


I  Q{AHkp,kpc„)\2 

le2r2m2  r,  -4-  af>°C° 

kpcbmp  t,  4- 


(units:  m 6) 


(8.7.21) 


in  which  kp  is  defined  by  4.2.17  and  cb  by  4.2.16. 

Equation  8.7.19  may  be  used  to  deduce  the  form  of  the  total  spectral  amplitude  of  wall 
pressure  which  is  the  sum  of  the  applied  pressure  and  the  pressure  corresponding  to  the 
medium  reaction  to  the  motion  of  the  wall. 


p,0,  (K,<o)  —  QU)( K.m)  + 


ap0c0w(K,m) 


(units:  Ns) 


8.7.22 


It  should  be  noted  however  that  the  surface  velocity  in  the  presence  of  medium  loading  is 
determined  from  the  applied  pressure  Q(A).  Also  the  radiated  acoustics  power  is  determined 
from  the  square  of  the  surface  velocity,  hence  ultimately  by  |Q</<II2.  Equation  8.7.19  suggests 
defining  a  specific  acoustic  impedance  za  and  specific  plate  impedance  zp  as  follows: 


(a)*a(k)  = 


«Poco 


(units:  N'sm  3) 


(8.7.23) 


( b )  =  t }(omp  ,  -  io>mp  1 - (units:Afrm  3) 


T-  “  — “  or  kz  -  pp>ya,  >-„=•  — 
*z  P  fP 


(8.7.24) 


Thus  in  8.7.15  the  factor  k2  is  proportional  to  the  specific  acoustic  admittance  ya  of  the 
medium.  This  suggests  accounting  for  the  compliance  of  the  boundary  surface  by  considering 
the  plate  and  medium  to  be  analogous  in  their  response  to  circuit  elements  which  are  mechani¬ 
cally  in  series  (that  is,  having  the  same  applied  force).  The  total  admittance  (including  the 
plate)  is  then: 


1  j.  1 

yT.  + 


Thus  kz  is  replaced  by. 


*a  +  *p\ 


and  one  models  the  wall  pressure  8.7.15  to  include  wall  compliance  by  writing: 

i  r  -,k2xom  f.  J. 

pv(K,w)—  J  TtJ  U0(2).  K.o,)^  +  ArjS  i2][kj  +  kfin  ]e  ^  dxm) 


(8.7.25) 


Since  the  turbulent  pressures  on  the  wall  are  randomized  quantities  they  will  generate  a 
randomized  surface  velocity.  The  autocorrelation  of  this  velocity  over  time  delay  r  and  dis¬ 
tance  1  normalized  to  an  A  and  duration  T  is  found  from  8.7.20; 
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Ril.r)  -  I//  (units:  m2s-2)  (g.7.26) 

1  J  J  AT  (2ir)3 

in  which  the  power  spectrum  is  calculated  as  peak  values.  Thus  at  zero  delay  r  and  zero  dis¬ 
tance  I  the  mean  square  surface  velocity  averaged  over  area  A  and  direction  T  is 

<  w(x.j>.f)2>rms-  K(0,0)-  y //  |w,(K.<i>)|2  dKdto  _2__2 *  ,a  ^  ^ 


(units:  m2s  2)  (8.7.27) 


Assuming  the  radiation  efficiency  <r  (see  9.5.13)  is  known  for  vibrating  area  A  one  can  find  the 
rms  radiated  acoustic  power  from  area  A  to  be, 


^rms”  PoCoAcr<  w  (x,y,t)2>  tms  (units :  Nms  ') 
1  C  C  |h,(K,w)|2  dKdto 

^rms-  -TPOCO*  JJ  - ~ -  TTu 


(8.7.28) 


For  an  infinite  plate. 


PoM 


It  is  to  be  noted  that  while  <r  — ♦  °°  when  to  —  |K|  c0  the  mean-square  surface  velocity 
approaches  zero.  Actually  the  maximum  mean-square  velocity  is  found  at  k  -  kp  and 
to  »  |K|c0,  as  indicated  by  8.7.21.  It  is  over  this  range  of  k  and  to  that  the  integral  in  8.7.28 
is  a  maximum  andcr  —  1. 

In  practice  the  measurement  of  spectra  is  usually  confined  to  one  dimension  at  a  time.  A  one- 
dimensior  il  power  spectrum  in  wave  number  k\  is  obtained  by  integration  over  k2  and  or 

p(kt)  -  f  f  p(K.o>)  dk3dto  (units:  Nm~')  (8.7.29) 

The  power  spectrum  P(/c1)  is  then  defined  as 

P(*,)-  |p(*,)|2  (units:  N2m~2)  (8.7.30) 

The  corresponding  autocorrelation  function  over  spatial  lag  / i  is  obtainable  by  use  of  the 
Wiener-Kintchine  theorem. 


*(,,)_!/  <unils: 
2  ~  L  LIT 


(8.7.31) 


Here,  L  is  the  normalizing  length.  It  is  the  largest  scale  of  distance  under  consideration.  Thus 
the  mean  square  wall  pressure  field  averaged  along  the  1  -direction  is, 

1  r  ,)  dk\  ,  ..  kF, 


<P2>i-direction-  R  (0)  -  —  f  — (units:  N2m  4) 


(8.7.32) 


It  is  often  asked,  what  is  P(k\)  as  k\  —*  0?  The  question  may  be  answered  by  cast¬ 
ing  8.7.29  in  dimensional  form.  Let  8  *  (the  boundary  thickness)  be  an  appropriate  scale  of  length 
for  the  hydrodynamic  turbulent  field  and  let  U  be  the  convection  velocity.  As  for  frequency,  a 
scale  can  be  adopted  from  the  concept  of  the  Strouhal  number  S  =  to/iV/D)  (V  =  hydro- 
dynamic  velocity,  D  —  cylinder  diameter)  as  it  is  used  in  the  theory  of  votex  streets.  Thus  let 
the  frequency  scale  be  to  —  U/h*.  Now  assume  kt  and  kj  are  much  smaller  than  and  that 
k2  =  w/c0.  Then  8.7.29,  in  conjunction  with  8.7.15  becomes: 
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P<'k')~  lit)*  ^  dk'du>  Ti^x 0<2>.O.G»)-^- exp 


.to 

I—  -*0(2) 
Co 


dx. 


0(2) 


The  dimensionality  of  the  various  factors  that  appear  inside  the  integral  sign  is: 


Tij(x.t):  pU 2 

T,j(x.w):  pUh* 
Tij(xoa).  K.  «•>)•'  p  UB  *3 
ky  8*-' 


dxot 2>:  *  * 

Hence,  the  dimension  form  of  8.7.33  is: 


p(k  |): 


P 


t/%  » 

Co 


(8.7.33) 


(8.7.34) 


so  that, 

lim  P(ki)  p2M2U*'2,  where  M  -  —  (8.7.35) 

*1-0  c0 

[17],  The  noteworthy  feature  of  8.7.35  is  that  in  the  low  wave  number  regime  the  1- 
dimensional  power  spectrum  is  asymptotically  a  non-zero  constant.  This  is  due  to  finite 
compressibility  of  the  medium  as  k,  — »  0. 


A  different  dimensional  form  of  8.7.15  appears  when  the  frequency  to  approaches  zero, 
rather  than  the  wavenumber  k j.  One  then  assumes  to  «  c0lK|  so  that  k2  — •  -ik.  (The  nega¬ 
tive  sign  is  used  to  represent  exponential  decay  in  the  factor  exp(-//c2jr0<2)))-  Thus, 

P(ki)  •  S  dk*f  d”S  T‘j(* «»•  K-w) 

_**0(2) 

Ik,  +  (-»*)8,2]  [kj  +  (-/*)8,2]  ~ —  dxom  (8.7.36) 

The  dimensional  form  of  this  equation  is  obtained  from  8.7.34, 

p(*,):  8^8^  9  1/8,3  *8*“  kpU*'2  (8.7.37) 

in  which  k  is  explicitly  returned  in  order  to  show  power  spectrum  dependence  on  k  in  the 
incompressible  regime  («  «  c0|K|).  Thus, 

lim  P(ki):  k2p2U*> 8  *4 

oi“*0 

The  power  spectrum  of  v.  it  -ure  therefore  approaches  zero  as  the  square  of  the 
wavenumber.  From  6.11.38  ■  i  ^5  it  is  seen  that  the  compressible  and  incompressible 
regimes  yield  power  spectra  w>  r,  ach  other  at  a  value  of  k  —  *0“  M/8  *.  Figure  8.7.1 
is  a  generalized  plot  of  the  1  r  pectrum  of  wall  pressure  due  to  velocity  turbulence 
which  shows  all  these  features  nr  e  the  energy  of  the  turbulent  flow  is  finite  the  spectrum 
effectively  vanishes  at  high  values  of  a 


A  Treatise  on  Acoustic  Radiation 


Zen  Mach  number 
asymptote 


'“Asymptotic  low-wave-number  level  M2r2lrP* 

Fig.  8.7.1.  General  features  of  a  1-D  wavenumber  power  spectrum  of 
turbulence-generated  wall  pressure  (after  [17]). 


Frequency  power  spectra  PM  may  be  similarly  characterized.  For  example,  in  8.7.36  the 
integration  over  <u  is  replaced  by  an  integration  over  ku  resulting  in 

lim  P{M:  (p  US  *)2  -  p2*2*  •* 

«— o 

The  spectrum  therefore  approaches  zero  as  the  square  of  the  frequency.  This  conclusion  is 
valid  for  the  condition  of  incompressible  flow.  For  compressible  flow  the  power  spectral  density 
PM  is  finite  as  <o  — *  0.  These  features  are  show  in  Fig.  8.7.2.  Here  is  shown  a  region  (to  the 
right  of  the  vertical  line)  where  the  frequency  analysis  of  the  fluid  velocity  at  a  point  gives  a 
spectrum  which  is  approximately  identical  with  the  wave  number  analysis  of  the  variation  of 
velocity  along  a  line  in  the  direction  of  the  stream  (Taylor's  hypothesis). 


Taylor  hypothesis  is 
'  approximation  in  this 


Fig.  8.7.2.  General  features  of  wave-number  and  frequency  spectra  of  the  surface-pressure 
Reid  induced  by  a  turbulent  boundary  layer  at  Rnite  Mach  numbers  (after  [17]). 
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8.8  SUMMARY  CHART  OF  PRESSURE  FIELDS  GENERATED  BY  TRAVELING  AND 
STANDING  FLEXURAL  WAVES  OF  AN  ELASTIC  PLATE 

In  Sections  8.6  and  8.7  the  response  of  an  elastic  plate  to  random  pressure  fields  in  an 
adjacent  medium  was  presented  in  detail.  We  summarize  here  the  main  results  from  another 
point  of  view. 

Let  a  ribbed  elastic  plate,  for  whatever  excitation,  be  carrying  both  flexural  traveling 
waves  and  flexural  standing  waves.  The  pressure  field  in  the  medium,  both  acoustic  and 
nonacoustic,  can  be  described  by  a  k,  <u  spectrum,  here  taken  to  be  1 -dimensional.  The  com¬ 
ponent  parts  of  this  field  and  the  acoustic  spectrum  are  summarized  in  Fig.  8.8.1. 
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Fig.  8.8.1.  k,  w  spectrum  of  flexural  waves  in  a  plate 
and  associated  pressure  fields 


The  distinction  between  pressure  fields  due  to  traveling  flexural  waves  and  fields  due  to  stand¬ 
ing  flexural  waves  is  important  to  understanding  acoustic  radiation  below  acoustic  coincidence. 
Traveling  flexural  waves  generate  only  evanescent  fields;  standing  flexural  waves  actually  radiate 
to  the  farfield  in  the  edge  modes  and  corner  modes  described  in  Sections  8.6  and  8.7. 
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CHAPTER  IX 

SELECTED  EXAMPLES  OF  ACOUSTIC  RADIATION  FROM 
PLATES,  FINITE  CYLINDERS,  FINITE  RIBBED  PLATES,  ETC. 


9.1  SOUND  RADIATION  BY  A  SEMIINFINITE  PLATE  111 


A  flexural  plate,  thickness  h,  occupies  the  x-axis  (0  <  x°° )  Fig.  9.1.1.  It  is  submerged  in 
a  fluid  of  density  p  and  excited  by  a  transverse  displacement  (normal  to  the  plate)  of  a  free  har¬ 
monic  wave,  ( (x)  —  A  exp  (±iKx0x  -  iatt).  The  free  wave  number  Kx0  is  the  positive  real 
root  of  the  dispersion  equation  of  the  plate  obtained  when  plane  harmonic  waves  (parallel  to 
the  z-axis)  are  substitued  into  Eq.  (4.2.8).  This  means  Kx0  is  the  root  of: 


K*  —  k4  —  2  i-6--—. 
Pe 


Kyh' 


at2pph 

D 


(9.1.1) 


The  conditions  underlying  the  derivation  of  this  equation  are  (1)  the  pressure  wave  in  the 
medium  is  planar,  p  -  A  exp  (iKx  +  iKy  -  iatt)  (2)  the  loading  q  on  the  plate  is  the  difference 
between  the  acoustic  pressure  on  the  back  side  and  the  pressure  on  the  front  side,  p_  -  p+. 
The  right-hand  side  of  this  equation  is  itself  derived  as  follows: 


Fig.  9.1.1.  Layout  of  the 
coordinate  axes. 
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The  loading  is  thus  seen  to  be. 


<7  -  P_  -  p+ - 2p-  -  -  2p  - 
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Ir—  o 


(9.1.2) 


multiplying  and  dividing  by  pph  then  leads  to  (9.1.1). 


The  pressure  wave  above  and  below  the  plate  are  obtained  from  (9.1.2): 
p+  -  —  exp  (iKxx  +  iKyy  -  iatt) 
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p -  »  exp(iKxx  -  iKyy  -  mt )  (9.1.3) 

Ky 

Ky  -  y/k 2  -  *x2. 

In  order  to  establish  the  boundary  conditions  at  x  —  0  unambiguously  it  is  convenient  to 
assume  that  the  incident  flexural  wave  comes  from  +°°,  that  is,  £(x)  -  A  exp  -  iKx(yx.  The 
acoustic  field  developed  by  this  wave  before  reflection  at  x  -  0  is  a  single  harmonic  plane  wave 

12} : 

p,(x,y)  -  -  sgn(y)  exp (~ikxx  -  /3|y|-/'a>f)  (9.1.4) 

a 

sgn  y  —  +,  if  y  >  0 
sgn  y  -  -  ,  if  y  <  0 
/3  -  y/Kx2  -  k2  -  -i  Ky. 

When  Kx  >  k  the  plate  radiates  only  evanescent  modes,  but  when  k  >  Kx  the  plate  radiates 
real  power  to  the  far  field.  The  power  per  unit  length  carried  by  the  plate  is, 

M',—  - - — —  (units:  Afms-1m-1).  (9.1.5) 

h 


The  power  per  unit  length  carried  by  the  medium  is. 


W  2- 


A2KxQ(K*q  -  k4) 
4  Kx20  -  k 1 


(units:  Ns  ') 


(9.1.6) 


The  ratio. 


If',0 


Wl+  W2 


(9.1.7) 


versus  kh  is  plotted  in  Fig.  9.1.2.  Asymptotically  as  kh  —  0,  the  ratio  If',0  —  0.8.  This  figure 
shows  that  for  kh  ~  0.21  about  90.2%  of  the  energy  is  carried  in  the  plate.  Below  this  value  of 
kh  the  plate  carries  about  80%  of  the  total  energy.  Above  the  critical  region  kh  ~  1  an  increas¬ 
ing  fraction  of  the  total  energy  to  carried  by  the  fluid. 


Fig.  9. 1.2.  Surface  wave  energy  (Ff  transported  in  the 
plate  versus  dimensionless  wave  number  kh.  (After  111) 
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9. 1  Sound  Radiation  by  a  Semiinfinite  Plate 


Upon  reflection  from  the  edge  x  -  0  an  additional  field  p,  is  developed  in  the  medium.  It 
is  a  sum  of  plane  waves  of  all  wavenumbers: 

pr(x,y)  —  A—=  =  £  — -  f  <7  (X )  expO'Xx  -  Vx2  -  k 2  (9.1.8) 

y/Kj0  -  k 2  2ir/ 


in  which  <?(\)  is  an  amplitude  (units:  m).  For  arbitrary  distance  |y|  the  calculation  of  the 
integral  by  contour  integration  is  extremely  difficult.  However  when  ly  I  is  in  the  farfield  of  the 
radiator  only  a  cylindrical  wave  survives, 


(9.1.9a) 

(9.1.9b) 


Thus  in  direction  <f>  the  field  is  approximated  by  a  single  plane  wave  of  amplitude  q(k  cos<f>). 
It  is  the  amplitude  of  a  cylindrical  wave  radiated  from  the  edge.  It  is  a  function  of  angle  <t> 
because  of  interference  in  the  medium  of  left  and  right  travelling  waves.  Its  value  must  be 
determined  from  the  boundary  conditions  at  the  plate's  edge  (x  -  0)  [3],  When  y  is  in  the 
near  field  the  acoustic  pressure  in  the  medium  is  the  sum  of  contributions  from  one  incident 
wave  and  one  reflected  wave  (in  the  plate) : 

P(x.y)  = - ,A?  sff/iCy)  {exp  i~iKxx  -  ft\y\  -  ia>t)  +  a(iKxx  -  p\y\  -  iut)). 

V*x2o-*2  (9.1.10) 

Here  a  is  the  reflection  coefficient.  It  is  a  complex  number  depending  on  Kx0,  k,  k\  and  on 
edge  conditions  (i.e.,  whether  the  plate  is  clamped  or  free).  Figure  9.1.3  is  a  plot  of  modulus 
|a  |  and  arg  a  versus  kh  for  a  steel-water  system.  It  shows  that  when  kh  >  1  the  reflected 
energy  in  the  water  drops  very  sharply  because  the  incident  plane  wave  suddenly  begins  to  radi¬ 
ate  very  efficiently. 


The  acoustic  power  radiated  by  the  edge  of  the  plate  into  the  far  field  per  unit  length  of 
the  plate  is, 

T2*  |d>  |2 

IF- J  wd<t>,  w-  - -  (units:  Ns  ').  (9.1.11) 

The  ratio  of  power  radiated  by  the  edge  (-  w)  to  total  power  in  the  medium  («  Wx  +  W2)  is 
w°  a  complicated  function  of  angle  (4],  A  calculation  of  w0  for  a  water-steel  system  is  shown 
in  Fig.  9.1.4.  The  solid  lines  are  (1)  kh  -  1;  (2)  kh  -  0.5;  (3)  kh  -  0.1;  (4)  kh  -  0.01.  The 
dashed  line  is  kh  —  2.  For  angles^  >  180°  use  )  —  h'°(360°—  <t>).  As  kh  increases  it  is 
seen  that  more  energy  gets  into  the  water  (i.e.,  w°  increases).  For  small  kh  the  radiation  is 
dipole;  for  large  kh  it  is  quadrupole.  In  the  free-edge  plate  the  quadrupole  radiation  appears 
earlier  in  values  of  kh ,  and  is  more  pronounced. 

9.2  SOUND  RADIATION  FROM  AN  INFINITE  PLATE  REINFORCED 

WITH  A  FINITE  SET  OF  BEAMS  AND  DRIVEN  BY  A  POINT  FORCE  IS) 

An  infinite  plate,  thickness  h,  density  pp ,  stiffness  D(-Eh}/ 12(1  -  e2)),  lies  in  the  x: 
plane,  Fig.  9.2.1.  It  is  reinforced  with  a  periodic  (but  finite)  system  of  beams,  and  is  driven  by 
a  point  force  /0  e~lml  at  x0,  z0.  Under  the  action  of  this  force  the  plate  vibrates  transversely 


9.2  Sound  Radiation  by  a  Ribbed  Plate  Given  by  a  Point  Force 


m 


n*-2  *1  /•*->  m-t 
'j 

Fig.  9.2.1.  Coordinate  system.  (After  (51) 


with  velocity  -iuw(x,z)e  Since  the  motion  of  the  plate  induces  a  reaction  from  the  beams 
one  can  specify  the  forces  and  moments  of  this  reaction  as  being  proportional  to  the  velocity: 

Fj  -  -  iatw(Xj.  z)  8  (x  -  Xj)  Zf(<») 


Mj  -  -/<«  —  (xj.  z)|  8  (x  -  Xj)ZM(u>). 

Here,  Zf  ,  ZM  are  the  mechanical  impedances  per  unit  length  of  the  force  and  moment  respec¬ 
tively.  The  units  of  Zf  are  Nsm-2,  of  ZM  are  Ns,  of  Fj  are  Nrrf  2,  and  of  Mt  are  Nm"1.  The 
dynamic  equation  of  force  balance  is. 


M  °((£  +  £| 


+  +NidMi 

z)  -  -  £  Fi  ~  Z  - /o6  fx  -  X0)6  (z  -  z0) 


—  P\(x,z)  +  P2(x,z) 


(9.2.1) 


( b )  k 


v  Pph 

D 


flexural  wavenumber  of  the  plate  in  a  vacuum,  (units:  m  ’) 


P |,  P 2  ”  reactive  loading  of  medium  in  upper  (subscript  1  ) 

and  lower  (subscript  2)  half  space.  (units:  Nm-2). 

N i  -  total  number  of  beams  in  the  region  x  <  0 

N2  “  total  number  of  beams  in  the  region  x  >  0 
The  beams  are  labelled  n  -  ±  1,  ±2,  etc. 

At  the  boundary  of  plate  surface  and  medium  the  particle  velocity  must  be  continuous.  Hence 
the  forces  acting  on  the  medium  must  be  in  dynamic  balance.  For  a  medium  of  density  p ,  the 
force  balance  is: 


BP )  ..  BP, 

— r —  -  p  w  or  — —  -  pw'w,  i  —  1.2. 
By  By 


(9.2.2) 
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Equations  (9.2.1)  and  (9.2.2)  form  a  system  of  differential  equations.  Because  the  plate  is 
infinite  one  can  write  a  solution  in  the  form  of  an  expansion  of  2-dimensional  plane  waves: 

°°  dK.  dK 

w(x.z)-  U  w(Kx,Kz)  expUKxx  +  iKzz)  ^  (9.2.3) 

in  which  w  (units:  m3)  is  the  spatial  Fourier  transform,  and  KX,KZ  are  the  transform  variables. 
Similarly,  the  acoustic  pressure  field  is  representable  as  an  expansion  in  3-D  plane  waves: 

,  rr  -  ,  ,  dKxdKz 

P{  2(x.y,z)  -  J  J  Px2(Kx,Ky)  exp  UKxx  +  iKzz  ± 

K,  -  y/k2  -  Kx2  -  K2  (9.2.4) 

Substitution  of  (9.2.4)  and  (9.2.3)  into  (9.2.2)  and  (9.2.1)  leads  to  a  system  of 
2(2V,  +  N2)  algebraic  equations  in  displacement  w  and  rotation  dw/dx,  expressed  in  the  forms 
of  1— D  z- transforms, 

/•"  dK 

w(xj,Kz)  -  J _  w(Kx.Kz)  exp  UKXj (9.2.5) 

| ^(xj.Kz)  -  J“  iKxw(Kx,Kz)  txpUKxXj )^- 

(see  [5]  for  details).  Because  of  the  relation  between  acoustic  pressure  and  plate  displacement 
given  by  (9.2.2),  the  determination  of  (9.2.5)  itself  determines  P\  2  ( Kx ,  Kz)  as  well: 

PM*.  K,)  »  w(Kx.  Kz).  (9.2.6) 

V  Ac  i\.x  K-2 

Application  of  (9.2.4)  leads  to  explicit  forms  of  radiated  acoustic  fields.  These  are  expressed  as 
a  sum  of  three  contributions, 

P\  -  PT  +  PF  +  PM 

in  which  PT  is  the  contribution  of  an  infinite  plate  without  beam  reinforcement,  and  PF,  PM, 
are  the  contributions  of  the  beams  coupled  by  force  F  and  bending  moment  M  respectively.  A 
plot  of  the  equal-sound-pressure  curves  near  the  plate  in  the  xy  plane  due  to  one  beam  on  an 
infinite  plate  driven  by  a  point-force  is  shown  in  Fig.  9.2.2.  The  calculation  is  based  on  taking 
k2/ k2  —  32,  and  the  beam  is  assumed  to  be  coupled  to  the  plate  by  force  only.  It  is  a  set  of 
beam  patterns  of  contributions  PT  +  PF. 


Fig.  9.2.2,  Equal-sound-pressure  curves  Tor  a  force-coupled  beam  and  plate. 
1)  Exact  calculation;  2)  approximate  calculation  (After  151) 


9.2  Sound  Radiation  by  a  Ribbed  Plate  Given  by  a  Point  Force 


Similarly,  Fig.  9.23  shows  the  set  of  patterns  near  the  plate  for  one  beam  coupled  to  an 
infinite  plate  by  torque  only  and  the  plate  driven  by  a  point  force.  It  is  a  set  of  patterns  contri¬ 
buted  by  PT  +  PM.  In  both  cases  the  dashed  lines  are  an  approximation  for  the  condition  that 
the  driving  point  and  observation  point  lie  in  a  plane  perpendicular  to  the  reinforcing  beams. 


Fig.  9.2.3.  Equal-sound-pressure  curves  for  a  torque-coupled  beam  and  plate. 
1)  Exact  calculation;  2)  approximate  calculation.  (After  151). 


Figure  9.2.4  gives  the  spatial  distribution  of  the  sound  pressure  for  a  plate  with  four 
beams.  Of  the  four,  beams  —  1,  +1,  +2  are  located  at  x/l  -  0,  1,  2  respectively.  The  plate  is 
driven  by  /0  at  midpoint  between  beams  -1  and  +1.  Curve  1  characterizes  the  radiation  of 
sound  by  the  plate  in  the  case  where  the  mechanical  impedance  of  the  beams  is  large 
(a  -  8  —  104).  By  definition. 


Fig.  9.2.4.  Spatial  distribution  of  the  sound  pressure  for  a  plate  with  four 
beams.  1)  Perfectly  stifT  beams;  2)  perfectly  stiff  beams  and  an  incompressible 
fluid;  3)  freely  supported  beams;  4)  plate  without  beams.  (After  151). 
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It  is  seen  that  even  in  this  case  sound  is  radiated  at  the  junction  of  the  second  beam  with  the 
plate,  i.e.,  vibrational  energy  caused  by  force  /0  is  transmitted  through  the  fluid  and  through 
the  plate  from  the  driven  span  to  the  next  one.  If  the  compressibility  of  the  fluid  is  disregarded 
in  the  determination  of  the  quantities  w(x„)  and  (d/0x)w(x„)  then  energy  is  transmitted  to  the 
second  beam  only  through  the  plate,  and  the  sound  pressure  from  the  second  beam  is  much 
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lower  (curve  2).  Correspondingly  the  energy  that  would  have  gone  into  the  compressible 
medium  reappears  as  an  increase  in  the  radiation  at  the  junction  of  beam  #  1 . 

For  the  case  in  which  the  moment  impedance  of  the  beams  is  zero  (a  —  104,  8  -  0)  a 
large  energy  flux  propagates  through  the  plate,  and  the  compressibility  of  the  medium  no  longer 
has  a  significant  influence  on  the  sound  pressure  created  by  the  second  beam  (curve  3). 

Curve  4  in  Fig.  9.2.4  describes  the  sound  pressure  for  the  plate  without  any  reinforcing 
beams.  It  also  follows  from  Fig.  9.2.4  that  for  the  chosen  beam  and  plate  parameters  the  sound 
pressure  in  the  driven  span  is  determined  in  the  vicinity  of  the  beams  bordering  it  by  the 
radiation  of  sound  from  the  beams,  while  opposite  the  driving  point  it  is  determined  by  the 
radiation  of  sound  from  the  plate  without  beams.  Outside  the  indicated  span  the  radiation  of 
sound  is  governed  entirely  by  the  presence  of  beams  on  the  plate. 

The  curves  in  Fig.  9.2.5  describe  the  spatial  distribution  of  the  sound  pressure  for  a  plate 
with  various  numbers  of  beams  and  zero  moment  impedance  (a  «  104,  8  -  0).  Beams  -1, 
+  1,  +2,  +3,  etc.  are  located  at  x/l—  0,  1,  2,  3,  ...  respectively.  The  plate  is  driven  by  a 
point-force  /o  at  midpoint  between  beams  - 1  and  + 1 . 


Fig.  9.2.5,  Spatial  distribution  of  the  sound  pressure  for  a  plate  with 
various  numbers  of  freely  supported  beams,  "Freely  supported" 
signifies  absence  of  moment  coupling,  i.e.,  z«  =  o  1).  Radiation 
from  individual  beams;  2-7)  total  radiation  from  sets  of  12,  10,  8,  6, 
4,  and  2  beams,  respectively;  8  sound  radiation  from  a  plate  without 
beams.  (After  151). 


We  see  that  increasing  the  number  of  beams  on  the  plate  does  not  alter  the  radiation  from 
the  previous  beams,  the  directivity  of  the  sound  radiation  is  almost  the  same  for  all  beams,  and 
only  the  strength  of  the  sources  varies  in  the  vicinity  of  the  beams,  depending  on  w{xn,  0). 

It  also  follows  from  Fig.  9.2.5  that  the  absence  of  moment  impedance  of  the  beam  causes 
the  contribution  of  beams  outside  the  driven  span  to  the  total  radiation  to  become  decisive.  In 


EE 
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9.3  Sound  Radiation  by  an  Infinite  Periodic  Slotted  Array 

analyzing  the  problem  for  the  case  of  excitation  in  a  noise  band  the  moment  impedance  of  real 
beams  can  virtually  always  be  neglected  in  the  audible  frequency  range. 

It  is  important  to  note  that  the  foregoing  conclusions  refer  to  the  case  of  a  fairly  large 
force  impedance  on  the  part  of  the  beams  ( a  =  104);  with  a  decrease  in  the  force  impedance 
the  contribution  of  the  beams  to  the  total  radiation  will  of  course  also  diminish,  until  in  the 
limit  the  situation  goes  over  to  a  plate  without  reinforcing  beams. 

9,3  SOUND  RADIATION  BY  AN  INFINITE  PERIODIC  SLOTTED  ARRAY  161 

An  infinite  periodic  array  of  infinitely  long  rectangular  parallelopipeds  is  located  in  an  x,y,z 
coordinate  system.  Fig.  9.3.1.  In  each  parallelepiped  the  surfaces  y  —  ±  h/2  can  undergo 
vibration  and  hence  can  radiate  sound  into  half  spaces  —°°  <  y  <  +°° .  The  surfaces  forming 
the  slots  (at  x  -  -  d/2,  x  —  +  d/2,  etc.)  are  assumed  rigid.  A  single  radiating  element  is 
taken  to  be  the  array  element  (infinite  rectangular  surface)  itself,  of  width  /  -  d,  plus  the  half 
slots  d/2  on  either  side. 


Fig.  9.3.1.  Infinite  periodic  slotted  array  of  rectangular  elements. 


Letf  (x)  be  a  particle  velocity  distribution  forced  across  the  upper  half  radiating  face  of 
one  element  and  assume  the  radiation  from  the  array  is  steered  in  direction  9  0-  Then  the  nor¬ 
mal  component  of  surface  velocity  at  the  a  element  is  taken  to  be, 

f„(x)  =  £0  exp  iffHk  sin  “  0.  1.  2,  ...  (9.3.1) 


in  which  £0  >s  the  same  f°r  elements.  Each  slot  between  element  cross-sections  is  con¬ 
sidered  to  be  a  waveguide  with  rigid  walls.  Its  transverse  eigenfunction  is  cosine  ( mtrx*/d ) 
(see  Eq.  (3.6.14)).  Hence  the  slot’s  axial  wavenumber  is  k„  =  V k1  -(mtr/ d)1.  The  acoustic 
field  inside  one  slot  is  then  given  by  a  sum  of  waveguide  modes: 


exp(/a/(A:  sin  0O))  £  (Ame 

m-0 


<kn,y 


+  Bme 


-ikmy ) 


cos 


mit 
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y  —  — 

d 

■*a  2 

(9.3.2) 


Here  x*  —  xa  -  y.  It  is  written  in  this  way  to  insure  that  bPjbx  =  0  when  xa  =  ±  d/2.  The 

acoustic  field  in  the  medium  can  be  obtained  as  the  product  of  the  field  of  one  line  source  run¬ 
ning  along  the  z-coordinate  direction  and  a  second  line  source  running  along  the  x-direction. 
The  field  due  to  one  parallelopiped  (say  a  =  1)  depends  on  the  excitation  of  volume  velocity 
per  unit  of  length,  i;(x)dx  (units:  mVnT1).  For  given  velocity  i,  at  y  =  h/2  it  is  a  cylindrical 
wave  radiating  into  half  space  y  >  0: 
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P- -2/*pc /*,(*)  j  //<}»  (kR)dx  ,  R-  |r— r|.  (9.3.3a) 

To  determine  R  assume  the  ordinates  of  the  source  points  and  observation  points  have 
the  simple  form, 

x  -  coordinate  at  the  source  point:  a  +  xa>  a  -  0,  1,  2.  .  . 

x  -  coordinate  at  the  observation  point:  a' l  +  xa,  a'  -  0,  1,  2  . . .  (9.3.3b) 


These  forms  allow  simple  formulas  for  r0  and  r.  The  factor  2  appears  here  because  all  the 

radiation  goes  into  half-space.  The  Hankel  function  (kR)  defines  the  Green’s  function 

4 

for  a  line  source  in  full  space.  Now  the  radiation  in  the  upper  half-space  when  each  element  has 
normal  velocity  £|  is  the  sum  of  the  radiations  from  all  the  upper  vibrating  surfaces  and  1/2  of 
the  radiation  from  all  the  slots: 

PM)~  I  e‘anksit*o)  f'~Jj{(xa)  Hil)  (kR)dxa 

“  QB-OO 

+y  I  eianksir*0>  £  k„{Ame‘kmhn  -  Bme~‘inh/2)  (9.3.4) 

a  —  —  oo  m-0 

x  f-d/2  //°<l>  * kR )  cos  ~d~  ~  1  dXa’ 

(Note  that  the  subscript  1  refers  quantities  to  the  upper  half  space). 


A  similar  set  of  equations  can  be  formed  for  the  acoustic  pressure  field  P2  in  the  lower 
half-space. 


Since  2  are  assumed  known  one  can  determine  the  modal  coefficients  Am ,  Bm  by  invok¬ 
ing  the  boundary  conditions: 

at  y  -  hi 2:  Pa  -  Px 

aty  -  -h/2:  Pa  -  P2  (9.3.5) 

in  which  Px  2  are  acoustic  pressures  due  to  all  the  radiating  parallelopipeds  and  a  is  an  integer 
designating  the  a  th  slot. 


The  first  term  in  (9.3.4)  contains  a  summation  on  a  that  is,  a  summation  over  the  paral¬ 
lelopipeds  and  slots,  while  the  second  term  has  two  summations,  one  on  a  and  the  second  on 
the  modal  numbers  m  in  one  slot.  If  left  and  right  side  boundary  conditions  (9.3.5)  are  multi¬ 


plied  by  cos 


7 Ttn' 
2 


2-Xy 
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-  1 


,  and  if  H'o(kR)  is  expanded  in  plane  waves  containing  variable 


xa‘,  and  if  the  integration  over  xa  is  performed,  then  one  obtains  an  infinite  system  of  algebraic 
equations  in  unknown  Am ,  B„  in  terms  of  (1)  integers  m,  m\  a,  a'.  (2)  geometric  sizes,  h,  d ',  A 
and  (3)  wave  parameters  k,  km  (see  [6]).  Because  the  velocity  £|  2  are  finite  the  modal 
coefficients  A„,  B„,  decrease  in  magnitude  as  m  increases.  Thus  the  infinite  system  can  be 
solved  for  Am,  Bm  by  truncation. 


9.3  Sound  Radiation  by  an  Infinite  Periodic  Slotted  Array 


Once  Am ,  Bm  are  determined  for  all  m  for  a  given  value  of  £  l  2  the  far  field  may  be 
obtained  directly  from  (9.3.4)  by  use  of  the  approximation. 


H&'HR)  ~ 


rbrkR 


exp(ikR  -  iir/4)  exp  (-  ikx  sir0 ) 


(9.3.6) 


in  which  0  is  the  polar  angle.  Choosing  a  unit  cell  to  consist  of  one  vibrating  surface  plus  a  left 
and  right  half  slot  one  evaluates  (9.3.4)  with  the  approximation  (9.3.6)  to  obtain  the  far  field 
pressure  in  the  upper  half-space  due  to  a  unit  celt. 


/>,(#)  -  Ps(9)  +  Ptl(0) 

K»  “  0 


(9.3.7) 


(see  (61).  Ps(0),  Pei(0)  are  the  acoustic  fields  due  to  the  slot  and  the  elementary  radiating  sur¬ 
face  respectively.  The  calculation  is  much  simplified  if  £i  ^  are  assumed  constant,  and  if  the 
steering  angle  0O  is  zero.  A  case  of  particular  importance  is  £  2  “  0,  £  i  ”  1.  Figure  9.3.2  shows 
a  plot  of  far  field  pressure  of  a  unit  cell  in  the  upper  half  plane  at  polar  angle  0  =*  0  versus  slot 
height  (normalized  to  wavelength)  with  parallelopiped  width  as  a  parameter.  The  entire  array  is 
assumed  present.  The  field  is  seen  to  decrease  drastically  when  the  slot  height  is  near  an 
integral  multiple  of  a  half  wavelength. 


Pi(e,*<r> 
i.c\-  — 


0  D.Z  OH  0.B  0.1  1J 

b/X 

Fig.  9.3.2.  Far-field  pressure  gen¬ 
erated  by  one  unit  cell  in  the  direc¬ 
tion  t)  -  90  “  0  versus  slot  height. 

1)  (/-  d)/\  -  0.25,  Ilk  -  0.3;  2) 

(/  -  d)/K  -  0.5,  l/k  =  0.55.  (After 
(61). 

The  radiation  field  of  a  unit  cell  at  the  backside  of  the  array  in  relative  units  of 
P2(\80°)/P(0<)  is  plotted  in  Fig.  9.3.3  versus  hi l  with  (/  -  d)/\  -  0.1.  This  is  the  radiation 
due  to  two  half-slots  because  f2  is  zero.  An  explicit  formula  for  P2{0)  is  given  by  (61.  Again, 
when  h/k  is  near  an  integral  number  of  half  wavelengths  the  radiation  to  the  rear  of  the  array 
in  direction  0  «  180°  is  equal  in  magnitude  to  the  radiation  in  direction  0  =  0.  However,  this 

conclusion  is  based  on  the  choice  -  0.1.  For  the  choices  (/  -  d)/k  =  0.25,  0.50  the 

A  I 

peak  of  back  radiation  occurs  at  differing  values  of  h/k  depending  on  l/k.  This  is  shown  in 
Fig.  9.3.4. 
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Fig.  9.3.3.  Relative  value  of 
back-radiation  level  of  element 
with  (/  —  d)/k  —  0.1  versus  slot 
height.  1)  //X  -  0.5;  2)  //A  -  0.2; 
3)  //X  -  0.1 5.  (After  (61). 


O.t  0*  , 

Fig.  9.3.4.  Relative  value  of  back- 
radiation  level  versus  slot  height 
for  elements  with  (/  -  0/A  -  0.25 
and:  1)  //X  -  0.3;  2)  //X  -  0.5,  and 
with  c  -  d)/k  —  0.5  and:  3) 
//X  -  0.55;  4)  //X  -  0.7. (After  (61). 


Besides  the  radiation  field  one  is  also  interested  in  finding  the  radiation  impedance  of  a 
unit  cell  in  the  presence  of  the  entire  array.  To  do  this  one  returns  to  9.3.4  and  replaces  the 
Hankel  function  by  plane  wave  expansion. 


H^(kR)-  —  /”  e 


fl-p2 


(9.3.8) 


where 


R  -  |r  -  r0l  -  (/«'  +  x')  -  (/«  +  x„) 
multiplying  both  sides  of  9.3.4  (thus  modified)  by 

exp  -  ika 7/8 0>  Po~  sin0o 
and  using  Poisson’s  Sum  Formula  (see  6.7.32) 

£  e m o(a m (a -a •)  .  2ir  £  8(kl(p-p0)-2ns) 

a  —  —  ao  J-— oo 

one  integrates  term  by  term  to  find  the  total  pressure  on  one  parallelopiped  surface: 

„  ,  kpc  ,  A  £  r'~dn  e‘kU°'~ x”*  J 

im  -JTTfT*- 

i  1  ^  |  /  i  0_X/2  n  A 

2lr  m— 0  • 

~  f0/2  [?rm  2xo  ,||  j 

x  y  I  — 7= - =  cos  —z—  — 7 - 1  dxa. 

s~ooJ-<"2  y/T^p}  2  d 

Here/3,  -  /30  +  (lirs/kl)  -  /3  +  s(X//) 


(9.3.9) 


(9.3.10) 


9.3  Sound  Radiation  by  an  Infinite  Periodic  Slotted  Array 


A  subsidiary  integration  of  P'{xa •)  over  xa.  of  one  parallelopiped  gives  the  real  and  imaginary 
parts  of  the  complex  radiation  price  per  unit  length  in  units  of  Nm"1  on  it  (see  16]  for  explicit 
forces).  The  radiation  impedance  of  one  parallelopiped  per  unit  length  (along  x)  normalized  to 
pc (l  -  d )  is  then, 

Zftd-  -  Rs  —  iXs  -  —  rS  -  i — — - — —  (units:  Nsm-2)  (9.3.11) 
£0  pc(/  -  d)  pcU  -  d) 

in  which  rs,  x,  are  specific  acoustic  impedances  per  unit  length  (along  x). 

Figure  9.3.5  shows  a  plot  of  Rs,  Xs  versus  steering  angle  0O  for  (/  -  d) A  -  0.3,  0.5; 
l/k  -  0.4,  0.7.  and  various  values  of  h/k .  Curves  1,2  shows  sudden  jumps  at0o  =  25°,  attri¬ 
butable  to  the  instability  of  the  directivity  pattern  of  an  infinite  array  at  that  angle. 


Fig.  9.3.5.  Active  component  rs  and  passive  component  xs  of  the  ra¬ 
diation  impedance  versus  steering  angle  for  element  with 
(/  -  d)/ A  -  0.5;  l/K  -  0.7,  and:  1)  h/k  -  0.2;  2)  h/\  -  0.49,  and 
with  (/  =  d)/k  -  0.3,  l/k  -  0.4,  and:  3)  h/k  -  0.1;  4)  h/k  -  0  4. 
(After  (6l). 


Figure  9.3.6  is  a  plot  of  normalized  radiation  impedance  per  unit  of  length  along  x  vs  slot 
height  (—  h/r).  Figure  9.3.7  is  a  plot  of  radiation  impedance  of  one  element  versus  spacing 
length  (—//X). 


Fig.  9.3.6.  Active  component  rs  and 
passive  component  xs  of  the  radia¬ 
tion  impedance  versus  slot  height. 
I)  (/  -  d)/k  -  0.5,  Ilk  -0.7;  2) 
(/  -  d)/k  -  0.3,  l/k  -  0.4.  (After 
[6]). 


Fig.  9.3.7.  Active  component  rs 
and  passive  component  xs  of  the 
radiation  impedance  versus  spacing 
l/k  of  elements  for  element  with 
(/  -  d)/k  -  0.25.  I)  h/l  =  0.2;  2) 
h/l  -  0.45.  (After  |61). 
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9.4  RADIATION  IMPEDANCE  OF  A  CYLINDER  OF  FINITE  HEIGHT  |7| 

The  acoustic  potential  field  radiated  by  a  cylinder  of  finite  height  does  not  conform  to  any 
system  of  coordinates  in  which  the  Helmholtz  equation  is  separable.  Thus  the  integral  equation 
of  linear  acoustics,  Eq.  1.10.1,  must  be  solved  numerically.  Section  1.10  gives  a  discussion  of 
this  problem.  An  example  of  a  structure  on  which  such  calculations  can  be  made  is  shown  in 
Fig.  9.4.1.  Here  the  radiating  surface  is  divided  into  N  bands  (6  of  which  are  shown,  consisting 
of  />  i  -  3  on  the  ends,  and  n2  —  3  on  the  sides)  above  the  plane  of  symmetry  defined  by  z  -  0 
and  N  bands  below.  The  radiation  is  taken  to  be  axisymmetric.  The  distribution  of  surface 
velocity  in  the  direction  z  may  be  asymmetric. 


Ztr.f.t) 


Fig.  9.4.1.  a)  Geometry  of  the  radiator;  b)  method  of  partition  of  the 
cylinder  surface  into  elementary  rings  and  bands;  total  number  of  partition 
elements  in  the  figure  2 N  -  12;  number  of  rings  at  each  end  n,  =  3; 
number  of  bands  on  half  the  lateral  surface  n2  -  3;  N  =  n,  +  n2  -  6. 

(After  [7]). 

Let  the  location  vector  of  any  point  on  the  surface  be  x0  as  measured  from  the  origin. 
Then  for  a  given  (normal  component)  of  surface  velocity  the  velocity  potential  4>  (x)  anywhere 
on  the  surface  r  -  a,  (r-  (x,y))  is  governed  by  the  formula, 

2m(i  (x)  -  &  f  0  (x0)  -^-(x|x0)</S(x0)  -  -  f  G(x|x0)vB(xo)d5(x0)  (9.4.1) 

04  0 

In  this  integral  equation, 

<j(x|x0)  “  exp  ikR/R.  R  ”  |x  —  x0| 
the  positive  normal  points  into  the  surface,  and  P means  "principal  part." 

Label  each  band  by  a  number  (call  it  a  node)  assigned  to  its  midband,  and  assume  the 
velocity  potential  and  velocity  are  constant  over  the  area  of  each  band,  with  freedom  to  differ 
from  band  to  band.  Equation  (9.4.1)  then  reduces  to  a  matrix  equation  in  unknown  ip  „-(x), 


9.4  Radiation  Impedance  of  a  Finite  Cylinder 


(a)  If.] 

(b)  L/J-  lO  IvJ. 


(9.4.2) 


The  N  *  N  matrices  lHnm),  [  V„„]  are  easily  deduced  from  1.10.7c  and  1.10.7d.  In  numerical 
calculation  the  diagonal  elements  of  these  matrices  are  seen  to  contain  logarithmic  singularity  at 
nodal  points  x  —  Xq.  To  avoid  these  one  employs  the  operation  of  taking  "principal  part"  ( = 
operation  ^of  Eq.  9.4.1).  One  way  of  doing  this  is  to  enclose  each  nodal  point  with  a  3-D 
ellipse  and  exclude  the  volume  of  this  ellipse  from  the  calculation. 


Computation  for  each  value  of  ka  - 


may  be  conducted  as  follows 


1.  the  integration  over  area  required  by  matrix  elements  in  9.4.1,  9.4.2  is  accom¬ 
plished  by  dividing  each  band  into  /  x  /,,  cells,  in  which  l\  is  the  number  (<  6)  of  divisions  in 
circumference  and  /,  is  the  number  (2  to  6)  of  divisions  in  height.  In  one  particular  case  for 
N  —  n(  +  n2  -  20  bands  the  number  of  cells  was  /  x  /  -  6  x  6  -  36  for  each  band. 

2.  In  integrals  requiring  evaluation  of  principal  parts  an  ellipse  is  chosen  for 
avoidance  of  logarithmic  singularities.  Reference  [7]  chose  ellipse  with  semiaxes  er  =  0.005a, 
e4  -  0.005ir ,  et  -  0.0025  to  O.OOSOh. 

3.  The  acoustic  pressure  on  each  band  p(x0),  mechanical  radiation  impedance, 
ZB(o»)  on  each  band,  and  the  mutual  mechanical  impedance  Z/m  between  the  /  th  and  m'th 
band  are  determined  from  the  solutions  <l>  „  (x) : 


(a)  p„(x)  -  -  iutp  0 „(x) 


(b)  Z„(w)  -  — J-y  JJ  p„(x0,m)  V*  (x0,  w)  dS (x0) 


(9.4.3) 


(c)  Z,_  - 


7T  S 5  P/<*o  ,m)  v*  ( x0,m)dS(x0 ) 


in  which  VQ  is  a  reference  velocity,  and  Vm,  Vh  pm,  V„  are  rms  magnitudes.  For  convenience 
the  impedances  are  normalized  by  dividing  Z  by  p  cSra  where  Sra  is  the  part  of  the  band  area 
included  in  the  operation  of  taking  principal  parts.  The  radiation  resistance  a  and  reactance  /9 
are  then, 

-  iPn  «  — 


Several  cases  of  theoretical  and  practical  significance  in  which  the  radiation  impedance  of 
short  cylinders  has  been  numerically  evaluated  are  now  presented. 

Case  I.  A  short  cylinder  whose  ratio  of  half-height  h  to  radius  a  is  0.2588,  is  excited  on 
its  sides  by  a  velocity  v  —  1  and  on  its  ends  by  a  velocity  v  -  0.  Choosing  N  advantageously,  to 
be  <20,  and  following  the  choices  of  /,  /|  and  ellipse  size  noted  in  steps  (2)  and  (3)  above,  ref. 
[7]  calculated  a,  for  values  of  ka(-2na/k  -  w/c),  ranging  from  0.2  t  o  10.0.  The  result  is 
shown  in  the  full  lines  labelled  1,1  of  Fig.  9.4.2.  For  ka  >  5.0  the  cylinder  radiates  very  much 
like  a  flat  piston.  For  comparison  purposes  these  results  are  placed  side  by  side  with  those  of  a 
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Fig.  9.4.2.  a)  Coefficients  a  and  /3  of  the  radiation  impedance  of  a 
cylinder  with  rigid  ends,  h/a  =  0.2588  (curves  1  and  1')  and  of  a 
spherical  band  with  rigid  funnel-shaped  ends,  h/a  =  0.2588 
(curves  1  and  2');  b)  diagrams  of  the  corresponding  models. 
(After  [7]). 


different  model,  namely  that  of  a  spherical  band  of  the  same  height  and  radius  whose  radiation 
is  calculated  by  use  of  spherical  harmonics.  The  two  models  agree  well  for  ka  <  5.0,  but 
diverge  beyond  this  value. 

Case  II.  A  cylinder  with  ratio  of  half  height  to  radius  (h/a)  of  0.5  is  excited  by  a  velocity 
v—  1  on  its  sides  Fig.  9.4.3.  Three  types  of  ends  are  modeled  and  the  normalized  mechanical 
radiation  impedance  is  calculated  versus  ka  as  a  parameter.  In  type  1  the  cylinder  is  extended 
on  either  end  by  semi-infinite  rigid  baffles.  The  numerical  values  of  a,  P  are  plotted  as  line  1. 
In  type  2  the  cylinder  is  capped  by  rigid  ends.  The  impedances  are  shown  as  line  2.  In  type  3 
the  cylinder  is  capped  by  compliant  ends.  Its  radiation  impedance  are  shown  in  line  3.  From 
these  results  it  is  seen  that  types  1  and  2  are  nearly  identical  for  ka  <  1.0  because  the 
wavelengths  are  then  very  large  and  the  baffles  are  acoustically  small.  In  contrast,  the  introduc¬ 
tion  of  compliant  ends  effectively  cancels  the  volume  velocity  at  low  frequencies,  hence 
effectively  reduces  the  radiation  resistance  to  low  levels.  However,  above  ka  —  2.0  the  radia¬ 
tion  resistance  becomes  nearly  independent  of  the  existence  of  compliance  at  the  ends  while 
the  radiation  reactance  still  shows  compliance  effects  up  to  values  of  ka  —  5.0. 

Case  III.  The  radiation  impedance  of  cylinders  of  various  heights  with  rigid  ends  is  shown 
in  Fig.  9.4.4.  Here  it  is  seen  that  the  radiation  resistance  is  proportional  to  the  relative  height 
h/a  of  the  cylinder  in  the  intervals  kakh  <  1  and  0.2  <  *a  <  5. 

Case  IV.  Lateral  and  end  surfaces  of  cylinders  with  various  distributions  of  velocity  exhi¬ 
bit  mutual  radiation  impedance.  Figure  9.4.5  shows  values  of  mutual  reactance  a  and  mutual 
resistance  /3  for  relative  heights  h/a  ranging  from  0.2  to  infinity. 
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Fig.  9.4.3.  Comparison  of  the  radiation  impedances  for 
three  models  of  a  cylindrical  radiator,  hi  a  =  0.5.  1)  Model 
of  cylinder  in  semiinfinite  baffles;  2)  with  rigid  ends;  3) 
with  compliant  ends.  (After  (?]). 
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Fig.  9.4.4.  Coefficients  a  (a)  and  /3  (b)  of  radiation  im¬ 
pedance  for  cylinders  of  various  heights  with  rigid  ends.  1) 
h/a  -  0.2;  2)  0.2588;  3)  0.5;  4)  0.75;  5)  1.0;  6)  1.5;  7)  2.0; 
8)  2.5;  9)  oo.  (After  (7)). 
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Fig.  9.4.5.  Mutual  radiation  impedance  between  the  lateral  and  end  surfaces  of 
a  cylindet  with  a  uniform  velocity  distribution  on  both  surfaces.  1)  hi  a  =  0.2; 
2)  0.5;  3)  1.0;  4)  2.0;  5)  3.0.  (After  (7)). 


9.5  RADIATION  FIELD  AND  RADIATION  RESISTANCE  OF  A  FINITE 
CYLINDRICAL  SHELL  IN  A  RIGID  BAFFLE 

A  thin  elastic  shell,  radius  a,  length  /  is  terminated  at  its  ends  by  semi-infinite  rigid 
baffles.  Fig.  9.5.1.  Let  the  shell  be  simply  supported  and  write  the  radial  displacements  as  an 
infinite  sum  of  longitudinal  and  circumferential  Fourier  modes, 


Fig.  9.5.1.  Finite  cylindrical  shell  in  a  baffle. 


Z(a,4> ,  z.  t)  -  I  cos  p<t>  sin 

p-0  q-  t  ' 
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The  pressure  field  radiated  by  such  a  distribution  of  displacement  is  the  factored  solution  of  the 
Helmholtz  equation  for  z  =  0  (  =  2-D  solution)  extended  into  the  z  =  0  domain  (  =  3-D  solu¬ 
tion)  (see  Eq.  3.7.46), 

P(r,  <t>,z)  =  £  An  cos  n<f>  J  ^  //"M/V k2  -  k2]  e‘k'~  (9.5.2) 

n 

At  the  surface  r  =  a, 

=  —  i<t>p£  (9.5.3a) 

or, 

oo  m  oo  .  ik  2  dk ,  oo  oo 

(b)  £  An  cos  n<(>  J  f„(a,k2)e' =  -to2  £  £  t  po  cos  sin  ^-5-3b) 

n-0  “  p-0  q-\  1 

f„(a,  k2)  =  //„(1)  (ajk2  -  k2)  k2  -  k2 
Here,  H"y  (ab)  =  [dH"}  (rb)/ drb]^,. 

Because  of  the  orthogonality  of  the  cosines  one  sets  p  =  n.  Since  the  integral  on  the  left- 
hand-side  is  a  Fourier  transformation  one  can  recover  the  integrand  by  taking  the  inverse 

—  jfc  2 

Fourier  transformation.  Multiplying  both  sides  by  e  7  and  integrating  over  the  range 
— oo  <  z  <  °°  (—  0  <  z  <  /)  it  is  seen  that, 

AJMkz )  “  -V P  I  t"  Z*  (k2)  (9.5.4a) 

«-i 


' 

Z*(k2)  =  sin  Zy-  e~lk'zdz. 


(9.5.4b) 


Solving  (9.5.4)  for  An  and  substituting  it  into  (9.5.2)  lead  to  an  explicit  form  of  the  field  in 
terms  of  the  surface  displacements. 


(~a>2p)  t*n9Z;(k)Hu>(ry/k2-  k2)  e 
r°°  a-\  n 

P{r,<b,z)—  £  cos  n<t>  J -  - 


ik,z 


Hnw(ajk2  -  k2)  y/k2  -  k2 


dk2 

— (9.5.5) 
27T 


Now  from  the  discussion  in  Section  4.2  we  may  describe  the  field  at  the  surface  r  -  a  as  a  sum 
of  modes, 

P(a,d>.z)  -  £  £  Psm(a,<t>  ,z)  e~iu'.  (9.5.6) 

s  s.m 

The  symbol  s  refers  to  the  -coordinate  while  m  refers  to  the  axial  coordinate.  Because  of  the 
symmetry  and  periodicity  of  the<£  coordinate  we  identify  s  of  9.5.6  with  the  n  of  9.5.5.  How¬ 
ever  the  q  and  m  of  these  equations  are  different:  each  mode  which  describes  P  is  coupled  to  all 
the  modes  which  describe  £ , 


Pnm  ~  I.ZnqZ, 


nm.nq 


(9.5.7) 
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The  first  set  of  subscripts  ( nm  of  Znm  nq  describes  the  pressure  modes,  while  the  second 
set  ( nq )  describes  the  displacement  modes.  To  find  Znmnq  one  first  expands  (9.5.6)  in  the 
same  eigenfunctions  as  were  used  in  (9.5.1)  and  then  uses  their  orthogonality  to  obtain, 


P„m(a.<t>.z) 


J* J*  P(a,4>.z)  cos  n<t>  sin  mJz  adtfrdz 


(9.5.8) 


Multiplying  both  sides  of  (9.5.5)  by  cos  n<f>  sin (mirzil)  and  integrating  over  area  dS  —  ad<t>dz 
one  obtains  by  use  of  orthogonality  of  the  eigenfunctions,  and  (9.5.7),  (9.5.8),  the  explicit  for¬ 
mula, 


=  -iwp  f 

IT  I 


-  Zm(kz)Zl(k2)H")(aJk2-  k2) 
■“  V/c2  -  k2  //„<"'  (ajk2  -  k2) 


(9.5.9) 


The  units  of  Znmnq  are  those  of  specific  acoustic  impedance  (Nsm  3).  In  normalized  form, 

^ nm.nq  ~  P  ^  nm.nq  ^  My  nm.nq 

M  —  mass  per  unit  area  of  the  shell  (units:  Ns2/ m}) 


=  modal  efficiency 
=  additional— mass  coefficient. 


(9.5.10) 


The  calculation  of  (9.5.9)  is  very  troublesome  when  m  ^  q  that  is,  when  there  is  coupling 
between  all  acoustic  modes  in  the  water  with  each  displacement  mode  in  the  cylindrical  shell.  It 
is  useful  therefore  to  find  conditions  which  permit  one  to  set  m  —  q  and  thus  calculate  only  the 
"proper  impedance",  Znmnm  These  conditions  can  be  best  understood  in  terms  of  the  following 
discussion  of  plate  and  shell  theory.  First  we  define  key  parameters. 

(1)  /r  is  the  ring  frequency  of  the  circular  cylindrical  shell,  or  the  frequency  at  which  the 
longitudinal  wavelength  X ,  in  the  shell  material  is  equal  to  the  shell  circumference. 


X ,  =  2n  a,  or  fr  —  -r— 
Lit  a 

where  C,  is  the  speed  of  longitudinal  stress  waves  in  the  shell. 


(9.5.11) 


(2)  fc  is  the  critical  frequency,  or  the  frequency  at  which  the  flexuial  speed  in  the 
equivalent  plate  is  equal  to  the  speed  of  sound  in  the  surrounding  material.  The  equivalent  plate 
by  definition  is  one  which  has  the  same  size  as  the  cylindrical  shell  "rolled  out,"  same  thickness 
and  mass  density,  same  Young’s  modulus  and  Poisson’s  ratio,  but  whose  acoustical  coupling 
between  vibration  "cells"  is  determined  by  cylindrical  geometry,  and  whose  circumferential 
modes  are  symmetrical. 

(3)  ft  is  the  frequency  at  which  the  sound  wavelength  in  the  medium  is  equal  to  the 
length  /  of  the  shell  between  supports,  f  —  c^l. 


V,-.' 


.  - .  - .■* 
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(4)  Cq  is  the  speed  of  sound  in  the  medium. 
cb  is  the  bending  wave  speed  in  the  shell. 

cx,cy  are  phase  speeds  in  the  equivalent  flat  plate  along  the  plate  edges. 


With  these  definitions  in  mind  one  can  classify  and  define  the  various  modes  of  radiation: 


Classification  of  Modes  of  the  Equivalent  Plate 


Acoustically  fast  modes  are  defined  by  the  condition  cb  ^  c0,  tr  fasl  —  1 
Acoustically  slow  modes  are  defined  by  the  condition  cb  <  c0 

(i)  strip-modes: 

jr-strip,  cy  <  c0  and  cx  >  c0  cr  s  «  1 
.y-strip,  cx  <  c0  and  cy .  >  c0  cr  s  «  1 

(ii)  piston  modes 


cx  and  cy  <  c0  cr  p  «  a  s 

Here  the  symbol  cr  is  the  radiation  efficiency  of  the  entire  panel, 
plate  of  radiation  resistance  to  pcAp: 

_ _ 1 _  _  ^RAD 

-^RAD  P0C0  PocoAp 

•^rad-  ;  msAp  =  M 

krad 


It  is  defined  as  the  ratio  of 


(9.5.12a) 


in  which  ms  is  the  mass  per  unit  area  of  the  panel.  M  is  the  total  mass  and  p0c0  is  the  charac¬ 
teristic  impedance  of  the  medium.  In  the  equivalent  flat  plate  which  is  excited  to  contain 
i-  1,  2..  resonant  modes  in  a  specified  frequency  band  the  efficiency  a  is  the  simple  average 
of  the  modal  efficiencies, 


(9.5.12b) 


Now  an  approximate  formula  for  the  resonance  frequencies  of  a  finite  circular  cylindrical 
shell  having  Poisson’s  ratio  n  and  longitudinal  wave  speed  c,  has  been  derived  by  Heckl  [8]  for 
the  case  of  simple  support  at  its  edges: 

i  \* 


(a)  v1 - 


(l-/*2)  -2^ 


1 

nm  a 

+  n2 

l 

+ 


1 

2 

2 

mir  a 

+  nl 

-  A 

1 

h 2 

12a2 


(b)  v 


t oa 


E 

ph(  1  -  p2) 


;  a 


|  W(A-p)-2-p)l(\-p2)  (9.5.13) 


m  —  1.  2, 3,  . . .;  n  —  0.  1, 2  . . .  *  one  half  of  the  number  of  nodes  in  the  complete 
circumference  (-2 na) 
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It  is  to  be  noted  that  in  (9.5.13b  the  quantity  ph  in  this  context  is  the  mass  per  unit 
volume  (units:  Ns 2/  m4).  The  symbol  m  refers  to  axial  modes  and  n  refers  to  circumferential 
modes.  In  many  cases  of  interest  factor  A  can  be  neglected.  The  error  involved  is  significant 
only  when  the  second  term  in  (9.5.13a)  is  nearly  zero.  But  the  frequencies  for  which  this  is 
true  cover  only  a  narrow  range  [8],  Neglecting  A  one  can  reduce  (9.5.13a)  to  a  form  which 
makes  use  of  the  resonant  frequencies  of  a  thin,  simply  supported  rectangular  flat  plate  of  sides 
a,  b  and  thickness  h: 


(9.5.14) 


Since 


lit  fa  f  r  ■  c  ci 

v  =  — —  =  -*r  ,  Jr  =  ring  frequency  =  — — 
c,  /,  lit  a 

it  is  seen  that  the  resonant  frequencies  (scaled  to  fr)  are  given  by 

v2  =  /32(ka)4+  (1  -p.2)  (ky/kp)4  (9.5.15) 


where 


/32-  h2/\2a2 
kp  =*  (k2  +  k2) 


2 

Jl 

,  2 

mrr 

a 

;  ky  “ 

i 

Here  again  (in  the  equivalent  flat  plate)  m  -  1,2 .  However  n  has  a  different  mean¬ 

ing;  it  is  one  half  of  the  nodes  of  displacement  in  the  circumferential  direction.  The  formula 
v2  =  p2(ka)2  lists  the  resonant  frequencies  of  the  equivalent  flat  plate  while  the  total  formula 
(9.5.15)  describes  (approximately)  the  resonant  frequencies  of  a  thin  cylindrical  shell.  Evi¬ 
dently  the  second  term  shows  the  effects  of  shell  curvature. 

A  first  effect  of  shell  curvature  is  to  modify  the  loci  of  radiating  modes  in  fc-space,  in 
comparison  with  the  same  .nodes  in  the  equivalent  flat  plate.  Flat  plate  loci  are  discussed  in 
Section  4. 2d.  There  it  was  seen  that  loci  of  constant  kp  (that  is,  of  constant  frequency  for  a 
specific  plate)  are  quarter  circles.  When  applied  to  cylinders  these  equivalent  plate  loci 
correspond  to  the  first  term  of  (9.5.15).  They  are  shown  in  Fig.  9.5.2  as  two  sets:  one  set  for 
v  <  1,  that  is  f  <  fr  (resonance  frequency  less  than  the  ring  frequency),  and  the  second  set 
for  v  >  1,  that  is  /  >  fr.  The  only  modes  that  radiate  when  the  cylinder  is  modeled  as  an 
equivalent  plate  are  the  circumferential-;  irip  modes.  These  are  the  modes  characterized  by 
m  -  0. 1 , 2 . . .  circumferential  nodes  of  radial  displacement.  A  discussion  of  strip-modes  is 
made  in  Section  4. 2d. 


When  cylinder  radiation  is  modeled  to  include  curvature  effects  both  terms  in  (9.5.15)  are 
used.  The  loci  of  radiating  modes  in  /c-space  for  this  model  are  shown  in  Fig.  9.5.3.  It  is 
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Fig.  9.5.2.  Loci  of  radiating  circumferential-strip 
modes  of  the  "equivalent  Plate"  in  k  space  for  a  given 
frequency.  (After  (91). 


Fig.  9.5.3.  Loci  of  radiating  modes  of  a  cylinder  in  k  space 
for  a  given  frequency.  (After  [9]). 


immediately  seen  that  when  the  resonance  frequency  is  above  the  ring  frequency  only  circum¬ 
ferential  strip  modes  radiate.  The  flat  plate  model  is  then  adequate.  However,  when  the  reso¬ 
nance  frequency  is  below  the  ring  frequency  the  curves  of  constant  kp  bend  inward  rapidly 
toward  the  origin  as  the  circumferential  wavelength  increase  (that  is  as  kx  decreases)  (9). 
Again  one  sees  radiating  strip  modes  for  the  condition  akx  <  ( cjca)v ,  (9.5.16).  However, 
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when  kx  <  k0  and  ky  <  k0  a  number  of  acoustically  fast  modes  icb  ^  cQ)  appear, 
they  satisfy  the  relation. 


akx 


Cl 

v  Re 

Ca 

(1  -v2)'/2~ 


2 

1/2 

1/2 

1  - 

V 

va 

Qualitatively 


(9.5.17) 


The  cylinder  radiates  efficiently  in  these  modes  even  though  the  circumferential  wavelengths 
are  long. 


The  radiation  efficiency  of  a  cylinder  vibrating  in  modes  may  be  calculated  by  use  of 
(9.5.12),  that  is  by  calculating  the  radiation  resistance  in  each  mode.  A  discussion  of  modal 
radiation  resistance  in  the  case  of  flat  plates  is  found  in  Section  4. 2d.  When  cylinder  curvature 
effects  are  pronounced  the  A:-space  plots  of  Figs.  9.5.2,  9.5.3  must  be  used  to  find  kx,  ky  for 
each  mode  at  a  fixed  drive  frequency.  From  these  one  may  again  calculate  radiation  resistance, 
hence  calculate  radiation  efficency.  Such  calculations  have  been  made  by  Manning  and 
Maidanik  [91.  Since  a  major  interest  centers  on  determining  at  which  frequency  a  given  mode 
becomes  acoustically  fast  (that  is,  a  good  radiator)  they  introduced  a  parameter  vg  =  fg/fr 
where  fg  is  the  critical  frequency  (that  is  the  frequency  at  which  the  phase  speed  of  the  bending 
wave  in  the  cylinder  shell  equals  the  speed  of  sound  in  the  medium).  The  larger  v g  is,  the 
smaller  is  the  effect  of  curvature  near  the  critical  frequency.  Figures  9.5.4  and  9.5.5  show  this 
effect.  They  are  plots  of  kxa  vs  v  —  (///,)  for  various  axial  wavenumbers  m.  We  discuss  Fig. 
9.5.4  first.  It  is  read  as  follows.  For  a  given  cylinder  radius  (—a)  and  a  given  shell  material 
(that  is  given  ct)  the  ring  frequency  fr  is  a  fixed  number.  Hence  the  abscissa  is  essentially  the 
(scaled)  drive-frequency.  Thus,  for  any  choice  of  circumferential  mode  number  n  -  kxa  and 
any  axial  mode  number  m  —  kyl-Jrt  (/2  is  the  length  between  axial  nodes  of  bending)  the  shell 
resonant  frequency  /  may  be  found.  The  mode  itself  is  labelled  nm.  The  full  lines  are  loci  of 
the  resonant  frequencies  of  the  cylinder  modes  when  curvature  is  included  and  the  dashed  lines 
are  the  same  loci  for  the  flat  plate  model.  For  example  when  n  —  4  and  m  —  3,  the  (scaled) 
resonant  frequency  isv  ~  0.7  if  curvature  is  included,  andi>  —  0.25  if  flat  plate  theory  is  used. 
The  frequency  spread  over  which  given  modes  become  acoustically  fast  is  shown  in  the  heavily 
shaded  area.  For  example  the  n  —  4  modes  become  acoustically  fast  if  curvature  theory  is  used 
in  the  frequency  range  v  —  0.3  to  v  —  1.1  when  m  —  1,  3,  5,  7.  However,  the  frequency 
labeled  n  —  4,  m  -  9  mode  is  acoustically  slow.  It  is  (in  this  case)  a  circumferential  strip  mode 
(lightly  shaded  area).  The  4,  11  mode  is  fast  again  but  all  other  n  =  4,  m  >  11  modes  do  not 
radiate  (that  is,  they  lie  outside  the  shaded  areas).  The  frequency  bounds  within  which  circum¬ 
ferential  strip  modes  occur  are  given  by  (9.5.16).  On  Fig.  9.5.4  this  equation  (with  the  equal 
sign)  is  plotted  as  the  heavy  dashed  line.  For  fixed  v  the  magnitude  kxa,  must  fall  below  this 
line  in  order  for  the  modes  enclosed  by  the  line  to  radiate  as  strip  modes.  Similarly  the  limit  of 
occurrence  of  acoustically  fast  modes  is  (9.5.17)  plotted  (with  the  equal  sign)  as  the  heavy  full 
line.  Only  modes  enclosed  by  this  line  and  the  abscissa  are  acoustically  fast,  given  the  choice 
•'•-2.0. 

A  similar  chart,  this  time  forv g  —  4.0  is  shown  in  Fig.  9.5.5.  It  is  read  in  the  same  way  as 
Fig.  9.5.4. 

We  now  return  to  the  calculation  of  Znm  nm.  Under  what  conditions  one  may  ask  is  mode 
coupling  (specified  by  n  ±  q  in  (9.5.7))  not  significant?  It  is  seen  in  Figs.  9.5.4,  9.5.5  that 
except  for  the  lowest  frequencies  even  relatively  narrow  frequency  bands  contain  a  substantial 
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Fig.  9.5.4.  Circumferential-mode  numbers  as  a  function  of  normalized  frequency  for  various  axial-mode 

numbers  (m  -  kyl-Jir)  and  for  =  2. _ Loci  of  cylinder  modes  for  a  given  axial-mode  number  - 

-  Loci  of  "equivalent-plate"  modes  for  a  given  axial-mode  number.  O  Particular  cylinder  modes.  A 
Corresponding  "equivalent-plate"  modes  Heavily  shaded  area.  AF  mode.  Lightly  shaded  area: 
circumferential-strip  mode.  (After  (9)). 


number  of  shell  resonant  modes.  The  radiation  efficiency  as  noted  in  (9.5.12b)  is  then  an  aver¬ 
age  of  the  efficiencies  of  these  modes.  When  the  number  of  modes  is  very  large  and  contains 
(at  random)  groups  that  radiate  and  other  groups  non-radiating,  the  average  radiation  field 
becomes  statistical.  If  each  of  the  radiating  modes  is  effectively  a  single  degree  of  freedom 
oscillator  not  excessively  damped  (that  with  "high  enough"  mechanical  Q),  their  mutual  interac¬ 
tion  is  small.  The  average  radiation  efficiency  is  then  a  simple  arithmetic  average  of  nonin¬ 
teracting  modes.  The  radiation  impedance  for  each  displacement  mode  is  then  "proper,"  mean¬ 
ing  that  it  is  coupled  to  only  one  acoustic  pressure  mode  of  the  same  subscripts.  Setting  n  =  q 
in  (9.5.9)  we  first  evaluate  \Zm(kz) |2.  Since  Zm(kz)  is  a  standard  integral  [10],  one  arrives  at 
the  form. 


\ZMV- 


i  i 


2k 

7 


2 

m _ 

i  7\7 


[1  +  (-l)m+!  cos  kzl] 
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Now  n/a  is  the  circumferential  wavenumber  kn.  Thus  the  denominator  inside  the  integration 

sign  of  (9.5.9),  which  is  IdH™  <fi  r)/ dr]  for  r  -  a,  is  replaced  by  y/ k2  -  02,  alt  other  terms 
cancelling  out.  Hence, 


2 kpc  r°° 
nl 


k2[\  +  (~l)m+1  cos  k2l] 

(k2  -  kz2)2  yjk2  -  k2  -  k2 


dk2  (units:  Nsm  3) 


(9.5.18) 


in  which 

Jkn2-P2  -  j  yjf32-  k2  -  -/  y/k2  -  k2  -  k2. 


The  real  part  of  Z.„.m  is  the  modal  radiation  resistance.  It  is  determined  by  integration 
over  the  interval  |/c3|  <  y/k2  -  k2.  This  suggests  writing  k2  -  -J k2  -  k2  cosO  and  integrating 
over  0  <  Re#  <  rr,  Im®  —  0.  The  results  of  integration  are  found  in  [12], 


strip  modes:  Rr 


2 kpc  [1  ~  (k2/2k2)  +  (,k2/2k2)] 

k2l  [1  -(k2/k2)  +  (k2/k2)V'2,  Jl  J  Jc 


(9.5.19) 


acoustically  fast  modes:  Rnm 

k„<k 
km  <  k 


..  ■■££■ _  k 2  - 

yj  1  -  ( k2/k 2)  P 


acoustic  short-circuit  modes:  Rnm  -  0 

( *„>*! 


k2  +  k2 


(9.5.20) 

(9.5.21) 


These  modal  radiation  resistances  are  defined  in  terms  of  rms  particle  velocities  and  rms  radi 
ated  power.  Omitting  the  factor  of  2  in  6.3.2,  one  has 


Rnm(f») 


S(Vt'f)2  S<tL> 


<(?m>rms  -  f  If  nml2  cos2  n<t> sin2  kmzdS  ■ 


If  nm  lr 


(9.5.22) 


Once  the  radiation  resistances  are  obtained  one  can  calculate  the  modal  radiation  efficiency  by 
use  of  (9.5.12).  Such  a  calculation  of  10  log  a  „m  vs  k/kp  for  a  cylindrical  steel  shell,  length  1.2 
m,  thickness  8  mm,  radius  0.265  m  in  water  is  shown  in  Fig.  9.5.6  At  the  coincidence  fre¬ 
quency  (k  —  kp)  the  radiation  efficiency  peaks  at  a  value  obtained  from  (9.5.18),  namely, 


[12].  Below  coincidence  the  efficiency  decreases  with  increasing  mode  number.  Above  coin 
cidence  the  efficiency  tends  toward  unity. 
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10  log  a  nm 


Fig.  9.5.6.  Modal  efficiency  of  sound  radiation 
from  a  shell  at  high  frequencies,  ka  >  1 . 
(After  [12]). 
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9.6  RADIATION  FIELD  OF  RECTANGULAR  PISTONS  VIBRATING  HARMONI¬ 
CALLY  IN  AN  INFINITE  RIGID  BAFFLE 

A  rectangular  piston,  sides  2a  and  2b,  vibrates  at  frequency  m  in  an  infinite  rigid  baffle. 
The  . acoustic  velocity  potential  i ft  at  any  field  point  R  —  (x,  y,  z)  is  a  superposition  of  contribu¬ 
tions  of  normal  volume  velocity  v„(R)tiS(R0)  from  each  point  R0  of  the  piston,  Eq.  (1.8.18). 
For  the  case  when  this  velocity  is  spatially  constant  v„  —  W0  one  has. 


(a)  t/»U,R) 


2n 


!»i (Ac.  R)  +  ityiik,  R)]  (units:  m2s  ') 


(b)  d»i ( A,  R)  -  fA  C°Sj^Ro^  dx0dy0\  R)  -  fA  r0^°'  dx°^°  (9  61) 

(c)  |R  — R0I  -  V (jc-x0)2  +  (y-y0)2  +  z2- 

For  convenience  in  writing  let  x0  -  x  —  u0,  yo  ~  y  “  vo-  Since  field  coordinates  x,  y  are  con¬ 
stant  during  integration,  the  element  of  area  dA  —  du0d\0 ■  In  calculating  9.6.1  a  great 
simplification  occurs  if  one  chooses  the  origin  of  source  coordinates  to  be  one  corner  of  the  rec¬ 
tangular  piston.  Then, 


sin  k  |R  — RqI 


a.  Field  point  projects  on 
the  radiating  surface  at  P 


b.  Field  point  projects  on  the  radiating  surface  at  P 


Fig.  9.6.1.  Partitioning  of  the  radiating  area  for  calculation  of  the  field  of  a  rectangular  piston 
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f2a-x  f2b-y  COS{ky/u$  +  V02  +  Z2 

(a)  y,  z)  =  I  I  - .  = —  dM0dv0; 

**—x  •'-v  / 


V  U$  +  V02  +  z2 

/•  2a— x  sin  k-dun  +  Vn  +  Z2 

(b)  i/»2(x,  y,  z)  =  J  J  - ■ - = —  (9.6.2) 

V  “o  +  v02  +  z2 

These  integrals  are  difficult  to  evaluate  for  arbitrary  x,  y.  A  direct  approach  is  to  set  y  =  0  and 
calculate  the  potential  field  in  the  xz  plane.  Then 


(a)  i/»2(x,  z)  =  f  S[ky/uo  +  z2,  26]du0 


where 


(9.6.3) 


r  r\  7  ,  C 2b  sin  «o  +  vo  +  Z2 

(b)  S[/c-\/mo2  +  z2,  26]  =  J - 7=  =  = —  rfv0. 

0  V«o2  +  v02  +  z2 

The  function  S,  with  change  of  variable  /c2m02  w2,  ^2vo  ~ *  v2>  26  —  2A:6,  2a  — *  2ka  z—>kz  is 

a  tabulated  quantity  (13],  This  same  reference  also  tabulates  a  quantity  C  (with  the  same 
change  of  variables)  which  has  the  property  that 


■  2*  COS  k-d  Mq  +  Vq  +  z2 


^ - r 


C[kdvo  +  z2,  26].  (9.6.4) 


V  Uq  +  Vq  +  z2  VM0  +  v0  +  Z2 

Substitution  of  this  form  in  9.6.2a  and  integration  over  v0  yields 

*,<*  z>  -  f""“  *.  ln|2t  +  ^“"+Z'  +  4^l  -  CI*V£77.  26).  (9.6.5) 

•'-jr  /  2  i  2 

V  «o  +  zz 

From  (9.6.3),  (9.6.5)  and  (9.6.1)  one  obtains  the  pressure  field  p(x,  z)  using  the  relation  p  — 
pd\li/dt.  A  similar  procedure  allows  the  calculation  of  the  potential  field  in  the  yz  plane  by 
exchanging  x  for  y. 

The  burden  of  calculating  by  (9.6.3)  and  (9.6.5)  is  much  reduced  by  partitioning  the 
integration  area  into  four  parts  subscripted  m  —  I,  II,  III,  IV  and  superimposing  four  integrals 
of  the  type  (9.6.2)  [14].  The  resultant  formulas  can  be  made  explicit  for  two  case  of  the  loca¬ 
tion  of  the  projection  of  the  field  point  on  to  the  xy  plane.  In  the  first  case  the  field  point  R 
(x,  y,  z)  projects  on  to  the  piston  at  x  —  x0  -  2 am,  y  -  y0  *  26m  where  (as  before)  subscript 
m  designates  which  partitioned  rectangle  is  under  consideration.  Fig.  9.6.1a.  The  origins  0,,  02, 
03,  and  0*  are  selected  in  sequence  while  the  point  2am,  2bm  remains  the  same.  The  quantities 
tin  and  ti>2  then  reduce  to 


(a  )#,(***)-  F„~  So  "X 


2am  P  2bm  COS  ky/ufi  +  V02  +  Z2 


'm„2  +  Vq  +  Z2 


du0dv0 


(9.6.6) 


Vv\v.y  y-/ ;y.'Vv<v 
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(b)  y,  z)  =  £  Gm\  Gm  =  fQ  "  fQ 


2am  C  2b *  S‘n  k  V M0  +  Vo  +  22 


'«02  +  Vq  +  Z2 


du0dv0 


In  the  second  case  the  field  point  R  (x,  y,  z)  projects  onto  a  point  P  outside  of  the  radiating 
area,  Fig.  9.6.1b.  One  then  imagines  fictitious  pistons  III,  IV  such  that 


(a)  <Mx,  y.  2)  = 

MI  111,1V 


(b)  1/1 2 (x,  .K,  2)  =  £  -  £  Gm. 

1, 11  ill, iv 

In  this  alternative  formulation  (9.6.3)  reduces  to 

^2(m)(2aw,  2bm,  z)  =  =  JQ  "  SlVwo  +  z2,  2 bjdu0. 

Similarly  upon  performing  the  integrations  called  for  in  (9.6.5), 

.  x  _  r  _  ,  .  U>m  +  -yAa^-M^  +  z2 

(m)'2um,  26m,  z)  Gm  2am  In  , 

y/4a2  +  z2 


(9.6.7) 


(9.6.8) 


+  2Z>m  In 


2a*  +  V4flm+4*m  +  ^ 


-  2tt  z  arc  (g 


'  4flm  +  Z2 


20m(>m 


2  V4flm  +  4*m  +  ^ 


-  f.  c[/c  V «o2  +  22,  2dJ. 


(9.6.9) 


Examples  of  the  numerical  evaluation  of  the  pressure  field  p  =  from  (9.6.8),  (9.6.9) 

and  (9.6.1)  for  square  pistons  of  side  2 a  for  ka  =  4,  6,  8,  10,  and  for  0  rectangular  piston  ka  = 
10,  kb  •  5  are  given  in  [14).  The  cases  of  the  square  piston  ka  =  10,  and  the  rectangular  pis¬ 
ton  are  reproduced  here  as  Figs.  9.6.2  and  9.6.3  respectively.  Note  that  in  this  reference  pa  = 

fci/i  1 

kifii/zn,  pm  —  — —  provided  exp  iutt  is  changed  to  exp  —  tot. 

2l T 

The  radiation  of  a  rectangular  surface  in  the  absence  of  a  baffle  can  be  described  as  a  case 
of  radiation  from  arbitrary  surfaces,  Section  1.10  or  as  a  case  of  radiation  from  a  spherical  sur¬ 
face,  Section  1.9c  or  spheroidal  surface,  Sections  1.9d  and  9.9e. 

Equations  (9.6.6)  and  (9.6.1)  may  also  serve  to  calculate  the  pressure  amplitude  (at  fre¬ 
quency  at)  at  any  point  of  the  rectangular  piston.  It  is  only  necessary  to  set  z  =  0  in  these  for¬ 
mulas  and  then  evaluate  the  integrals  by  numerical  means. 


iL-ciJ 
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9.7  RADIATION  OF  SOUND  BY  FLUID  FLOW  OVER  CONTOURED  OBJECTS 

The  dynamic  interaction  of  rigid  bodies  and  fluctuating  fluid  flow  leads  to  the  generation 
of  fluctuating  volumes  and  forces  in  the  medium.  These  are  sources  of  acoustic  phenomena 
which  are  discussed  next. 

9.7. a  Radiation  Caused  by  Linear  Flow  Over  a  Rigid  Object 

A  finite  object  moving  through  a  compressible  medium  can,  under  a  variety  of  conditions, 
become  a  source  of  sound.  Each  such  condition,  or  combination  of  conditions,  generates  its 
own  (unique)  type  of  acoustic  radiation.  Several  cases  are  presented  in  the  following  discus- 


To  begin  with,  the  object  moving  at  velocity  v(jc)  is  assumed  to  present  a  smoothly  vary¬ 
ing  cross-sectional  area  A  (x)  is  the  x-direction  of  motion.  Because  the  product  of  this  area  and 
its  velocity  is  the  normal  volume  velocity  it  is  seen  that  as  the  finite  object  passes  through  a 
mathematical  plane  perpendicular  to  its  motion  it  ejects  (or  sucks  in)  a  variable  volume  8£>  with 
each  increment  8x. 


8 -2(x,r)  =  -^-[8V]  =  [A  (x)8x) 
at  at 


(9.7.1) 


We  now  imagine  the  object  fixed  in  the  plane  x  =  0  and  the  fluid  flowing  past  at  with  the 
same  velocity  v(x).  We  further  assume  each  increment  8x  to  be  a  point  source  of  strength  8J. 
The  increment  of  acoustic  pressure  radiated  by  segment  8x  to  field  point  (x,y,z)  is  then  found 
from  7.1.22  to  be 


*,<*.,>  -  , &**<*.•> 

£  lAlx)6x)l 

r  =  u2+y  +  z2]1/2 

t*  =  /  -  R/C 

In  reality  the  coordinate  x  is  a  function  of  time.  Assume 


(9.7.2) 


x(t)  =  x0  -  X(t)  (9. 

in  which  x0  is  the  local  spatial  coordinate  on  the  object,  and  X(t)  is  the  true  velocity.  Since 
BA  cM  (x0  —  •T(f)]  BX(t)  BAa ,  ,  BA 


(9.7.3) 


(*)  =  -  v  ^ 
OX 


this  acoustic  pressure  becomes 


6  p(R(t*))  = 


B2A  (x)  _  dv  BA  | 
Bx2  Bt*  ( pdx 


(9.7.4) 


(9.7.5) 


x  =  x(rr*) 


Thus  the  pressure  at  distance  R  and  time  t  is  determined  by  the  rate  of  change  of  the  source 
strength  a  time  R/C  earlier  which,  in  turn,  depends  on  the  first  and  second  derivatives  of  the 


-k  ■  .  . 
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object  cross  sectional  area  A  (x).  For  constant  flow  v  =  0,  the  pressure  radiated  is  the  propor¬ 
tional  only  to  the  second  spatial  derivative  of  A(x).  Thus  if  the  object  is  an  infinite  cone  one 
has  A"(x)  =  0  and  the  radiated  pressure  vanishes.  A  finite  length  cone  in  constant  flow  does 
radiate  sound  from  its  termination. 

We  next  assume  that  the  contour  or  the  object  is  unsymmetrical  relative  to  the  flow  and 
hence  that  the  object  experiences  a  lift  force  L  (x;v)  per  increment  8x,  which  is  an  expicit  func¬ 
tion  not  only  of  position  x  but  also  the  velocity  v  mass  density  80.  This  is  a  net  force  exerted 
by  the  medium  on  the  moving  object  applied  in  a  direction  normal  to  the  flow.  If  the  object  is 
imagined  free  in  the  ^-direction  but  fixed  in  the  plane  x  =  0  this  is  the  force  8F(t)  in  the  v- 
direction  exerted  by  the  object  in  the  medium  resulting  from  the  fluid  motion: 

8F(r)  =  8x  L  (x(/);v(r))  (units  of  L  .  Nm'1)  (9.7.6) 


This  radiation  corresponds  to  that  of  a  transcent  dipole  whose  formula  is  given  by  7.1.13a. 
The  derivative  called  for  there  is  taken  with  respect  to  the  total  argument  /*  =  t  -  R/C.  Using 
9.7.3,  9.7.4  again  and  omitting  nearfield  components  one  obtains  the  radiated  field  pD\ 


BL  .  BL 

■va7  +  vo7 


,  x  =  x(/*)  =  x0  —  X(t*) 


(9.7.7) 


9  is  the  angle  between  the  direction  of  the  observation  point  from  the  incremental  volume 
A  (x)  Sxand  the  flow  direction. 


An  object  experiencing  a  lift  force  will  also  experience  a  drag  force  D  per  increment  8x. 
This  is  the  force  exerted  by  the  fluid  on  the  object  in  the  direction  of  flow.  The  radiated  field  at 
long  wavelengths  is  that  of  a  transient  dipole.  Repeating  the  steps  leading  to  9.7.7  one  obtains 


8  pD(R(t*)) 


-sin08x  BD  .  BD 

-  —  y - 1-  V - 

AtrRC  9x  9v 


x  =  x(r*)  =  x0  -  X(t*) 


(9.7.8) 


Here  the  direction  cos  f3  required  by  7.1.13a  is  measured  from  the  normal  axis  to  the  flow  axis 
while  the  direction  cos  9  is  measured  from  the  flow  axis  to  the  normal  axis.  Hence 
cos  /3  =  -sin  9. 


In  each  equation  9.7.5,  9.7.7  and  9.7.8  the  sound  field  is  generated  by  an  increment  8x  of 
the  object  profile.  To  obtain  the  total  sound  field  at  R,  t  one  must  integrate  over  the  entire 
profile. 


9.7b  Radiation  Caused  by  Rotational  Flow  Over  Rigid  Objects 

We  consider  next  a  collection  of  B  contoured  objects  in  a  plane  (say  a  propeller  with  its 
blades  which  sweep  out  an  area  S)  rotating  around  a  fixed  axis.  A  (geometrically)  simple  case 
is  one  in  which  there  is  a  force  distribution  &  per  unit  area  over  the  surface  5  rotating  with 
angular  velocity  fi.  From  1.8.3  the  source  volume  velocity  for  steady  state  is. 


sa 


ssa 
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By  redefining  3*"  to  be  the  force  per  unit  area,  and  integrating  by  parts  one  obtains  5.4.13. 


■Mr)  =  -  f  V0*  •  dS 

J  0 


(9.7.10) 


We  take  the  directional  derivative  V0£  in  direction  of  the  field  point  a,  and  make  the 
farfield  approximation  called  for  by  5.4.15b: 


Ik  gikr 

V0£  =  — - —  -  ar  exp{-/7cr0  sin  9  cos  (</>  -  <£0M 

47 r  r 


(9.7.11) 


where  9,<t>  are  spherical  coordinates.  The  steady  state  radiated  acoustic  field  p  =  —iwpuili 
depends  on  which  component  of  Pis  selected.  Assume  first  that  ^"consists  only  of  the  normal 
component  Fn:  the  pressure  is  then. 


ik  p  C 

pL(x,k)  =  - - cosS  J  F„(T0,t)exp{-ikr0  sine  cos(<£  -  <t>0)}r0dr0d>l/0  (9.7.12) 

47r  r  ** 


where  ar  ■  P  =  F„  cos  9,  P  =  Fni„.  Here  a„  is  a  unit  magnitude  vector  pointing  in  the  direc¬ 
tion  of  the  normal  to  the  surface  S. 


The  exponential  in  the  integrand  of  9.7.9  couples  angles  9  to  angles  <j>.  They  can  be 
uncoupled  by  use  of  the  Fourier  expansion. 


+°°  ,  .  . 

exp{— /At'o  sin  9  cos (<t>  -  <f»0)  =  £  im  Jm(kr'Q  sin  9)  e‘m  0 


Thus,  9.7.12  reduces  to  the  steady  state  amplitude. 


ik  Pikr  +°°  r 

=  -  cos0  £  J  Fn(rc,t)  imJm(kr0s\n9)e 

^  r  m^-oo 


rQdr0  d<t>0  (9.7.13) 


The  force  F„  at  a  fixed  spatial  point  in  the  plane  of  the  rotating  object  must  be  expressed  as  a 
Fourier  series  in  the  time  t  because  it  is  temporally  periodic.  Also,  because  Fn  is  the  lift  force 
of  the  contoured  object,  whose  magnitude  depends  on  the  square  of  the  relative  velocity 
between  object  and  fluid  flow,  it  is  in  general  a  spatially  periodic  function  of  angle  <f>0  which  is 
also  in  the  plane  of  the  rotating  object.  Thus  Fn  is  a  double  Fourier  series: 


F„(r0,r)  =  F°(r0)  5>s(r0)e“'5im"'*‘>,  £  0,  (r0)e“ 


(9.7.14) 


In  the  farfield  the  acoustic  pressure  waves  are  nearly  plane  traveling  waves  whose  phase  must 
couple  spatial  and  temporal  dependence  through  the  wavenumber  k  that  is,  it  must  be  of  the 
form. 


.  Bil  ,  , 

exp  /  s - ( r  -  a) 

c 


When  9.7.14  is  used  we  must  therefore  set  k  =  - - .  The  </>0-dependence  in  the 

c 


integrand  is 


exp[i  (sB  +  q  —  m)  <t> ol 


•v  *.  \  A  A  . 
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Now,  if  0,  —  2iri  £  residues  inside  the  circle  of  integration.  Since  there  are  no 

residues  this  integral  vanishes.  However,  when  p  =  0  this  integral  equals  2 it.  Thus, 

Bu 

<51 

cos  9  ££  iisB+v)  e 


,  v  IB  FI  ,  BFl 
P/>)  =  *—  exp{/- 


4t rcr 


x  Jo  s/r»°(/‘°)  aa(',o)/3v^o)  -A 


ifl  +  C/ 


fln  .  . 

s - rQ  sin  9 


2nr0  dr 0 


(9.7.15) 


in  which  the  outermost  radius  of  the  contoured  object  is  at  distance  a  from  the  axis  of  rota  on. 


Equation  9.7.15  gives  the  time  varying  acoustic  pressure  p  at  a  field  point  r  caused  by  a 
propeller  rotating  in  a  nonuniform  flow.  The  sum  on  s  gives  the  Fourier  components  of 
periodic  temporal  discussion  of  the  lift  while  the  sum  on  q  gives  the  Fourier  components  of 
periodic  spatial  fluctuation.  If  the  flow  is  uniform  one  sets  q  =  0. 


We  assume  next  that  ^consists  only  of  a  tangential  component  F  =  F,.  The  amplitude 

of  directional  derivative  in  the  direction  a4  in  the  farfield  is 
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(9.7.16) 


Using  the  same  procedure  that  led  to  9.7.15  one  arrives  at  the  expression  for  the  acoustic  pres¬ 
sure  pD  due  to  this  drag  force  Fj. 


i  exp{/ 


Bilr, 


PD(t)  =  - 4^T -  IZ  {sB  +  e‘{sB^H  e 
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2tt  r,  dr() 


(9.7.17) 


Here  the  Fourier  coefficient  for  the  spatial  expansion  in  <t>  is  8q  which  is  taken  to  be 
different  from  (iq. 


Equations  9.7.17  and  9.7.15  are  theoretical  expressions.  To  evaluate  them  one  is  required 
to  know  the  radial  functional  dependence  of  F„,  F,,  as,  f}q,  8q.  Often,  in  the  case  of  propell¬ 
ers,  the  only  things  known  are  the  shaft  horsepower  ph ,  the  thrust  T  in  units  of  pounds  force, 
the  radius  of  the  propeller  a0  (units:  feet)  the  tip  mach  number  M,  and  the  distance  of  the  field 
point  r  (units:  feet).  In  these  practical  units  the  sum  of  9.7.15  and  9.7.17  for  the  case  of  uni¬ 
form  flow  (q  =  0)  and  for  each  Fourier  component  s  gives  the  total  acoustical  pressure  in  the 
far  field 


A  = 


54  sBM, 
anr 


076  Ph 

M,2 


-  Tcos9 


•As  0.8  M,,  s  B  sin  9) 


(units:lb/ft2). 


(9.7.18) 


This  is  designated  the  "Gutin  model"  [15].  It  gives  reasonably  good  predictions  of  noise  radi¬ 
ated  by  propellors  [16]. 
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9.7c  Radiation  From  Moving  Sound  Sources 

A  sound  source  moving  with  arbitrary  velocity  V  in  a  turbulent  medium  and  radiating 
sound  to  an  observer  is  difficult  to  model.  A  simple  but  useful  case  is  one  on  which  the  velo¬ 
city  is  uniform,  the  medium  is  homogeneous  and  quiescent  and  the  observer  is  momentarily 
moving  at  the  same  speed  as  the  source.  The  model  can  then  be  simplified  to  observer  and 
source  at  rest  with  respect  to  each  other  and  the  medium  is  flowing  past  this  at  a  speed  V. 

We  begin  first  with  V  =  0.  The  two-dimensional  wave,  equation  in  cylindrical  coordinates 
r,  q  then  gives 


sr,-  o.  *-•!£  ,£  +  |4 

*4  dr  dr  dz2 


7  *  7 

cr 


(9.7.19) 


where  z  >  0  defines  the  location  of  the  head  and  the  coordinates  for  the  body  of  the  object  and 
r  i  the  radial  distance  to  any  field  point.  When  the  source  u  in  motion  we  can  implement  the 
model  by  using  a  Galilean  transformation  modified  for  the  case  when  V/c(=M )  is  not  negligi¬ 
ble: 

,,  =  z  ~  Vt 
2  y/M2  -  1 


,  ,  dz  ,  ,  dz  . 
dz  =  —  dz  +  —  dt  \ 
dz  dt 


-V 

M 2  -  1 


dz  dt  dz  Jm2-  1  dr  y/M2 

it  is  seen  that 

A  _  1  d  ,  d _ V  d 

dz  V M2  -  1  dz'  '  dt  Jm2  -  1  dz'- 

Thus  the  explicit  time  coordinate  vanishes  and  9.7.19  reduces  to  the  form, 


P  =  0 


Substitution  of  z(z',  r)/Vr  for  p  in  the  equation  simplifies  the  first  term.  The  result  is 

d  2g  d  2g  g  _  „ 


i  a  d 

d2 

r  dr  ('dr 

dz *| 

(9.7.20) 


At  distances  r  very  much  greater  than  the  largest  dimension  of  the  sounu  source  the  last  term  is 
negligible  relative  to  the  other  two  terms.  The  solution  in  that  case  is  seen  to  be 

g  =  g,(r  -  z')  -  g2  (r  +  z) 

In  the  first  term  g,  the  lines  r  —  z  =  const,  form  the  trace  on  the  r,  z  plane  of  a  family  of 
cones  pointing  toward  the  right  (z'is  positive  toward  the  right).  Similarly,  in  the  second  term 
the  lines  r  +  z  =  const,  define  traces  of  cones  pointing  toward  the  left.  The  solution  g2  is 
independent  of  the  source  and  hence  is  rejected.  Thus  the  radiated  pressure  is 


p(r,z)  = 

%/r 


(9.7.21) 
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9.8  Radiation  of  Sound  into  a  Layers  Half-Spate 

An  explicit  expression  for  g  can  be  obtained  only  by  solving  9.7.20  in  connection  with  boun¬ 
daries  and  source  configurations.  In  this  regard  9.7.5,  9.7.7  and  9.7.8  will  give  the  monopole 
and  dipole  contributions  due  to  volume  and  force  fluctuations  on  the  object.  However  the 
functional  from  of  9.7.21  is  significant  in  its  own  right.  Relative  to  the  coordinate  £  of  the 
object  (where  V  =  0)  one  can  set  z  =  £/V M2  —  1 .  Thus  when  z  is  negative  (as  it  is  on  the 
object)  the  lines, 

r  —  z  =  r  +  7 — k  =  const  (9.7.22) 

y/M 2  -  1 


represent  traces  of  a  stationary  family  of  many  plane  waves  making  an  acute  angle  H  relative  to 
the  z'axis  of  travel,  such  that 


tan  0 


dr 


dz 


1 


y/M2  -  1 


sin  H  =  M 


Angle  ft  is  real  only  when  M(=  V/c)  ^  1 . 


(9.7.23) 


When  V/e  ^  1  the  lines  represent  the  spatial  radiation  pattern  of  "sonic  booms."  Fig. 
9.7.1  shows  sonic  booms  for  the  case  of  two  objects  (a  wing  attached  to  a  fuselage.  The  mono¬ 
pole  boom  originating  at  the  head  of  one  object  is  a  compression  wave,  while  that  from  a  sub¬ 
script  discontinuity  (or  from  the  tail)  of  the  object  is  an  expansion  (or  rarefaction)  wave.  The 
dipole  boom  is  a  compression  wave  propagating  in  a  direction  opposite  to  the  lift,  and  an  expan¬ 
sion  wave  propagating  on  the  same  direction  as  the  lift. 


Fig  9.7.1  —  Near  field  disturbance  from  fuselage-wing 
combination  (after  (161). 


9.8  RADIATION  OF  SOUND  INTO  A  LAYERED  HALF-SPACE 


Let  the  time  variable  be  expO'wr).  Assume  first  that  the  medium  consists  of  a  liquid 
layer  over  a  liquid  half  space,  Fig.  9.8.1.  A  harmonic  point  source  in  3-space  expressed  in 
cylindrical  coordinates  is  given  by  3.7.42  (where  time  is  exp(-/wf)).  Noting  from  integral 
representation  of  Hankel  function  that  Hq2)  (z)  =  -  HqU  (-2),  and  using  the  relation 

Jq(z)  -  —[H()X){z)  +  //(j2l(z)]  it  is  seen  that  for  j  =  -  i  the  Green's  function  of  a  point 
source  in  full  space  is, 

G  =  — — —  =  J  A  (a)  J0(ap)e~‘  i:~:  1 da 

4 7T  A  ^  v 

where  A  =  o/47rv  (9.8  1) 

v  =  k  =  ^ 

G 

R  =  Vp2  +  (z  —  z')2 
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Fig.  —  9.8.1.  Point  source  in  a  layered  medium 


For  a  point  source  of  unit  volume  velocity  the  Green’s  function  G  is  the  same  in  magnitude  as 
the  velocity  potential  1 1/ . 

The  point  source  creates  a  system  of  spherical  waves  in  the  two  layers.  In  layer  1  there 
are  direct  waves  described  by  9.8.1  plus  a  set  of  waves  reflected  at  the  interface  z  —  H  in  which 
A(i>)  of  9.8.1  is  replaced  by  an  (unknown)  amplitude  B(v ),  plus  a  set  of  waves  reflected  by  the 
interface  z  —  0  in  which  A  (v)  is  replaced  by  an  unknown  amplitude  C(v).  The  total  potential 
in  layer  1  is  then: 

01”  J*0  A(u)J0(ap)e  *'lz  1  da 

+  f  [fi( v)  +  C(r')]  J0  (ap)  e  M<z  z>  da  (9.8.2) 

0 

In  medium  2  there  are  a  set  of  transmitted  waves  described  by  replacing  A  (v)  by  an  (unknown) 
amplitude  D(v). 

02“  f0  D(v)  J0(ap)  e  *J<Z  z '  da  (9.8.3) 

Thus  the  total  system  of  wares  of  both  layers  features  three  unknown  amplitudes  B,  C.  D.  To 

find  them  explicitly  one  uses  three  boundary  conditions.  Assume, 

(1)  at  z  —  0:  p  —  0,  or  j^P-  0i.  “  0  * 

(2)  at  z  -  H:  p,  -  p2,  or  jatp  0 1  -  ju>Pl  <lt2  (9.8.4) 

(3)  at  z  -  //:  M,  -  u2,  or  00 ,  d02 

Bn  Bn 

Substitution  of  9.8.2  and  9.8.3  into  9.8.4  gives  three  algebraic  equations  whose  solution  pro¬ 
vides  explicit  expressions  for  B,  C,  D  in  terms  of  Pi,  p2.  C\,  C2.  H  and  h.  Thus  the  solution 
of  the  problem  of  radiation  into  two  liquid  layers  is  presented  in  the  form  of  three  integrals  [17). 

The  evaluation  of  the  integrals  is  difficult.  In  one  procedure  the  integrands  are  rearranged 
to  allow  evaluation  in  terms  of  rays.  In  a  second  procedure  the  evaluation  is  done  by  contour 
integration  using  the  method  of  steepest  descent  which  leads  to  a  description  of  the  wave  fields 
in  terms  of  normal  modes  [18]. 

When  the  point  source  radiates  into  a  multitude  of  layers,  some  solid,  some  liquid,  the 
same  approach  to  solution  through  satisfaction  of  the  boundary  conditions  at  each  layer  may  be 
used.  This  results  in  a  family  of  equations  for  unknown  reflected  and  transmitted  amplitudes  in 
each  layer.  They  are  explicitly  obtained  by  matrix  inversion.  The  resultant  integrals  are  again 
evaluated  in  terms  of  rays  or  normal  modes.  Because  of  the  presence  of  elastic  solids  these 
solutions  include  shear  waves  as  well  as  longitudinal  waves. 
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CHAPTER  IX 

APPENDIX.  CONVENTIONAL  RADIATORS  OF  SOUND 

9A.1  INTRODUCTION 

Natural,  or  man-made,  sources  of  sound  consist  in  general  of  physical  mechanisms  which  generate 
fluctuating  volumes,  or  gradients  of  force,  in  a  compressable  medium.  While  these  may  be  distributed 
in  space  it  is  the  mechanism  of  temporal  fluctuation  which  produces  the  sound.  Section  1.7  discusses  the 
point.  Man-made  sources  of  sound  generally  consist  of  an  exciter  coupled  to  a  resonator.  The  exciter 
acts  over  one  or  more  spatial  points  of  resonator  and  may  exhibit  periodic,  random,  or  impulsive  con¬ 
tact  with  it.  At  any  specific  spatial  point,  area,  or  volume  of  the  resonator  the  exciter  imparts  a  tem¬ 
poral  signal  to  it  which  also  may  be  periodic,  random,  or  impulsive.  The  combination  of  spatial  and 
temporal  excitation  in  man-made  acoustic  structures  is  unique  to  each  structure.  Several  man-made 
and  natural  sources  of  sound  are  discussed  in  the  following  list. 

9A.2  LIST  OF  CONVENTIONAL  RADIATIONS  OF  SOUND  AND  THEIR  MODELS 

Tuning  Fork  (Fig.  9A.2.1) 

This  is  a  resonator  /?,  consisting  of  a  bar  bent  into  a  (/-shape.  It 
can  also  be  attached  to  a  box  resonator  R2.  Both  resonators  acts  as  fre¬ 
quency  selective  filters.  It  is  excited  by  an  impulsive  mechanical  blow, 
or  a  periodic  electric  signal.  It  is  modeled  as  a  pair  of  interacting 
dipoles  which  generate  a  4-clover  leaf  radiation  pattern,  each  leaf  of 
opposite  phase  to  its  immediate  neighbors.  Elements  of  a  mathematical 
model  can  be  constructed  from  Sections  5.  and  7. 

Supersonic  Bullet  (Fig.  9A.2.2) 

The  bullet  is  a  symmetrically  contoured  rigid  object  interacting 
with  a  flowing  medium.  At  supersonic  speed  it  radiates  shock  waves 
from  its  nose  and  tail.  It  is  modeled  as  a  monopole  source  of  fluctuat¬ 
ing  volume  (sonic  booms)  discussed  in  Section  9.7c. 

Bell  (Fig.  9A.2.3) 

This  is  a  single  resonator  in  the  form  of  a  hollow  cylinder  closed 
at  one  end.  The  clapper  delivers  impulsive  blows  which  cause  the  open 
rim  to  vibrate  radially  in  elliptic  modes.  It  is  modeled  as  a  double 
dipole  (quadrupole)  who  features  are  discussed  in  Sections  5.  and  7. 


Fig  9A.2  3 
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Musical  Wind  Instruments  (Fig.  9A.2.4) 


Fig.  9A.2.4 


A  reed  A  upon  being  blown  generates  periodic  vortices.  These 
excite  a  column  of  air  B  whose  resonating  length  is  controlled  by  holes 
c  (or  telescoping  tubes).  The  bell  (horn)  D  couples  the  sound  to  the 
medium.  Its  radiation  is  modeled  as  a  monopole  discussed  in  Section 
1.7. 


Musical  Stringed  Instruments  (Fig.  9A2.5) 


A  bow  A  periodically  or  impulsively  excites  a  resonator  Rl 
(string)  whose  resonant  length  is  controlled  by  linger  pressure  and(or) 
tension  B.  The  vibration  is  transmitted  to  resonator  R2  (wood  box)  via 
a  bridge  C.  The  radiation  from  the  string  is  modeled  as  a  dipole  (Sec¬ 
tion  7)  while  that  from  the  resonator  R2  as  a  vibrating  plate  (Section  1. 
A  piano  (or  harpsicord)  emits  sound  by  impulsive  excitation  of  a 
resonant  string  controlled  by  tension  and  thickness.  The  vibration  is 
amplified  by  a  second  resonator  (sounding  board). 

The  human  voice  is  a  radiation  generated  by  periodically  or  impul¬ 
sively  expelling  breath  across  a  resonator  (vocal  cords)  whose  resonant 
properties  are  controlled  by  tension  and  inter  cord  spacing.  The  sound 
is  amplified  and  filtered  by  a  sequence  of  auxiliary  resonators  (mouth 
cavity,  sinuses,  lips).  The  radiation  itself  is  modeled  as  a  monopole 
(Section  1.7). 


Fig  9A.2  6 


Drum  (Fig.  9A2.6) 

A  drumstick  A  impulsively,  or  short  burst  periodically,  strikes  a 
resonator  (drum  membrane)  whose  resonant  properties  are  controlled 
by  tension  screws  and  or  finger  pressure  C.  Membrane  vibration  is 
coupled  directly  to  the  volume  resonator  R  which  amplifies  and  filters 
the  sound.  The  radiation  from  B  is  modeled  as  a  vibrating  membrane. 
Sect. 


Fig  9A  2  7 


Gauze  Tones  (Fig.  9A2.7) 

An  exciting  flame  A  heats  a  sheet  of  metal  gauze  B  inside  (at 
about  1/3  the  length  of)  a  long  stiff  tube  C.  When  the  flame  is 
removed  the  heat  gauze  periodically  excites  the  (air)  column  inside  C 
which  acts  as  a  resonator.  This  generates  the  (Rijke)  gauze  tone  of 
short  duration.  The  maintenance  of  air  column  vibration  is  thought  to 
be  due  to  the  in-phase  interaction  between  the  steady  flow  of  air  due  to 
heat  convection  and  the  alternating  flow  of  air  due  to  air  column  vibra¬ 
tion. 


V  -  V 


Fig  9A.2.8 
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Fig.  9A  2.9 


Fig.  9A.2.10 
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Fig.  9A.2  12 
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9A.2  List  of  Conventional  Radiations  of  Sound  and  Their  Models 


Aeolian  Tones  (Fig.  9A2.8) 


Wind  blowing  across  wires  A  under  permanent  tension  in  frame  B 
breaks  into  periodic  vortices.  These  drive  the  wires  into  resonant  vibra¬ 
tion  which  may  be  amplified  by  contact  with  a  second  resonator  C.  The 
radiation  is  modeled  as  dipole,  Section  1.7. 


Edge  Tones,  Organ  Pipes  (Fig.  9A2.9) 


A  fluid  A  (air)  in  steady  motion  strikes  an  edge  B.  This  creates  a 
periodic  train  of  vortices  D  which  excite  a  resonant  column  of  medium 
R.  Radiation  is  modeled  as  a  fluctuating  volume  (monopole)  discussed 
in  Sect.  1.7.  The  tone  emitted  depends  on  the  length  of  the  resonator. 
If  the  pipe  is  open  it  radiates  from  both  E  and  B\  if  closed  from  B 
alone. 


Sirene  (Fig.  9A2.10)  A  disc  B  with  radially  spaced  holes,  placed  at  the 
end  of  a  rigid  pipe  is  rotated  at  a  fixed  angular  speed.  Air  under  pres¬ 
sure  is  conducted  by  a  tube  C  located  at  a  selected  radius  and  is 
expelled  into  the  succession  of  holes  at  the  same  radius  in  the  disc. 
The  resultant  periodic  sequence  nf  a  puffs  of  pressure  constitute  a 
fluctuation  of  volume  which  according  to  Section  1.7  radiates  monopole 
sound. 


Rockets  (Fig.  9A2.11) 


A  rocket  A  is  accelerated  by  emission  of  a  gaseous  mass,  exhaust 
B.  This  exhaust,  by  creating  time  varying  shear  stresses  in  the 
medium,  radiate  sound  through  the  mechanism  of  fluctuating  gradients 
of  force.  This  radiation,  in  the  absence  of  rigid  confining  boundaries,  is 
modeled  as  quadrupole,  discussed  in  Sections  1.17,  5.  and  7.  If  the 
rocket  travels  at  supersonic  speed  it  also  radiates  sonic  booms  discussed 
in  Section  9.7c. 


Propellers  (Fig.  9A2.12) 


Propeller  blades  are  smoothly  contoured  rigid  objects  rotating 
rapidly  through  uniform  or  non-uniforming  flow  of  medium.  Due  to 
unsymmetrical  shape  of  the  blade  the  flow  medium  experiences  local 
fluctuation  of  volume  and  of  gradients  of  force.  The  resultant  radiation 
is  both  monopole  and  dipole,  and  is  discussed  in  Section  9.7b. 


Moving  Coil  Loud  Speaker  (Fig.  9  A2. 1 3) 


A  periodic  or  impulsive  electric  current  excites  a  magnetic  field  in 
coil  A  and  iron-armature  B.  This  field  in  turn  drives  the  voice  coil  C 
which  couples  to  a  flexible  cone  D  acting  as  a  resonator,  filter  and 
acoustic  amplifier.  The  radiation  is  modeled  as  that  of  fluctuating 
volumes  (monopole),  and  is  discussed  in  Section  1.7. 
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CHAPTER  X 

THERMAL  GENERATION  OF  SOUND 


10.1  THERMOOPTICAL  SOURCES 

In  Sec.  1.8  the  sound  generated  by  injection  of  heat  into  a  volume  of  fluid  was  modeled  as 
a  monopole  whose  source  strength  was, 


p(r0,t) 


e(i0,t)ayK  e(ro,/)0 


(units:  s  ') 


in  which  €(r0,/)  (units:  Nm  m~ 3  s'1)  is  the  time  rate  of  deposition  of  heat  per  unit  volume,  a 
(units:  Nm-2  °K_1)  is  the  change  in  pressure  per  unit  change  in  temperature  at  constant 
volume,  y  is  the  ratio  of  specific  heat  at  constant  pressure  cp  (units  Nm  m'3  °A_l)to  specific 
heat  at  constant  volume,  cv,  k  (units:  m2  N_l)  is  the  bulk  compressibility  of  the  medium,  and  /3 
(units:  °K-1)  is  the  coefficient  of  thermal  expansion  of  the  medium.  When  the  source  strength 
is  very  large,  as  in  the  case  of  powerful  thermooptical  converters,  the  parameter  is  no  longer 
taken  to  be  the  constant  (measured  at  low  amplitude)  but  becomes  a  function  of  ambient  tem¬ 
perature  and  pressure,  /3  =  (3(T,p).  At  "high-enough”  rates  of  heat  injection  the  medium  itself 
may  exhibit  nonlinear  acoustic  effects.  We  set  these  effects  aside  for  the  moment  and  consider 
the  generation  of  sound  at  a  local  field  point  due  to  heat  injection  to  be  governed  by  the  linear 
wave  Eq.  1.7.3  in  the  velocity  potential, 


« (r0,t)/3  (T,p) 


(units:  s  ')■ 


(10.1.1) 


Here  we  have  chosen  to  omit  the  (arbitrary)  factor  4n  in  the  definition  of  source  strength  on 
the  right  hand  side.  Since  acoustic  pressure  p  (rather  than  velocity  potential  i/» )  is  the  measur¬ 
able  field  quantity  one  sets  p  —  p<fr\i/bt  and  rewrites  10.1.1  in  a  second  formulation, 


-VV(r0,t)  + 


i  i 

TisT'w'y 


&  (9  A  <M 

9t  CP 


(units:  Nm  4)  (10.1.2) 


c ’  (units:  m2  °K_1  s-2)  is  the  specific  heat  per  unit  mass.  There  is  a  third  formulation  which 
has  been  preferred  in  those  calculations  which  involve  temperature  rise  A  T  due  to  the  injection 
of  heat.  With  the  notice  that  at  constant  pressure  and  constant  specific  heat, 

9A  T  Mnu. 

«  “  cp  — jy  (10.1.3) 

Eq.  10.1.2  can  be  reformulated  as. 


-V2p(r0,t)  +  -V  t -4  ( r0,t )  -  Po  t:  k  ^ir~~  ■ 


(10.1.4) 
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Equations  10.1.1  through  10.1.4  form  the  basis  of  modeling  thermooptical  generation  of 
sound  as  a  linear  phenomonon. 

The  process  of  heat  deposition  caused  by  the  interaction  of  high  intensity  light  and  a  fluid 
medium  is  quite  complex.  An  elementary,  but  useful,  model  of  this  deposition  envisages  a 
light  beam  of  intensity  /(r0,/)  (units:  Nms'1  m-2)  falling  upon  a  medium  whose  absorption 
coefficient  is  <*0  (units:  nr1)  and  penetrating  a  distance  zq.  The  space-time  dependence  of  the 
intensity  is  assumed  to  be  separable  into  a  spatial  component  /(x0,yo)cQoZ°  and  a  temporal  com¬ 
ponent  /(r/r0), 


/ (r0,t)  —  /(x0,y0)e  aoZ°  /(f/r0) 


(10.1.5) 


in  which  r0  is  the  characteristic  time  of  energy-release.  If  r0  is  small  relative  to  the  diffusion  time 
of  the  heat  in  the  direction  z  then  the  deposition  rate  of  heat  h  (units:  Nm  m~ 3)  from  10.1.3  is 
modeled  as, 


(b)  h  -  a0T0/(x0,y0)<?  “°*  J °  /(£  )d£  (units:  Nmm  3) 


(10.1.6) 


(c)  AT-  — . 


In  this  model  the  temperature  field  is  localized  in  a  film  thickness  zcff  of  the  order  a  0  ’.  (Some 
authors  use  3  to  5  times  a  o'.) 

Thus  the  linear  acoustic  equation  governing  the  thermooptic  generation  of  sound  is 
modeled  from  10.1.2  and  10.1.6  to  be, 

— V2p  (r0,r)  +  -7  d  -  j-  ^7  a0T0l(xay0)e  a<>2  f  °f({)d£  (10.1.6) 

Co  or  at  cp  at  “ 

Other,  more  complicated,  models  of  thermooptic  interaction  will  be  noted  later  in  this  chapter. 

10.2  SOLUTION  OF  EQ.  10.1.6  WHEN  P  IS  CONSTANT 

Assume,  first,  that  in  10.1.6  the  coefficient  of  thermal  expansion  (fi)  is  a  constant.  Furth¬ 
ermore,  to  exemplify  the  time  variation  of  heat  deposition  in  a  simple  way  let  it  be  an  elemen¬ 
tary  square  wave, 

dr  'lro 

_  I  _  r  r  / +  \  rrf*  1  _  \  Mai  l\ 


T-  T0  f  VtfJrff  -  UU)~  U(t  +r0) 

at 

in  which  U(t)  is  the  step  function.  Thus,  10.1.6  becomes, 

-V2p(r0,t)  +  -7  (r o.t)  “  — /(x0.y0)e  aoZ°  (S  (t 


(10.2.1) 


Co  Or  cp 

To  solve  10.2.2  one  begins  by  a  Fourier  transformation  from  /  to  o>: 

(a)  (V2  +  k2)p(r0,w)  -  -  0(r0)  (units:  Nm-4  s) 

c 00 

p(r0,o>)-  J  ^  p(r0. t)e'°" dt  (units:  Ns/m2) 

(b)  0 (xo.yo-zo)  “  I(x0,y0)e  °°*0ll  -  e+"T<,l 


/(x0,y0)e  °i°  (5  (t)  -  8  (t  +  r0)J.  (10.2.2) 


(10.2.3) 
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10.2  Solution  of  10. 1.6  when  ft  is  C  onstant 


Since  Q  is  a  (temporal)  density  of  true  sources  the  acoustic  field  can  be  calculated  from 
1.7.9  by  use  of  a  suitable  Green’s  function  (7(r/r0)  constructed  so  that  bG/bn  -  0  at  z  =  0: 


p( r,(o)  =  f  Q  (x0,y0,z0)G  (x,y,z\x0.y0,z0)dV(x0.yQ,z0) 


(10.2.4) 


In  conformity  with  the  theory  of  volume  sources  the  negative  sign  of  10.2.3  disappears  in 
10.2.4.  For  the  half-space  Green’s  function,  modified  to  be  valid  in  the  far  field,  we  choose. 


G  (r/r0)  —  2^-  exp  (-  ikxx0  -  ikyy0  -  ikzz0) 

R=  (x2  +  y2  +  z2)'/2 

kx  =  k  cos  4>  sin  # ;  ky  =  k  sin  <t>  sin  # ;  k:  =  k  cos  # 


(10.2.5) 


(see  Sec.  1.13).  Substitution  of  10.2.3  and  10.2.5  into  10.2.4,  followed  by  a  simple  rearrange¬ 
ment,  leads  to  the  form. 


(a)  p(r,o>)  =  a 0  f  e  >’°  dz0  f  f  ^  u(x0.y0)e  llk*Xo+k'><>1  dx0dy0 


(b)  y  =  a0  +  ik  cos  9  (units:  m  ') 

x  pnx0.y0)  _ 


(10.2.6) 


(c)  u(x0.yo)  = 


(units:  ms  ). 


In  this  formulation  u  Gco.-Vo)  is  the  equivalent  surface  velocity  which  is  radiating  sound  from  the 
plane  z  —  0  into  the  half  space  0  >  z  <  °° . 


The  integration  of  10.2.6  over  z0  is  standard: 

->^0J  “o  “  ‘k  cos 9 


/m  OO 

Jo  e~yt0dz» 


«(?  +  k2  cos2  9 


(10.2.7) 


In  ordinary  media  (air,  ocean)  one  can  assume  a0  «  |i7ca0  cos#  |.  Thus  the  a0  term  in 
the  numerator  of  10.2.7  can  be  neglected.  To  complete  the  integration  it  is  necessary  to  select 
a  model  of  the  optical  intensity  l(x0,y0)  of  the  incident  beam.  A  plausible  model  is  a  Gaussian 
distribution  function, 


*o  +  To 


Kxo.yo)  =  /0  exp  | - — - J 

in  which  a  is  the  effective  radius  of  the  laser  beam.  Since 

f°°  j  xo  ,  j  •  /—  k2a2  cos2  <f>  sin2# 

I  dx0  exp - r  exp  i-ikx0  cos  </>  sin  <t> )  —  avir  exp - - - 

a  4 

(II  a  subsequent  integration  over  y0  in  conjunction  with  10.2.7  then  converts  10.2.6  to  the 
form, 

,  >a  (pP  f  o  e,kR  ka2  cos  #  fc2a2sin2#  ,,  ,ir> o\ 

p(r,k)~ - —  — r - ; - : —  exp - - -  (1  -  e  u)  (10.2.8) 

c„  2 R  «o2  +  k2  cos2  #  4 
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‘  V 


m 

f/ 

P:*’ 

r-:-::-:- 


where,  as  before,  k  —  <o/c.  To  recover  the  time  function  one  performs  the  inverse  Fourier 
transform  with  respect  to  frequency. 


;•*>  .dir  r°°  /•' 

p(t,k)eikc' —  -  cA  J  — - r  cos  (ky)kdk  +  i ) 

-»  2tt  k2+C2  J 


sin(fc>>)/c<y/c  (10.2.9) 


A  -  - 


'«oP0/o  a2  1 


2R  cos  0  lit 


—  (units:  Nsm  3) 


a  sin  9 
2 


yi  —  R  —  cl,  y2—  R  —  ct  +  ct0. 

In  10.2.9  the  cosine  term  vanishes  because  it  is  an  odd  function  of  k.  Since  the  sine  term  is  an 
even  function  of  k  one  can  reduce  10.2.9  to  the  form, 

/•«•  .,-f2*2 

/»(r,/)-  iA2c  I  — - r  sin(ky)kdk.  (10.2.10) 

Jo  ;t2+{2 

The  integral  is  a  sine  transform  of  the  argument.  Its  value  is, 


(10.2.10) 


p(r.t)  -  iA2c^~  ef^2  e  ly'Erfe{£  ~  TT  ~  eiy'ErfcU  + 

4  2£  2f 

-  e~iy2ErfcU  ~  ~  ~  elyi  Erfcki  +  -g-] 


(10.2.11) 


where 


Erfc(x)=  -j=r  f  exp (-t2)dt. 

V7T 


[2].  If  one  writes 
(a)  £y,- 


COST  taQ  0 


(10.2.12) 


(h)  —  -  —  ~  ct  -  (/?/ c  -  t)  _  asintr 
2f  -  a  sing  r0  ’  Tfl  c 

2 

the  symbols  ra(j  and  r a  can  be  interpreted  as  delay  times  associated  with  elementary  thermal 
sources  in  a  cylindrical  volume  ira 2  in  horizontal  area  and  a0_1  in  vertical  depth:  rao  is  the 
characteristic  time  (or  delay  time)  accompanying  the  generation  of  the  acoustic  pressure  from 
sources  in  a  horizontal  cross-section,  and  rM  is  the  characteristic  time  of  sources  in  a  vertical 
cross  section  13] . 

To  study  the  transient  pulse  shape  at  distance  R  as  a  function  of  time  it  is  convenient  to 
cite  two  extreme  cases  of  10.2.1 1. 


10.2  Solution  of  10.1.6  when  fl  is  Constant 


Case  I.  »  1 


In  this  case,  since  —  a0a  tan  0/2,  one  assumes  that  the  thermal  sources  form  a  plane 
disk  of  large  radius  a  or  alternatively,  one  takes  the  observation  angle  0  to  be  large.  In  either 
case,  the  term  k2  +  £2  in  10.2.10  is  approximated  by  £2  alone.  The  integral  then  becomes  stan¬ 
dard  [4]  and  10.2.10  reduces  to. 


iA  2c 

«o 

T  ~ 

4 

a  sin0 

T 

cos  0 

2 

l 

R 

2 

(R  -  ct)exp 

—  -  / 
c 

—  (R  —  ct  +  cr0)exp 

+T0 

*1 

ri 

, 

(10.2.13) 


The  transient  pressure  at  point  R,  0, 0  in  the  far  field  therefore  consists  of  two  pulses:  the  first 
is  associated  with  the  step  function  U (t)  of  the  laser  illumination,  and  the  second  is  associated 
with  the  step  function  -  U(t  +  r0).  Fig.  10.2.1, 


Fig.  10.2.1  —  Sketch  of  the  acoustic  pressure  pulses  due  to  the  incident  light  pulse 


Kasoev  and  Lyamshev  [3]  have  calculated  10.2.13  for  both  long  and  short  laser  pulses  at 
different  angles  of  observation  which  are  large  enough  to  satisfy  the  condition  tjt,  »  1 .  Their 
results  are  shown  in  Figs.  10.2.2  and  10.2.3.  It  is  seen  first  that  the  transient  fields  are  deter¬ 
mined  by  ra  and  r0,  and  second,  that  as  the  laser  pulse  r0  becomes  shorter  in  duration  the 
acoustic  pulses  tend  to  run  into  each  other. 

Case  II.  H  «  1 

In  this  case  the  thermal  sources  constitute  a  narrow  cylinder  of  small  radius  a,  or  alterna¬ 
tively  the  observation  angle  0  is  small.  The  value  of  10.2.10  is  then  determined  primarily  by 
values  of  k  >  {  for  which  the  exponential  exp  -|2fc2  is  negligible.  Hence  forf£  «  1, 

Uic  S'  sarnttfL 
Jo  *2-K2 

p(r.t)  —  iA2c  zr\e  V|t  —  e  l2£| 


(10.2.14) 
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Fig.  10.2.2  —  Relative  acoustic  pressure  levels  in 
water  for  a  long  laser  pulse,  r  =  5  I0-6  sec,  m  = 

5  cm-1,  a  -  0.1  cm,  and  three  angles  of  observa¬ 
tion.  (1)  fl  -  30°;  (2)  45°;  (3)  60°.  Ref  131. 


Fig  10.2.3  —  Relative  acoustic  pressure  levels  in 
water  for  a  short  laser  pulse,  r  =  5  -  10-8  sec, 
U  —  5  cm-1,  a  —  0  1  cm,  and  the  three  angles  of 
observation.  (1)  »  -  30°,  (2)  45°;  (3)  60°  Ref. 
13). 


Because  y\  changes  sign  when  R  =  ct,  and  changes  sign  when  R  +  cr  =  cf  it  will  be  useful 
to  introduce  the  operator  sgn  x  =  +  when  x  >  0  and  sgn  x  =  —  when  x  <  0.  Equation 
10.2.14  may  then  be  written 


p(r,t)  -  i  A  2c  — 


sgn  (R  -  c/)exp 


sgn(,R  -  ct) 


R 


-  t 


-  sgn(R  —  ct  +  cT0)exp 


sgn(R  -  ct  +  ct  0) 


4-l+ro 

c 


(10.2.15) 


This  expression  is  exact  for  observation  angle#  =  0  (along  the  axis  of  the  laser  beam).  In  the 
extreme  case  of  very  short  laser  pulse  duration,  T(/tm  «  1,  the  acoustic  response  is  primarily 
a  negative  excess  pressure.  Fig.  10.2.4. 


The  pulse  shapes  given  by  Figs.  10.2.2,  10.2.3,  and  10.2.4  agree  qualitatively  with  experi¬ 
mental  measurements  [6], 


fw 


Fig  10  2  4  —  Relative  acoustic  pressure  levels  in  water 
under  the  condition  f  {  «  1  (I  I  t  —  13  10-6  sec.  u  ”  5 

cm  ';  (2)  t  -  5  10-6sec,M  =  I  cm  1  Ref.  13) 


10.4  Radiation  of  Sound  Caused  Temperature  Oscillations 


10.3  SOUND  GENERATION  BY  THERMAL  SOURCES 

Let€(r0,/)  (units:  Nm  m  3  s-1)  be  the  time  rate  of  energy  deposition  in  a  small  spherical 
volume  (radius  In  a  time  interval  r0  the  energy  deposited  will  be  dE  =  «t  (units:  Nm 
m-3).  Assume  first  that  the  ambient  hydrostatic  pressure  is  constant  and  that  the  deposited 
energy  causes  a  rise  in  temperature  A  T  (°K)  in  the  volume.  Before  thermal  diffusion  occurs 
one  has  the  thermodynamic  relation, 

dE=  cp\T  (10.3.1) 

in  which  cp  (units:  °K-1  Nm  m-3)  is  the  specific  heat  (per  unit  volume)  at  constant  pressure.  If 
the  medium  had  time  to  expand  under  the  influence  of  A  T  it  would  change  volume  (A  V)  by  an 
amount  determined  by  the  coefficient  of  thermal  expansion  /3: 


i  ■ 

j- 


b.V  =  \TVji  (units:  m3).  (10.3.2) 

Thus  the  energy  injection  into  the  volume  would  cause  a  potential  volume  increase, 

dE~c"W  (10  3  3) 

However  the  time  t0  is  considered  to  be  so  short  that  the  distance  of  wave  propagation  ct0  at 
speed  e  is  taken  to  be  much  smaller  than  the  volume  radius  Ra.  Then  the  volume  expansion 
does  not  occur  and  the  energy  injection  results  in  a  rise  in  hydrodynamic  pressure  A  P  instead. 
The  magnitude  of  A  P  is  determined  by  the  bulk  compressibility  ks  of  the  medium: 

I A  /*  |  =  (units:  Nm-2).  (10.3.4) 

Vk$ 

Using  the  value  of  A  V  from  10.3.3,  and  noting  that  the  first  (linear)  approximation  of  the  adia¬ 
batic  compressibility  ks  —  pc2  it  is  seen  that  the  rise  in  pressure  in  the  volume  is, 

AP  =  - (units:  Nm-2).  (10.3.5) 

Vcp 

Such  a  rise  in  pressure  constitutes  a  sound  source.  The  sound  field  generated  by  it  can  be  cal¬ 
culated  by  means  of  methods  described  in  Chap.  I  of  this  treatise,  particularly  Eq.  (1.7.7). 

10.4  RADIATION  OF  SOUND  CAUSED  BY  TEMPERATURE  OSCILLATIONS 
ON  A  PLANE  SURFACE 


On  a  surface  r  —  0  of  a  medium  assume  there  is  a  temperature  oscillation  of  value 
0oexp  (-/wr).  Let  the  medium  have  a  thermal  conductivity  k  (units:  Nm  s-1  m-1  °K),  a 
specific  heat  cp  (units:  m2  s~2  °K),  and  a  density  p0  (units:  Ns2  m-4).  The  ratio 

X  ”  — —  (units:  m2s-1)  (10.4.1) 

P  oCp 

is  the  thermometric  conductivity.  It  is  a  quantity  which  can  be  used  to  establish  a  thermal  length 
scale  x/c  relative  to  the  speed  of  sound  and  also  a  time  x/c2.  If  the  acoustic  length  scale  at  fre¬ 
quency  co  is  taken  to  be  c/cu  then  the  condition  for  effective  radiation  is  given  by  the  require¬ 
ment  that  the  acoustic  length  scale  is  much  larger  than  the  thermal  length  scale: 

—  »  or  »  x/<»-  (10.4.2) 

<*»  co  C02 
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Hence  it  is  assumed  here  that  the  period  of  one  oscillation  (l/o>)  is  much  greater  than  the  ther¬ 
mal  time  scale. 


—  »  JT 
40  Co 


Now  the  equation  of  thermal  conduction  in  one  dimension  is  Fourier's  equation, 

60  6% 


6t  *  9x2 


(10.4.3) 


(10.4.4) 


Since  the  surface  is  plane  one  can  seek  solutions  in  the  form  of  thermal  plane  waves,  0  =  0O 
exp  (—/wr  +  ikx).  Such  solutions  are  possible  when  k  has  the  special  value 


2i  V¥- * " + ■’ VI 


(10.4.5) 


The  sign  must  be  chosen  to  give  physically  decaying  waves.  Thus  the  thermal  plane  wave  has 
the  form 


0  (x,i)  —  0{)  exp 


l-vfl 


exp  -  icoit  — 


( 1 0.4.6) 


c»  =  \/2x<o 

The  thermal  waves  travel  with  the  speed  c„. 


As  the  temperature  oscillates  on  the  surface  the  medium  mass  density  also  oscillates.  The 
magnitude  of  oscillation  above  and  below  the  ambient  density  is  given  by 

pO)=  zrz.  9U) 

6T  f 


_i  Sp.  =i  B 

P  6T p  V  6T  p  P 

it  is  seen  that  in  terms  of  the  coefficient  of  thermal  expansion  j3,  the  change  in  p  is, 

P  (/)  =  -p<y 30  (r). 

Now,  in  the  Eulerian  description  of  motion  in  which  events  in  a  fixed  volume  are  described, 
any  change  of  density  with  time  must  be  due  to  the  flow  of  mass  across  the  boundary, 

9v  9p 


The  velocity  reached  in  distance  x*  is. 


-~toP»0So  exp-x^f^ 


exp  —  iw  i  —  —  dx. 

c« 


(10.4.7) 
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10.5  Sound  Radiated  by  Bubbles  Containing  Superheated  Vapor 


Here,  x*  is  of  the  order  of  (x/ct»)l/J,  after  which  it  is  effectively  zero.  Thus  the  range 
integration  can  be  extended  to  infinity  without  error.  The  result  of  integration  is, 

1 


of 


V2 


-  90e~ 


(10.4.8) 
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The  power  radiated  per  unit  surface  area  due  to  oscillations  of  temperature  of  magnitude 
61  o  varying  sinusoidally  in  time  on  the  surface  is: 


/*  yPo<'c0W,o 


(units:  Nmm  2s  ') 


(10.4.9) 


When  the  medium  is  water  the  relevant  constants  to  good  approximation  at  20°C.  are, 

,2 

Po: 


103  c0“  1.5  x  103  — ;  /3  =  1.4  x  10“4  °K' 


m 


1.48  x  10~7  — ;  <c  =  0.619  Nm 


sm(°K) 


A  simple  calculation  reveals  the  thermal-acoustic  conversion  efficiency.  Let  the  frequency 
(<i>/2ir)  be  103  Hz,  and  the  temperature  fluctuation  be  100°C:  then 


/  -  1  x  1.5  x  106  x  (1.4  x  1 04) 22it  x  103  x  1.48  xl0~7  x  (102)2 
2 


/  -  1.37  x  10 


,  watts 

,2  • 


m 


For  plane  waves  this  acoustic  intensity  corresponds  to  an  acoustic  pressure  p  —  VpocV  * 
V  1.5  x  106  x  1.37  x  10"1  -  4.53  x  102  N/m2  which  is  53  dB  re  1  Pa  or  173  dB  re  1  p  Pa. 


10.5  SOUND  RADIATED  BY  A  COLLAPSING  BUBBLE  CONTAINING 
SUPERHEATED  VAPOR 

10.5*  GROWTH  RATES  OF  SUPERHEATED  BUBBLES 

A  bubble  forms  in  a  fluid  when,  in  a  volume  (called  a  nucleus),  the  hydrodynamic  pres¬ 
sure  inside  is  greater  than  outside.  Such  an  unbalance  of  forces  causes  the  bubble  radius  R  to 
increase  as  a  function  of  time. 


The  equation  of  radial  motion  of  a  bubble  wall  begins  with  an  extended  version  of  the 
early  formulation  of  Rayleigh.  To  set  this  up  we  note  that  the  rate  of  change  of  volume  velo¬ 
city  of  a  bubble  of  radius  R  is 


dt 


=  4tt(2  RR2  +  R2R). 


(10.5.1) 


If  one  assumes  the  liquid  is  incompressible  and  then  applies  Bernoulli’s  law  of  the  flow  of  an 
incompressible  fluid,  one  arrives  at  an  equation  of  motion 


R2R  +  2  RR2  R*R2 


P  ini  Pex  l 


(10.5.2) 
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in  which  r  is  any  radius  >  R  and  the  right-hand  side  is  the  difference  between  the  internal  pres¬ 
sure  and  the  external  pressure  (divided  by  p  f).  Setting  r  =  R  and  writing  the  internal  pressure 
as  the  sum  of  the  vapor  pressure  pv  and  the  permanent  gas  pressure  pg  and  the  external  pres¬ 
sure  as  the  sum  of  the  surface-tension  pressure  pa  and  the  hydrostatic  pressure  />«,,  one  can 
then  write 


Pf 


RR 


+  ~  R2 
2 


Pm  +  Pg  ~ 


p<*>  + 


2cr 

R 


(10.5.3) 


We  assume  now  that  the  dynamic  force  which  causes  the  bubble  to  expand  is  provided  by  a 
temperature  difference  A  T  between  the  temperature  Tinl  of  saturated  vapor  in  the  interior  of 
the  bubble  and  temperature  T*  of  the  fluid  a  great  distance  from  the  bubble.  To  simplify 
matters,  one  first  neglects  the  internal  gas  pressure  and  then  relates  the  quantity  Ap  =  py  -  p„ 
to  the  change  in  temperature  A  T  by  means  of  the  Clausuis-Clapeyron  equation 


A  p  - 


-A  T 


(10.5.4) 


in  which  vv  and  vf  denote  the  specific  volume  (units:  m3/Kg  or  m4/Ns2)  of  the  vapor  and  fluid 
respectively,  L  is  the  latent  heat  of  vaporization,  (units:  N-m/Kg  or  m2/s2)  and  A  T  is  the  rise 
in  temperature  above  T.  The  temperature  difference  A  T  is  determined  by  the  solution  of  a 
problem  involving  heat  conduction  across  a  moving  surface  of  evaporation  (in  spherical 
geometry).  The  solution  for  heat  input  of  heat  Q  (units:  Nm  m“ 3  s-1)  is  [9], 


(a)  A  TU) 


—  Lps 


~p(f) 


(it  D) 


1/2. 


J(t)  +  Ar  + 


_2l 


pf 


P/Cp(f ) 


(10.5.5) 


(b)  J(t) 


R(t')RU') 

exp 

(R  -  R')2 

(R  +  R')2 

R  (t)(t  —  r')1/2 

4  D(t-t') 

4 D(t  -  t ') 

dt' 


Here  pv  is  the  density  of  the  vapor,  Cp(/)  is  the  specific  heat  of  the  fluid  (units:  m2oK~‘s~2), 
and  D  is  the  diffusivity  (or  thermometric  conductivity)  (units:  m2s_1) 

The  integral  Jit)  is  a  functional  of  R  ( t ),  that  is,  it  is  not  a  unique  number  but  a  range  of 
numbers  whose  values  are  functions  of  time. 

Substituting  10.5.4,  10.5.5  into  the  equation  of  motion,  one  obtains 


RR  +  4  R2  +  —  -  p  +  yj(t)  =  Q*t . 

2  A 


(10.5.6) 


where 


LAt 


—  ,P- 

P/  P,T(vy-  vf) 


L2Pf, 


p  }T(vy  -  vf)(tr  D)U2C, 


p(f ) 


O' 


-QL 


PfCpU)  T(v 
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This  is  an  integral-differential  equation  In  Rit).  A  more  revealing  equation  can  be  obtained  by 
introducing  the  concept  of  critical  radius.  This  is  done  by  noting  that  for  superheat  At  there  is  a 
corresponding  pressure  rise 


Aft  - 


/.At 

Tivv  —  vf) 


Ppf- 


(10.5.7) 


The  bubble  radius  corresponding  to  a  surface  tension  cr  at  pressure  A ft  is  called  the  critical 
radius. 


2cr 

Ap, 


2tr 

Pp  f 


a_ 

P 


Dividing  the  equation  of  motion  by  R2ril,  one  has  the  more  useful  form, 

Air  -  1) 


rr  +  ~  r2  - 


+  BJ  “  qt. 


(10.5.8) 


(10.5.9) 


where 


A 


2cr 

P  fR  crit 


.  B  “ 


Q 


D  2  ’ 

rvcril 


r 


R 


Because  of  the  functional  integral  Jit)  the  solution  of  this  equation  is  intractable  as  it  stands. 
Hence  a  general  formula  r(r)  for  all  time  t  is  not  available.  Forster  and  Zuber  [9]  demonstrate 
that  for  very  small  bubbles  one  can  neglect  the  water  inertia  during  growth.  They  then  reduce 
the  problem  to  the  solution  of  an  integral  equation  of  the  Volterra  type. 


L.-.1  +  1 L 
r  A 


1  ['  r  it')  rit')  .  ,  r%  A 

C*rJ o  (/  -  f ') 1/2  ’  “  BRcril’ 


(10.5.10) 


in  which  Jit)  has  been  reduced  by  various  arguments  to  the  integral  shown.  Even  this  form  is 
intractable.  However  an  upper  limit  for  rit)  may  be  obtained  by  using  the  mean-value 
theorem  to  calculate  the  integral  (which  then  becomes  2 rrtl/2).  Using  this  approximation  and 

assuming  is  small  relative  to  the  other  terms,  one  finally  arrives  at  a  solution  for  rit)  impli- 
A 

citly  given  by 


r  +  In 


C*tV2,  t  > 


(10.5.11) 


The  initial  condition  is  r  -  rx  for  t  -  r2/C "2.  To  start  the  numerical  calculation,  one  assumes 
r  i  is  slightly  greater  than  1,  say  r\  —  1.01.  Since 

c,  _  A  _  2 it  P/Tivy-  Vflitr  P)l/2Cp(/)/?c2ri, 

S/? crit  P/Kcrit  L2Py  Rcux 

_  PfM-inD)'nCpi/) 

Refit Lp  v 


we  can  interpret  A  T  to  be  the  initial  superheat.  Hence 

A  t  Cp{f)in  P)V2vv 
Ra,tLvf 


(10.5.12) 


This  is  a  useful  formula  for  estimating  the  numerical  value  of  the  right-hand  side  of  the  solu¬ 
tion.  To  obtain  a  feeling  for  the  magnitude  of  the  terms  and  parameters  involved  we  will  calcu¬ 
late  the  following  case. 
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The  liquid  (water)  is  superheated  5°C  above  boiling  at  atmospheric  pressure.  We  desire 
to  find  /?crjt  and  the  time  required  to  form  a  bubble  of  radius  R  =  20  m  m. 

Solution  :  The  thermodynamic  chart  for  water  shows  that  at  T  =  373  +  5  =  378°K,  vv  = 
27  ft3/lb,  v/-  0.02  ft3/lb,  L  =  974  Btu/lb,  C,  =  4.18  J/g/°K,  and  £>  =  1.43  x  10“3  cm2/s. 
Then 

B  =  LAtv/  =  (974x  2.32)  (J/g)  x  5°K  x  0,02  x62.4  cm3/g 
T(vy-  vf)  378°K[(27  -  0.02)  x  62.4]  cm3/g 

=  2.3  x  10s  cm2/s2 


and 


a  =  — -  =  2cr  vy  =  2  x  50  x  0.02  x  62.4  =  124.8  cm3/s2. 
Pf 


Therefore 


a_  124, 8cm3/ s2 
'cn‘“  P  =  2.3  x  105cm2/s2 


-  -  5.6  x  10-4  cm  =  5.6 Mm. 


From  this 


A  t  (n  D)l/2C/V 


Rc,«Lvf 

c  _  5 °K (ir  x  1.43  x  lQ-3)1/2cm/s1/2  x  4.18(J/g°K)  x  27  x  6.24  cm3/g 
5.6  x  10-4  cm  x  974  x  2.32(J/g)  x  0.02  x  6.24  cm3/g 

-  1494  s"1/2. 

Since  r—  /?//?cri,  -  20m  m/5.6 /im  =  3.57,  we  find 

r  +  In  '  ~  \  -  C'txn 
r,  -  1 


or 


3.57  +  In  “  1494f1/2 


or 


t  =  37  ms. 

This  is  approximately  the  result  that  Forster  and  Zuber  show  in  their  Fig.  1  [9]  where  R  =  2  x 
10-3  cm  corresponds  to  a  formation  time  of  about  30  ms.  Note  that  t  depends  on  C*  inversely; 
that  is,  the  higher  the  superheat,  the  faster  the  time  of  formation  of  a  bubble  of  specified  size. 

The  difficulties  associated  with  a  general  theory  of  bubble  formation  and  collapse  has  led 
to  simplifications  which  give  ready  (and  fair)  estimates  of  the  underlying  physical  events. 
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10.5b  SIMPLIFIED  THEORY  OF  THE  GROWTH  AND  COLLAPSES  OF  BUBBLES 


A  spherical  expanding  (or  collapsing)  surface  of  radius  R(t)  in  a  incompressible  medium 
has  a  velocity  potential  at  any  radius  r  >  R  given  by 


- 


R2R 


(10.5.13) 


The  surface  velocity  at  r  is  then, 


u(r) 


R^R 

8r  =  r2 


(10.5.14) 


Application  of  this  form  to  the  hydrodynamic  law  of  accelerative  flow  leads  to  the  equation  of 
motion 


RR  +  4  R2  **  -  P  .  (collapse  phase).  (10.5.15) 

2  P, 

The  left  hand  side  can  be  integrated  with  respect  to  time  by  use  of  the  integrating  factor  2 R2R 
to  give  R}R2.  The  same  integrating  factor  also  permits  the  right  hand  side  to  be  integrated 
over  the  limits  R  ( t )  and  R  (0).  Thus, 


R2  - 


2  P™  Rl( 0)  -  R\t) 

3  p,  R}(t ) 


collapse  phase). 


(10.5.1b) 


Taking  the  inverse  of  this  equation,  then  changing  variable  R  -  RIO)*1  1  and  integrating  with 
respect  to  x  Rayleigh  found  the  time  of  collapse  to  be. 


l  « 


(10  5  17) 


[10]  Here  RM AX  -  R  (0). 


The  growth  of  a  spherical  cavity  can  similarly  be  described  In  this  case  the  driving  pres¬ 
sure  pv  (assumed  constant  during  expansion)  expands  the  bubble  from  a  minimum  radius 
R  min  “  R  (0).  The  equation  of  growth  is. 


RR  +  ~ 


Integration  with  respect  to  time  leads  to 


Pv 

Pt 


RHt)  -  r3min 

R}(t) 


(growth  phase) 


(10.5  18) 


In  a  more  complicated  but  still  useful  model  a  spherical  cavity  expands  from  an  initial 
radius  Rmin  under  the  action  of  an  initial  internal  pressure  pmit  One  can  assume  in  first 
approximation  that  the  expansion  is  adiabatic  so  that  the  internal  pressure,  for  any  radius  R  is 

(10.5. 1 9) 

where  y  is  the  ratio  of  specific  heat  of  constant  volume  to  the  specific  heat  at  constant  pressure 
of  the  medium  inside  the  cavity.  The  dynamic  equation  of  motion  of  the  expansion  phase  is 
given  by  10.5.3  with  the  right  hand  side  replaced  by  10.5.19, 
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RR  +  1  R2-  ^L 
2  P/ 


(10.5.20) 


Here  the  positive  direction  of  R2(t)  is  chosen  to  be  outward.  Upon  integration  it  is  found  that 


R2  — 


2  C6 


3(y  -  1) 


[3  V 

1  mm 

D  3 


(growth  phase) 
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a 


p / 


From  10.5.20  and  10.5.19  one  concludes  that  the  initial  acceleration  is, 

c  * 

R  (0)  -  — — 


(10.5.22) 


and  the  maximum  radial  velocity  is, 


which  occurs  when 


‘MAX 


V 


2  C02 


37 


V  (>"  l) 


(10.5.23) 


(10.5.24) 
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The  initial  theory  of  bubble  collapse,  as  analyzed  by  Rayleigh  assumed  the  bubble  cavity  is 
a  void.  This  assumption  leads  to  difficulties  in  predicting  events  toward  the  end  of  the  collapse 
process.  A  more  refined  analysis  introduces  the  following  corrections. 


During  the  final  stage  of  collapse  the  pressure  pg  of  permanent  gases,  initially  neglected, 
must  be  inserted  in  the  equation  of  motion  in  order  to  arrest  the  motion  of  collapse.  Assuming 
isothermal  contraction  of  these  gases,  Rayleigh  [11]  subtracted  the  potential  energy  of  the  per¬ 
manent  gases  from  the  kinetic  energy  of  the  fluid  and  found  the  minimum  radius  of  bubble 
(at  the  point  when  the  radial  velocity  R  vanished)  to  be. 


^min 


Poo 

3p„(0) 


(10.5.25) 


in  which  pR( 0)  is  the  initial  gas  pressure.  The  maximum  pressure  reached  in  the  cavity  is  then 
easily  found  (based  on  isothermal  collapse)  to  be, 


P m.x-  M 0) 


R 


3 

max 


D  3 

n  min 


pg( 0)  exp 


^(0) 


(10.5.26) 


When  pM(0)/p„  -  0.01  this  formula  predicts  pm 2.68  x  1041  p„.  In  view  of  such  predic¬ 
tions  one  can  infer  that  on  physical  grounds  it  is  more  likely  that  the  final  stages  of  collapse  are 
thermodynamically  adiabatic  rather  than  isothermal.  A  model  of  adiabatic  collapse  is  obtained 
by  inserting  a  term  like  10.5.19  into  the  right  hand  side  of  10.5.3, 


RR  +  4  R 


3  n7  P°°  P&  tl  max 

T  A  “  —  '  t  _  , 


(collapse  phase). 


(10.5.26) 
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[12].  Upon  solving  this  equation  for  R  and  setting  it  to  zero  it  is  found  that  the  minimum  bub¬ 
ble  radius  upon  collapse  is  estimated  to  be, 


^  min  '  ^  max 


pg(0) 

1 

3  (y  —  1 ) 

Pooiy  -  1) 

1  + 


M  o) 


Pooiy  -  1) 


3(y  -  1) 
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provided  /?min  <  1/3  /?max-  The  gas  pressure  inside  the  bubble  at  this  minimum  radius  is 
then. 


*«MAX>  =  P*W 


Pooiy  -  1) 

y-T 

p*(0) 

Pooiy  -  1) 


(10.5.28) 


When  Poo/pgi0)  —  100,  this  formula  predicts  (for  the  choice  y  —  4/3)  a  maximum  pressure  of 
about  1.2  x  104  p„„,  which  is  within  reason.  Also  since  the  compression  is  adiabatic  the  max¬ 
imum  temperature  at  the  termination  of  collapse  is  found  from  thermodynamic  relations  to  be. 


0(0) 


P  max 

Po(0) 


D  3 

A  min 

“0(0) 

P^iy  -  1) 

R  ^ 

A  max 

Pgi0) 

l  + 


Q) 

Pooiy  -  1) 


(10.5.29) 


In  actual  calculation  the  key  Eq.  (10.5.27)  plays  a  major  role  in  predicting  the  sound  radiated  by 
a  collapsing  bubble.  However;  its  usefulness  depends  on  a  good  estimate  of  the  partial  pressure 
of  the  initial  gas  pressure  pg(0). 


These  results,  and  indeed  all  results  based  on  10.5.3,  are  Dased  on  the  assumption  that  the 
fluid  motion  at  any  stage  of  growth  or  collapse  shows  no  effect  of  fluid  compressibility.  One 
can  say  that  as  long  as  the  radial  velocity  of  bubble  collapse  is  much  less  than  the  speed  of 
sound  no  such  effects  of  compressibility  will  modify  these  predictions.  A  reasonable  limit  of 
validity  of  incompressible  theory  is  roughly  estimated  at  a  ratio  M  of  fluid  velocity  to  speed  of 
sound  of  M  -  1/3.  Since  the  theory  based  on  10.5.26  predicts  a  maximum  fluid  velocity  to  be. 


2  P°°iy  -  l) 

Pooiy  -  1) 

1 

y-l 

3  p/y 

p*(0) 

Pg(  Q) 

Pooiy  ~  1) 


(10.5.30) 


it  is  seen  that  this  validity  of  Eq.  10.5.26  through  10.5.29  depends  upon  the  ratio  pgi0)/poo,  and 
upon  Poo ■  For  M  =  1/3  and  y  —  4/3  one  calculates  that  at  “  1  atmos,  pgi0)/poo  must  be 
greater  than  1%,  at  Poo  •  10  atmos,  pgi0)/poo  must  be  greater  than  3%,  etc.  in  order  for 
incompressible  theory  to  be  valid. 


10.5c  ACOUSTIC  RADIATION  FROM  A  COLLAPSING  BUBBLE 


A  spherical  bubble  collapsing  in  a  fluid  can  be  treated  as  a  monopole  radiator  for  which 
7.1.9  is  the  governing  formula: 


pir.C) 


pfrir)  % 

— - ,  t*  =  t - . 

4  nr  c 


(10.5.31) 


The  volume  acceleration  at  any  instant  is, 


rit) 


d, 2 


4  nRlRR  +  2/?2]. 


(10.5.32) 


The  radial  acceleration  R  is  obtainable  from  10.5.3.  In  the  present  application  of  radiation  of 
sound  from  a  collapsing  bubble  we  use  the  simplest  model  by  neglecting  pv,  pg  and  surface  ten¬ 
sion: 
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RR-  - 


(10.5.33) 


Substitution  of  this  into  10.5.32  leads  to. 


V(t)  =  \ttR-  —  +  ~  R2  . 

Pr  2 


From  10.5.16  this  becomes 


r(t)-  47 tR< 


r(t)~  4rr\~  — 

l  3  Pf 
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Pf  RHt) 
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4  Poo  R 

3  Pf 


(10  5.34) 


where  KMAX  is  the  volume  of  the  bubble  at  the  initiation  of  collapse.  This  formula,  together 
with  10.5.31,  allows  one  to  predict  the  peak  positive  acoustic  pressure  at  any  observation  radius 
r  in  terms  of  the  minimum  bubble  radius  /?min  which  occurs  at  the  termination  of  the  collapse , 

+  1  ^  M  AX  R MAX  I  ,  .  ^  MIN 

Pm  ax  -  TP-  — —  -Tj—  1  -  4  -j—  -  (10.5.35) 

J  r  r'MIN  II  kMAX 

An  estimate  of  RM[N,  difficult  to  make  in  any  case,  can  be  inferred  from  10.5.27  by  estimating 
the  initial  pressure  pg(0)  of  the  permanent  gases  in  the  cavity. 

The  total  energy  Ec( RAD)  radiated  during  the  collapse  phase  is  obtained  by  noting  that 

ErtuAM  -  4 nr2  dt  -  -P—  f'r2(t)dt.  (10.5.36) 


fSc(RAD)  —  f  —  4 nr2  dt  =  P/  f  ^(ridt. 
’  Jo  pfCf  4ircf  Jo 


Since  Rdt  **  dR, 
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(10.5.37) 


Using  10.5.34  as  a  reasonable  estimate  of  V,  and  calculating  Rmin  from  10.5.27,  the  integration 
called  for  by  this  equation  can  be  approximated  on  the  assumption  that  pg(0)/p„  is  of  the  order 
of  2%  to  10%.  In  this  case, 


r  _ _  „  1  ^MAX 

£r(RAD)  ~  Poo  ''max  x  T 

J  A  Min 


2  P°° 

T  pfc}' 


(10.5.38) 


This  is  the  energy  of  a  single  collapse  event.  A  rough  estimate  shows  that  near  the  value 
P„(0)/ po„  ~  2%  the  radiated  energy  lies  between  1/4  and  1/2  of  the  total  potential  energy  in  the 
bubble  at  its  initial  maximum  radius,  and  that  at  pg(0)/poc  ~  10%  the  radiated  energy  lies 

between  1/20  and  1/10  of  that  value.  When  pg(0)/poo  is  much  less  than  —2%  Eq.  10.5.38 
overestimates  the  radiated  energy.  A  convenient  rule  of  thumb  that  can  be  used  in  this  case  is 
that  the  energy  radiated  for  all  initial  and  subsequent  collapses  of  the  single  bubble  is  about  2/3 
of  the  potential  energy  p*  FMAX  at  the  start  of  the  initial  collapse.  Thus  as  p^(0)/p«,  becomes 
extremely  small  the  total  radiated  energy  for  all  cycles  of  collapse  and  rebound  of  a  single  bub¬ 
ble  is  approximately  2/3  of  the  initial  potential  energy  of  the  bubble.  These  qualitative  state¬ 
ments  are  pictured  in  Fig.  10.5.1  as  calculated  by  Ref.  (13).  This  figure  enables  one  to  make 
rough  estimates  of  radiation  from  single  bubbles  in  the  course  of  its  life  history. 
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Fig.  10.5  1  —  Fraction  of  energy  radiated  from  a  single  collapsing 
bubble  vs  partial  gas  pressure  (after  Ross  1 1 31 1 


10.6  RADIATION  OF  SOUND  FROM  CAVITATING  VOLUMES 


In  Lighthill’s  theory  of  noise  generated  by  fluid  flow  [14]  the  origin  of  the  noise  is  attri¬ 
buted  to  net  mechanical  stresses  T  acting  to  change  the  temporal  and  spatial  character  of  the 
mass  density  p  of  the  fluid  at  a  point.  Thus  sound  generation  is  attributed  to  hydrodynamic  (in 
this  case  turbulent)  fluid  motion  over  a  volume  of  the  fluid.  Because  the  medium  is  compressi¬ 
ble  these  changes  in  p  are  propagated  away.  A  simple  model  of  the  propagation  process  can  be 
formulated  from  the  discussion  in  Section  1.8. 


0  -  ^ 


(10.6.1) 


T0  -  pVjV;  +  p0  -  c^.jp'. 


Here  TtJ  are  components  of  the  stress  tensor  T  at  point  x  -  (x,y,z).  T„  is  the  sum  of  (1)  the 
Reynolds  stress  pv,v;  due  to  flow  velocity  v,  (2)  the  static  stress  p,,  whose  diagonal  elements 
(on  being  averaged)  make  up  the  hydrodynamic  pressure  (-p)  in  the  fluid  and  whose  off- 
diagonal  elements  constitute  the  viscous  (or  shear)  stresses,  and  (3)  the  acoustic  pressure  pro¬ 
portional  to  the  incremental  change  in  mass  density  p 


Suppose  now  there  is  a  volume  Vc  of  liquid  of  instantaneous  mass  density  pc(t )  which  is 
driven  into  cavitation.  Its  mass  density  can  then  be  written  in  terms  of  a  parameter  bit), 

tt m  ,1062> 


j  irn(RHt)  -  R &AX) 


(units:  m3m  3) 
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in  which  n  is  the  number  of  bubbles  per  unit  cavitating  volume,  each  bubble  having  a  time  his¬ 
tory  of  volume  collapse  described  by  the  radius  Rit).  There  are  two  species  of  fluctuations 
described  by  this  equation.  The  first  are  fluctuations  pcit)  due  to  stress  Tu  of  10.6.1.  The 
second  are  additional  fluctuations  in  mass  density  due  to  the  cavitation  effect  bit).  For  many 
cases  of  interest  we  can  assume  that  the  fractional  change  in  density  (=  bit))  is  small  relative 
to  unity  so  that  pit)  can  be  approximated  by, 


pit)  =  pc(r)(l  -  bit)). 

In  addition  we  further  assume  that  only  the  Reynolds  stress  and  terms  involving  bit)  are 
significant  in  generating  sound  by  collapsing  bubbles  in  a  fluid  which  has  turbulent  motion. 
Thus,  the  propagation  ofpc  in  this  case  is  governed  by  the  relation  (15], 


Pcix.t)  =  p  o 


9  2v/v> 
dxfixj 


d2bit)\j\j  ,  a 2bit)  /1/w  „ 

P o  $  - F  Po — ~ —  (10.6.3) 


dx,dXj 


dt 2 


in  which  p0  is  the  background  liquid  density  taken  to  be  large  compared  to  any  density  fluctua¬ 
tion  caused  by  whatever  agency,  and  c0  is  the  background  (homogeneous)  sound  speed.  The 
source  term  due  to  V2p0Z>  is  assumed  negligible  inside  the  cavitation  volume  Vc  where  the  time 
t  of  bubble  collapse  is  so  short  that  ct  is  considerably  smaller  than  the  radius  of  Vc. 


Equation  10.6.3  describes  the  changes  in  mass  density  everywhere,  both  inside  and  out¬ 
side  the  cavitation  volume,  caused  by  sources  (=  right  hand  side)  which  derive  energy  from 
flow  and  cavitation.  The  change  in  mass  density  pc  at  great  distances  due  solely  to  cavitation  is 
obtained  from  the  last  term  on  the  right  hand  side  of  10.6.3  by  use  of  an  appropriate  Green's 
function.  For  an  infinite  medium  this  is  the  free  space  Green’s  function. 


G(r,r)|r0.t0)  =  — 

4tt 


U  -  r0l 


co 


-  it  -  t0) 


lr-  r0l 


Since  at  great  distances  |r  -  r0l  is  the  denominator  is  approximately  r  =  |r|,  one  divides  10.6.3 
with  the  acoustic  source  term  only  by  c<>  to  obtain  the  required  canonical  form  and  then 
integrates  over  space  and  time  (see  Eq.  7.1.7).  The  integration  over  time  yields, 


Pc 


lr~  r0| 
co 


dVci  r0), 


(10.6.4) 


Po 

s-  t— —• 

4ttc0V 

The  integral  is  essentially  the  volume  acceleration.  Thus,  10.6.4  is  closely  analogous  to  the  radi¬ 
ation  equation  of  an  acoustic  monopole,  7.1.9.  Since  bit)  is  a  random  variable  p<  is  also  a  ran¬ 
dom  variable.  Its  autocorrelation  at  far  field  point  r  and  time  t  is, 

w-ifSSSS  p’(r,/)p-.(r  +  d,r  +  r )dtdt,  (units:  N2s4m  8).  (10.6.5) 

It  is  often  convenient  from  the  point  of  view  of  measurements  to  replace  the  integrand  of 
10.6.5  by  a  representation  of  the  space-time  Fourier  power  spectrum, 


Bpii,r)  “  ITfU  e““T+ik4  I A/(k.o>) |2  -7^7  00.6.6) 

VJJVJm  (27T  )4 

I A/(k.o>)|2  -  VCT  ff  BpiA.Tie*"-1'  'kidTdi  (units:  NVm  2) 
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in  which  d  is  the  vector  separation  distance  between  two  observation  points,  and  r  their  time 
difference.  These  relations  are  obtained  by  first  writing  a  3-D  stochastic  Fourier-Stieltjes 
integral 


p(r.r)  -  f  f  e~"'+'k  '  Z(dkdu>) 


for  each  p  in  10.6.5.  Then, 


-  Try  JJlUrUL, 


x  Zidk.d^Z^dk^dar^dtdx. 


/,/  *  “3),+'(kfkj)  'c2T  (dk\d<»  \  )  Z*  (dkidtu  J  dtdr 

—  S  (ki  —  k2)8'(6j|  —  oj2)|A/(ki,ta)|2^k|rfk2rftu1r/o)2. 

Integration  over  k2,  to2  replaces  them  by  kt,  a>|.  The  result  is  10.6.6. 

When  spectral  expansion  is  applied  to  the  function  Mr,/)  one  writes 
Mr,/)  “  J*  ^  exp(— tot  +  /k  •  r)</C(k,o>) 

in  which  b  and  C  have  no  dimensions.  Following  the  procedure  just  completed  for  obtaining 
the  autocorrelation  of  p  we  find  that 


Bp{ d.r)-  [Jk£  l<?(k,o>) |2 

f  r  i<k-^i)<rr,2>  .dkdto 

XJJr,e  dVc(r{)dVc(r2)—j- 


(10.6.8) 


f  r  «k-7.Hr,-r2)  dkdco 

XhlJy1e  dyM)dyc(r2)-^ 

Here  |@(k,w)|  (units:  m6  s2)  is  the  space-time  power  spectrum  of  Mr,/)  and  a  is  the  unit  vec¬ 
tor  in  the  direction  of  observation.  If  Vc  is  finite  all  wavenumbers  k  are  present.  However,  the 
calculation  is  simplified  by  extending  Vc  to  infinity.  Then, 


00 

f  f  exp  /( k  -  ~  a)  (ri  -  r2)dKf  (ti)dVc(2) 


(10.6.9) 


8  k  —  —  a  K.  (units:  m6). 


For  very  large  Vc  it  is  thus  seen  that  only  the  wavenumber  — a  in  the  direction  of  observation 

c 

survives.  Integrating  the  resultant  10.6.8  with  respect  to  k  we  obtain 


«p(d,r)-  sL  e,k>*  J  a»4|{?(k1.«)|V-,,Ti#w.  ks  -  ^a 


A  different  form  of  this  result  is  obtained  by  f  1 5]  in  which  a  quantity  i/»  is  defined, 

,  „  ,  _  l(?(kj.w)|2po  .,  ,  _u 

(k,,o> )  =  - — — ; - -  (units:  Nsjm  ) 

v  c  / 

Assuming  d  -  0  these  authors  obtain, 


(10.6.10) 


(10.6.11) 
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BAt)  -  P[rTT  J*°°  ^ e~ "“T tit (w.ks) dw.  (10.6.12) 

p  (4 n)2c§r2 

It  is  to  be  noted  that  while  the  function  i/»  is  called  by  them  a  "spectral  power*  its  units  have 
odd  powers  of  dimensions. 


When  r  -  0,  5(0,0)  is  the  intensity  of  power  radiated  by  the  cavitating  volume.  The  key 
problem  in  the  numerical  calculation  of  5(0,0)  from  10.6.10  is  to  form  an  estimate  of 
|(?(k,,<a)|2.  One  approach  is  to  assume  each  bubble  is  a  linear  oscillator  in  a  random  force 
field  F(x,t).  To  construct  F  we  note  that  over  a  bubble  of  radius  Rmax  at  solid  angle  fl  the 
force  exerted  by  pressure  is  P°°  The  force  per  unit  of  radius  is  0p„>5MAX.  This 

gradient  of  force  drives  a  mass  of  fluid  PoT,  X  —  (4n-/3)  (5^AX  -  53(/)),  as  the  bubble  col¬ 
lapses.  Normalizing  both  force  gradient  and  driven  mass  by  the  volume  of  cavitation  Vc  it  is 
seen  that  over  an  angle  of  fl  —  4n-  the  force  field,  normalized  topo,  is, 

Fix,t)  =  —  ^MAX^°°  1 1 —  (units:  s-2)  (10.6.13) 

PoK 


Thus  the  power  spectrum  of  the  force  field  is 
|S(ks,<w)|2=  (4jt)2[ 


R  MAX 

2 

Poo(ks,0>) 

2 

nniK-  15! 

K 

P  0 

units.  , 
sz 

where 

Pco(ks,o>)=  JJ  p(t,t)e+lu'~'k ’dtdr,  (units:  Nms) 

Vt 


(10.6.14) 


(10.6.15) 


The  bubble  itself  responds  to  this  force  field  as  a  linear  oscillator  exhibiting  acceleration,  damp¬ 
ing  and  stiffness  (due  to  internal  gases): 

(X  +\X  +  m2X)yc-'=  fit) 


in  which  fit)  is  the  normalized  force.  Here  X  =  2/oA,  /0  is  the  natural  frequency  of  the  bub¬ 
ble,  A  is  the  log  decrement  of  damping  and  m2  -  3-y p^/poRmax-  The  last  term  is  the 
equivalent  stiffness  of  the  bubble  due  to  internal  gases. 


Upon  taking  the  Fourier  transformation  in  time,  and  interpreting  Xiks,a>)/  Vc  =  b(ks,w) 
one  arrives  at  the  relation, 

|£)(kj,<a) |2  -  - r - - —  |S(k5,w)|2  (units:  m6s2)  (10.6.15) 

im2  -  w2)2  +  w\2 

Thus  the  power  spectrum  of  cavitation  volume  fluctuation  is  related  to  the  power  spectrum  of  a 
forcing  field  given  by  10.6.14.  A  similar  formula,  but  with  different  arrangement  of  component 
factors  is  bound  in  [15], 


Substitution  of  10.6.15  into  10.6.10  gives  the  space-time  correlation  functionp  in  terms  of 
incremental  mass  density  for  the  random  acoustic  radiation  at  distance  |r|  well  beyond  the  cavi¬ 
tating  volume.  A  correlation  function  for  acoustic  pressure  (  Bp(d. t))  is  obtained  by  multiply¬ 
ing  it  with  Cq, 


BJi.r) 


P  o 


(4tt  )2r2T 


Ju 


im2  —  oj2)2  +  cok  2 


\S(ks 


,  OJ 


) \2e~"“r  dto , 


(units:  N2m  4)  (10.6.6) 
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10.7  Cavitation  Noise  Modeled  as  a  Train  of  Pulses 

Hence  the  power  spectrum  of  radiated  noise  pressure  at  far  distance  r  (modeled  on  10.6.7) 
is: 

|/>(k,a>) I2  =  f„  f  e*'*  G^n.m.X.r)  e+iaT~ik*  drdd  (units:  N2m2s2)  (10.6.17) 

(4 nVr  J  vrr 

in  which  G  is  the  integral  of  10.6.16  and  AH  is  the  bandwidth  of  the  time  signature  of  the  tem¬ 
poral  fluctuations  of  the  cavitation  volume. 

10.7  CAVITATION  NOISE  AS  A  TRAIN  OF  SOUND  PULSES  GENERATED 
AT  RANDOM  TIMES  (151 


A  very  simple  model  of  the  acoustic  pulse  developed  by  a  collapsing  bubble  can  be  based 
on  the  assumption  that  the  instantaneous  radiated  acoustic  pressure  everywhere  is  the  max¬ 
imum  gas  pressure  in  the  bubble  corrected  for  spherical  spreading  and  exponential  decay: 


p(r,t ) 


Pg  MAX 


(10.7.1) 


in  which  9  is  the  (random)  pulse  width.  By  the  use  of  10.5.27  and  10.5.28  for  the  case  y  -  4 '3 
Eq.  10.7.1  reduces  to. 
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—  ae 


-,/e 


a 


rpg(  0) 


(10.7.2) 


The  time  constant  9  can  be  approximated  as  the  time  required  for  an  acoustic  wave  in  the 
medium  to  travel  a  distance  equal  to  the  minimum  bubble  radius  (Rmin), 


9  =s 


(10.7.3) 


Using  10.5.27  and  10.5.28  again  in  this  formula  one  can  construct  a  scaled  amplitude  A  such 
that. 


A 


a0  — 


y/PgWPo 

r 


(units:  Nsm  2) 


(10.7.4) 


This  entity  can  be  interpreted  as  the  radiated  acoustic  pressure  amplitude  per  frequency  band  of 
the  bubble  time-signature  expressed  on  a  per  bubble  basis. 


Actual  radiation  from  a  cavitating  volume  is  a  sum  of  pulses  of  the  type  given  by  10.7.1. 
If  the  distance  between  bubbles  is  greater  than  the  correlation  distance  of  the  acoustic  radiation 
from  them  the  individual  pulses  add  incoherently, 

PtotO-.')  ”  L  a<  F(f).  t*  -  t  -  |r  -  r.l/co  (10.7.5) 


in  which  F(tm)  is  the  acoustic  time  signature  of  a  train  of  acoustic  pulses  arriving  at  r  in  ran¬ 
dom  time  increments.  The  corresponding  acoustic  mass  density  is 


P,  (r.t) 


(10.7.6) 


Here  two  modifications  of  10.7.5  have  been  made:  the  time  t*  has  been  scaled  by  the  time  con¬ 
stant#,  and  the  entity  F  has  been  given  the  dimensions  of  reciprocal  time  (s2m  2).  F  may  be 
thought  of  as  a  sampling  pulse. 
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The  amplitude  spectrum  of  F(t*/9)  is  obtained  from  the  similarity  theorem  [16],  namely 
9  f(u>9 )  =  &F(t/9 )  so  that 

/(tofl )  =  f  F(x)e"J>*  dx,  (units:  s2m~2)  (10.7.7) 

*/  — oo 

in  which  x  =  t/9  [15].  Since  the  pulsewidth  9  is  random  one  can  assign  a  probability  distribu¬ 
tion  W  (9)  to  it.  Now  the  pulse  F  has  a  random  arrival  time,  hence  a  random  phase.  Thus  the 
complete  transform  of  the  n  ’th  pulse  is0„  /(<o#„)ex p—  iwt„. 

The  power  spectrum  asociated  with  the  train  of  pulses  10.7.6  is  readily  obtainable  as  a 
continuous  spectrum  if  one  assumes  there  are  no  periodic  components  in  the  samples.  If  the 
interval  of  observation  is  T seconds  outside  of  which  the  train  vanishes  everywhere,  then: 

W'pfo)  =  ylp((<u)l2  (units:  N2s5rrT8)  (10.7.8) 

|pc (cu) | 2  =  £{\am9 mf((o6 m)exp  -  iwtm\2}  units: 

m8 

in  which  %  is  the  expected  value,  and  9 m,tm  are  random  variables.  The  factor  2  signifies  that 
only  positive  values  of  to  are  to  be  used  in  defining  the  spectrum.  This  double  sum  can  easily 
be  reduced: 

|p,(to)|2=  Sf.  £  A2\f(w9m)\2  +  2ST  (10.7.9) 

m 

Z  AmAnf(o,9  m)f*(<o9  n)txp-  i(o  (tm  -  t„) 

m- n—  I 

Assume  that  the  arrival  times  are  uncorrelated  with  pulse  widths  so  that  the  expected  value  of  a 
product  is  the  product  of  expected  values.  If  the  density  of  arrivals  is  very  great  per  unit  lime 
and  if  the  pulse  amplitudes  are  nearly  the  same  for  all  pulses  one  can  rewrite  10.7.9  in  the  form 
of  continuous  integrals, 

|p(.(<o)|2=  qA2  K  (t o)  +  2 1  //  (oj  )  | 2  Re  — ' — ^  .  (  units:  N2s6m  8)  (10.7.10) 

1  —  <t>  (a> ) 

A(co)=  f  |/(<o<r  )  |2  W(9  )d9  (units:  s4m-4) 

0 

H (oj  )  ~  f  =  / (wo- )  W (9 ) d9  (units:  s2m“2) 

J  0 

d>mm((o)  =  &{e  "“('m  ,'’1)  for  all  m,  n.  (units:  none) 

where  q  is  the  number  of  pulses  and  A  is  the  average  amplitude  per  pulse.  Since  the  intervals 
M  -  tm  ~  tn  between  pulses  are  independent  random  variables  then, 

0m„(<o)  =  V"  (10.7.11) 

where  <t>u  is  the  characteristic  values, 

tp-gie-"*)  (10.7.12) 

The  sum  over  constitutes  an  infinite  geometric  series.  Upon  performing  the  summation  of 
this  series  one  obtains  10.7.10. 


10.7  Cavitation  Noise  Modeled  as  a  Train  of  Pulses 


The  average  number  of  pulses  arriving  at  point  r  per  unit  time  n,  =  (.q/T)  is  given  by  the 
total  number  of  cavitation  nuclei  TV  in  a  volume  V  multiplied  by  the  number  of  times  nc  pei 
unit  time  these  nuclei  generate  a  cavitation  void.  Since  cavitation  occurs  when  the  hydro- 
dynamic  pressure  falls  below  a  specified  level  one  car  use  the  theory  of  zero  closings  to  find  nc 
[17],  In  this  theory  a  random  process  p(t)  which  obeys  a  normal  distribution  density, 


expl 


W  = 


p  -  <p>)2 


2b0 


(2ir  b0) 1/2 


(10.7.13) 


will  exhibit  an  average  number  of  crossings  at  level  pc  given  by, 
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nc=  — 
7 r 
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bo 


exp 


(pc  -  <p>)2 


2  b0 


(units:  s  ) 


(10.7.14) 


in  which  b0,  b2  are  the  zeroth  and  second  moments  of  the  power  spectrum  of  W  (a>)  of  pit). 
Thus, 

fl[  =  Nnc  (units:  s_l) 


When  the  cavitation  is  associated  with  liquid  flowing  at  (turbulent)  velocity  v  it  may  be 
directly  shown  by  scaling  laws  applied  to  10.7.8  that  the  power  spectrum  of  radiated  noise  is 
proportional  to  the  fourth  power  of  v  [151. 
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CHAPTER  XI 

GENERATION  OF  SOUND  BY  EXPLOSION 


11. la  Experimental  Curves  of  Shock  Wave  Formation  and  Propagation 


An  explosive  chemical  compound  detonated  underwater  generates  product  gases  at  tem¬ 
peratures  of  some  3000°C  and  shock  wave  pressures  in  excess  of  50,000  atmospheres.  The 
detonation  wave  (stress  wave,  shock  wave)  travels  outward  with  an  initial  radial  speed  well 
above  five  thousand  feet  per  second,  namely  at  a  rate  much  higher  than  the  propagation  speed 
of  small  amplitude  sound  waves.  As  the  wave  propagates  outward  its  speed  drops.  A  typical 
curve  of  radial  velocity  of  the  shock  wave  versus  distance  from  the  source  is  shown  in  Fig. 
11.1.1.  In  this  illustrative  graph  the  shock  front  begins  at  the  initial  radius  a0  (labeled  point  A 
for  convenience)  of  the  undetonated  charge  (assumed  spherical).  Here  the  weight  of  explosive 
(and  its  chemical  nature)  are  assumed  sufficient  to  generate  an  instantaneous  shock  wave  pres¬ 
sure  of  106  psi.  The  radial  velocity  of  this  wave  is  about  1.4  x  104  ft/sec.  At  the  radial  dis¬ 
tance  of  approximately  1  foot  (point  B)  the  shock  pressure  has  dropped  to  1.8  x  10s  psi  with  a 
corresponding  velocity  of  8.3  x  103  ft/ sec.  Points  C  and  D  show  similar  trends  of  diminishing 
radial  velocity  and  diminishing  pressure.  When  the  wave  advances  an  additional  five  feet 
beyond  point  D  the  wave  velocity  is  nearly  4950  ft/sec,  which  is  the  speed  of  small  amplitude 


14,000  ft/sec 

;a,ooo,ooop«i) 


6300  ft/sec 
(58,000  psi) 

5400  ft/sec 
0^(16,000  psi) 


TIME  LEAD  AT  5 
.0003  sec 


hig  III  1  Pressure  and  radial  velocity  of  shock  wave  versus 
distance  fmm  source 


''ll 


V*  V, 


P 


VS-N 


I 


\*  % 


461 


A  Treatise  on  Acoustic  Radiation 


acoustic  signals  in  the  ocean.  An  examination  of  the  curve  of  pressure  versus  radial  distance  R 
shows  that  the  space-rate  of  fall-off  varies  as  R~M  where  M  —  M(R )  i.e.  the  value  of  M 
depends  on  the  radial  distance  selected.  Roughly  M  “  2.9  at  A,  1.3  at  D,  and  1.13  asymptoti¬ 
cally  beyond,  until  at  very  great  distances  M~  1,  as  in  spherical  spreading.  From  this  one  con¬ 
cludes:  the  inverse  first  power  law  of  small  amplitude  acoustic  waves  in  spherical  expansion  is 
not  obeyed  as  long  as  the  shock  wave  has  "finite  amplitude”,  or  alternatively,  as  long  as  the  par¬ 
ticle  velocity  is  an  appreciable  fraction  of  C0  -  4900  ft/sec. 

As  the  wave  propagates  beyond  a  distance  of  (roughly)  10  a0  it  exhibits  marked  unex¬ 
pected  phenomena.  Fig.  11.1.2  shows  a  pressure  distribution  of  300  pounds  TNT  at  three 
specific  times.  It  is  seen  that  the  spatial  profile  of  the  shock  wave  changes  from  sharp  peak  (at 
5  ft)  to  broad  tail  (at  500  ft)  as  the  wave  progresses  outward  from  the  origin.  One  notes  again 
that  the  shock  wave  travels  farther  in  a  given  time  than  a  low  amplitude  acoustic  wave  (pictured 
as  dotted  profiles),  and  the  reduction  of  pressure  with  distance  is  at  a  faster  rate  than  /?_1. 


to)  R  •  5  FEET  (to)  R- SO  FEET  fc)  R  •  500  FEET 

Fig.  1 1.1.2.  The  pressure  distribution  around  a  300  pound  TNT  charge  at  3  times 
after  completion  of  detonation.  Ill . 


A  temporal  history  of  a  shock  wave  in  a  bounded  (say  ocean)  medium  also  displays 
expected  reflection.  In  Fig.  11.1.3a  the  pressure  generated  by  300  lbs  of  TNT  is  observed  at  a 
radial  distance  of  50  feet.  The  rise  time  of  the  shock  wave  is  very  nearly  infinitesimal,  while 
the  decay  time  is  roughly  exponential.  Fig.  1 1.1.3b  shows  the  same  wave  observed  at  a  distance 
of  500  ft.  Here  the  effect  of  reflections  from  the  boundaries  of  the  water  medium  are  clearly 
evident.  The  shock  wave  is  initiated  at  time  t  =  0,  following  a  pressure  time  curve  A-B-C.  At 
B  however  a  negative  reflection  from  an  air-water  interface  D  occurs  which  overrides  the  posi¬ 
tive  pressure,  making  the  total  pressure  negative  until  a  time  of  about  1.2  sec  when  a  second 
reflection  occurs,  this  time  positive  originating  at  a  bottom-water  interface.  The  addition  of  the 
positive  reflection  generates  a  second  peak  at  F. 

Additional  peculiarities  of  shock  wave  propagation  are  illustrated  in  Fig.  11.1.4.  This  is  a 
snapshot  of  the  spatial  distribution  of  shoex  wave  pressure  versus  range  r  at  a  specified  instant 
of  time.  At  distance  R  from  the  origin  the  shock  wave  appears  as  a  sharp  rise  in  pressure,  A. 
From  R  in  toward  the  origin  this  pressure  falls  off  initially  as  r_l,  then  levels  out  to  form  a 
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Fig.  11.1.3.  Shock  wave  pressure-lime  curves  at  2  distances 
from  300  pound  TNT  charges  [2 1 . 
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Fig.  11.1.4.  Snapshot  of  shock  wave  amplitude  versus  range 
at  given  time  instant 


trough  T,  the  fall  in  pressure  being  caused  by  the  inertial  (i.e.  Bernoulli)  outward  acceleration 
of  incompressible  fluid  near  the  gas  bubble  (called  the  "afterflow  effect").  Near  the  gas  bubble 
this  pressure  rises  again  at  a  slope  of  r~ 4  until  it  reaches  the  instantaneous  gas  pressure,  point 
B,  at  radius  a(t).  As  the  bubble  expansion  proceeds  the  pressure  at  B  falls,  ultimately  reaching 
a  value  below  ambient.  Finally  the  bubble  stops  expanding.  The  snapshot  then  shows  a  consid¬ 
erable  length  of  trough  below  ambient. 

Further  discussion  of  the  afterflow  effect  and  the  associated  pressure-range  plot  of  Fig. 
1 1 . 1 .4  will  be  undertaken  in  Sects.  1 1 . 1  b  and  (lie  below. 
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11.1b  Bubble  Oscillations 

At  a  fraction  of  a  millisec  after  detonation  the  shock  wave  is  escaping  from  the  scene  at 
the  rate  of  some  5500  ft/ sec  (Fig.  11.1.1)  while  the  local  mass  of  water  surrounding  the  gas 
bubble  is  flowing  outward  at  a  speed  of  a  few  hundred  feet  per  sec.  The  inertia  of  this  water 
mass  is  so  great  that  the  bubble  expansion  continues  even  though  the  internal  gas  pressure  falls 
below  ambient.  Ultimately  the  maximum  radius  (/?max)  is  reached  when  the  outward  expansion 
halts,  reverses  its  direction,  and  the  bubble  collapses  under  the  action  of  the  differential  pres¬ 
sure  at  the  gas-water  interface  between  ambient  hydrostatic  pressure  and  internal  gas  pressure 
with  the  associated  surface  tension.  The  radial  motion  of  collapse  accelerates  inward  with  a  wall 
speed  from  subsonic  to  supersonic  depending  on  the  pressure  differential.  A  minimum  radius 
(/?min)  *s  soon  reached,  with  internal  gas  pressure  once  again  great  exceeding  ambient.  At  this 
point  a  second  shock  wave  of  smaller  amplitude  is  radiated  outward.  The  water  flow  then  rev¬ 
erses  as  the  bubble  expands  once  more  to  repeat  the  cycle,  but  at  considerable  less  energy. 

Bubble  oscillations  can  readily  be  observed  in  experiments.  Cole  [3]  reports  the  detona¬ 
tion  of  0.55  lb  of  tetryl  at  a  depth  of  300  ft.  A  history  of  bubble  radius  versus  time  is  repro¬ 
duced  in  Fig.  11.1.5.  The  gas  sphere  first  expanded  to  the  equilibrium  radius  (point  B)  of  12 
inches  in  about  3  millisec,  at  which  point  the  ambient  pressure  and  internal  gas  pressure  were 
equal.  The  expansion  continued  beyond  this  to  a  maximum  radius  of  1.48  ft  in  0.014  sec,  the 
internal  gas  pressure  falling  ultimately  at  point  C  to  about  1/5  of  the  hydrostatic  pressure.  The 
gas  sphere  then  collapsed,  contracting  to  a  minimum  radius  of  5  inches  in  0.028  sec  (point  E). 
This  completed  the  first  cycle.  Expansion  resumed  again  to  a  second  maximum  of  13  inches  in 
about  0.038  sec  (point  F),  followed  by  a  second  contraction  to  a  minimum  of  some  3  inches 
(point  H)  in  about  0.050  sec  to  complete  the  second  cycle.  Several  additional  cycles  were  also 
recorded.  It  was  also  observed  that  the  bubble  moved  vertically  under  the  force  of  buoyancy 
during  the  cycling  process.  A  theory  of  this  migration  is  presented  in  Sect.  1  l  ie. 
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11. lc  Pressure  Pulses  After  Detonation 

Each  cycle  of  bubble  oscillation  generates  a  pressure  pulse  in  the  water  at  the  point  of 
minimum  radius.  A  generalized  pressure-time  plot  of  these  pulses  taken  at  a  specific  radial  dis¬ 
tance  near  the  source  origin  is  shown  in  Fig.  11.1.6.  The  lettering  corresponds  to  that  of  Fig. 
11.1.5.  At  retarded  time  t\  the  shock  wave  passes  the  observation  point.  In  the  time  between 
A  and  B  the  bubble  expands,  the  pressure  dropping  at  B  to  ambient,  and  in  the  time  between 
BCD  below  ambient.  The  expansion  halts  at  point  C  then  the  bubble  collapses  with  ever 
increasing  acceleration  throughnime  D,  and  a  second  pressure  pulse  arrives  at  the  observation 
point  in  retarded  time  /2,  appearing  there  as  a  peak  (point  E).  Additional  peak  pulses  appear  at 
H,  etc,  corresponding  to  minima  of  the  bubble  contractions.  An  experiment  by  Arons  et  al  [4] 
reproduced  in  Fig.  11.1.7  in  which  1/2  lb  of  TNT  was  exploded  at  500  ft  depth  bears  out  the 
main  features  of  Fig.  1 1.1.6  as  shown  by  the  corresponding  letters. 
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Fig.  11.1.7.  Pressure-time  record  showing  shock  wave  and  bubble  pulses.  Charge:  0  505  lb  T  N  T  : 

Gauge  disc. :  2.25  ft.  Depth:  500  ft  [4| 
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11.  Id  Energy  of  Detonation  and  Its  Dissipation 


In  the  theory  of  acoustic  effects  of  detonation  it  is  useful  to  have  an  approximate  estimate 
of  the  energy  of  a  unit  quantity  of  explosive.  To  obtain  this  one  begins  with  a  weight  W  of 
explosive,  the  detonation  of  which  generates  a  bubble  of  volume  V(t).  As  noted  above,  V 
varies  with  time  t  during  its  history  of  expansion  and  contraction.  A  ready  reference  volume 
will  be  taken  to  be  V0  at  the  instant  of  pressure  equilibrium  with  hydrostatic  pressure  p0.  It  is 
then  assumed  that  the  pressure  of  the  gas  at  any  other  time  can  be  derived  from  p0  by  an  adia¬ 
batic  process,  viz. 

p  =  Po(v0/y)y ,  y  =  Cp/Cv.  (li.l.l) 

The  potential  energy  %b  of  the  gas  in  the  bubble  at  any  time  is  then 

*b-f~pdv-p0vt  f  dv/yy=  di.1.2) 

The  immediate  problem  is  then  to  calculate  F0.  To  do  this  one  can  resort  to  an  equation  of 
state  of  simple  form,  assuming  perfect  gases, 

Po  **  (1 1  1.3) 

in  which  m  is  the  mass  of  the  gas  in  moles,  $  is  the  universal  gas  constant  (units:  energy  per 
mole  per  degree)  and  0Q  is  the  absolute  temperature.  Thus  the  gas  energy  is 


Eb  =  m  <%dj{y  -  1). 


(11.1.4) 


As  an  example  of  the  use  of  this  relation  we  take  1  gm  of  explosive  of  a  specific  type.  From 
manufacturer’s  data  (or  chemical  handbooks)  it  is  known  that  under  normal  temperature  and 
pressure  (=  NTP)  the  volume  of  detonation  gas  formed  by  this  specific  chemical  compound  is 
(say)  300  cc,  and  its  initial  temperature  is  3273°K.  By  Avogadro’s  law. 


m  = 


300 

22,000 


=  0.0136  moles. 


Taking?  =  1.3,  =  8.134  x  107  erg/mole°K,  one  obtains  from  1 1.1.4, 
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erg. 


In  the  absence  of  manufacturer’s  data  one  can  use  convenient  estimates  of  energy  released  by 
explosion  of  chemical  substances  based  on  experience.  For  example,  1  gm  TNT  releases  about 
1060  calories,  or  1.060  x  103  x  4.18  x  107  =  4.44  x  1010  erg;  hence  1  lb  of  TNT  releases 
about  2  x  1013  erg.  Since  1  erg  =  7.38  x  10' 3  ft-lb,  it  is  seen  that  1  lb  TNT  releases  1.48  x 
106  ft-lb  of  energy. 


The  dissipation  of  the  energy  of  detonation  has  a  time  history  of  major  importance  in 
estimating  the  radiation  output  of  the  explosion.  By  resort  to  experiment  [5]  it  has  been  found 
that  the  following  (rough)  estimates  can  be  made:  in  the  time  duration  of  shock  wave  genera¬ 
tion  (say  less  han  10  millisec)  about  32%  of  the  available  energy  is  lost  as  heat,  and  25%  as 
radiated  shock  wave.  During  the  period  of  the  first  bubble  pulse  (Fig.  11.1.5  ABCDE),  about 
20%  of  the  original  energy  is  dissipated  in  velocity  turbulence  and  10%  in  acoustic  radiation. 
Similarly,  during  the  second  bubble  pulse  (Fig.  11.1.5  EFGH)  some  7%  is  lost  in  turbulence 
and  1%  in  acoustic  radiation.  Thus  the  energy  dissipation  over  a  time  period  from  the  instant 
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of  explosion  to  the  termination  of  the  second  bubble  pulse  is  about  95%  of  that  originally  avail¬ 
able.  The  radiation  is  36%  of  the  original  total,  some  25%  going  into  the  shock  wave,  and  11% 
going  into  acoustic  radiation  associated  with  the  bubble  pulses. 

An  important  parameter  in  the  use  of  underwater  detonations  as  the  source  of  sound  for 
communication  purposes  is  the  energy  available  after  the  emission  of  the  shock  wave.  Some 
estimate  can  be  made  from  the  above  summary.  Ramsauer  [6]  performed  a  set  of  experiments 
and  found  that  after  the  shockwave  was  emitted  there  remained  in  the  subsequent  bubble  oscil¬ 
lations  about  41%  of  the  original  total  energy,  in  close  agreement  with  data  presented  above. 

11. le  Rayleigh-Willis  Curves  for  relating  Collapse  Time  of  a  Bubble  to  Energy 
in  the  Bubble  Caused  by  a  Chemical  Explosion 

The  uncertainties  in  explosion  dynamics  have  led  to  empirical  relations  relating  the  energy 
radiated  to  the  chemical  energy  in  the  explosive.  The  most  satisfying  procedure  for  obtaining 
this  ratio  is  to  measure  the  shock  wave  developed  by  the  explosion  directly.  However,  this 
always  involves  difficulties  in  measuring  energy  over  all  space. 


To  avoid  the  measurements  difficulty  use  is  made  of  the  bubble  oscillation  period  as  a 
measure  of  energy.  According  to  Rayleigh,  the  time  r  for  complete  collapse  of  a  bubble  at 
hydrostatic  pressure  P  and  initial  radius  Pq  in  a  medium  of  density  p  with  no  boundaries  is 
given  by  10.5.17.  The  spherical  void  whose  radius  is  R0  corresponds  to  a  storage  of  potential 
energy  Q  (units:  Nm)  which  has  a  magnitude,  according  to  Willis,  of  value  given  by  the  rela¬ 
tion. 


(11.1.5) 


Since  the  potential  energy  of  the  bubble  and  the  chemical  energy  W  of  the  source  are 
related,  one  can  write,  in  the  first  approximation,  that  Q  =  KW.  where  AT  is  a  constant.  Upon 
combining  10.5.17  and  11.1  one  obtains  the  Rayleigh-Willis  formula  for  estimating  the  time  T 
for  one  complete  oscillation  (2 t)  of  the  initial  volume  of  explosion. 


T  =  2  x  0.914 


or 


(11.1.6) 


Thus  a  measurement  of  T  and  a  knowledge  of  K  lead  directi}  to  an  istimate  of  the  chemical 
energy  W  that  was  in  the  explosive.  A  theoretical  Rayleigh-Willis  curve  is  shown  in  Fig.  1 1.1.8 
for  a  source  at  depth  equivalent  of  1  atmosphere.  The  value  of  K  obtained  by  experiment  is 
specifically  that  of  "60%  dynamite  " 


The  simple  Rayleigh-Willis  curve  must  be  corrected  for  the  effects  of  surface  boundaries 
and  bubble  buoyancy. 
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Fig 


)  1.1.8.  Rayleigh-Willis  diagram  for  60%  dynamite. 
(Afier  Ref.  [7]). 


Effects  of  Surface  Interface 


The  period  of  bubble  pulsation  predicted  by  the  Rayleigh-Willis  formula  is  modeled  on 
the  existence  of  an  explosion  bubble  in  an  infinite  medium.  When  the  medium  is  bounded,  say 
by  air,  the  period  of  the  bubble  is  strongly  affected  if  the  bubble  is  near  the  boundary.  Fig. 
11.1.9  illustrates  this  phenomenon.  It  shows  the  bubble  period  of  300  cubic  inches  of  air  at 
2000  psi  as  a  function  of  depth,  starting  at  approximately  50-ft  submergence  and  terminating  at 
the  surface.  At  first,  as  the  bubble  source  approaches  the  surface,  the  period  of  the  bubble 
pulse  increases,  as  is  required  by  the  inverse  5/6  dependence  of  period  on  hydrostatic  pressure 
as  predicted  by  the  Rayleigh-Willis  curve.  However,  when  the  bubble  is  "near  enough"  to  the 
air  interface,  the  mass  load  on  the  bubble  decreases.  The  period  also  decreases  since  it  is 
proportional  to  the  source  root  of  the  mass  load.  The  decrease  is  significant,  hence  careful  esti¬ 
mates  of  bubble  period  require  correction  for  boundaries. 


Buoyancy  Effects 


Fifty  lb  of  TNT  generate  a  maximum  bubble  diameter  of  some  20  ft  (or  ideally  a  spherical 
volume  of  4200  feet),  which  corresponds  to  a  buoyancy  of  262,000  lb  at  a  depih  of  50  ft.  The 
force  of  this  buoyancy  causes  the  bubble  to  migrate  upward.  A  typical  trajectory  of  bubble 
migration  vs  time  is  shown  in  Fig.  11.1.1  Oa.  Fig.  11.1.10b  shows  the  corresponding  variation  of 
bubble  radius  with  time.  The  pressure  signature  at  a  distance  of  33  ft  from  the  source  versus 
time  is  shown  in  Fig.  11.1.10c.  The  radial  component  of  particle  velocity  (Fig.  1 1 . 1 . 1 n  J)  on  the 
surface  of  the  spherical  bubble  is  ideally  computable  if  the  pressure  signature  is  known.  For  a 
simple  source  of  source  strength  .5  (units.  my/ s),  the  acoustic  pressure  is, 

p  dS  ,  r 

P~  -hi  -T7*  ■  (11.1.7) 


4nr  dr 


4h8 


■? 


V- 


V'.v‘ 
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Since  S  —  4i rr2u,,  it  is  seen  that  at  distance  r  from  the  (stationary)  center  of  the  bubble. 


ur(t)  =  —  f  p(t*)dt* 
rp  Jo 


After  the  first  collapse  the  radiation  is  effectively  at  single  frequency  to.  Then, 

ituS  S 


K  = 


4trrc  4  nr2 


(11.1.8) 


(11.1.9) 


The  first  term  on  the  right-hand  side  is  the  compressive  flow,  which  accompanies  the  radiation 
real  power,  while  the  second  term  represents  the  velocity  of  incompressible  flow,  which 
corresponds  to  the  generation  of  nearfield  or  wattless  power.  The  solid  line  is  the  total  radial 
component  of  velocity,  while  the  dotted  line  represents  compressive  flow  alone.  The  shaded 
portion  is  the  incompressible  flow,  which  predominates  at  all  times  except  during  the  passage  of 
the  shock  wave. 


Spectral  Content  of  the  Pressure  Signal  Caused  by  an  Explosion 

Various  forms  of  near-field  pressure  signal  Fit )  of  explosive  sources  are  given  by  A,  B, 
C,  D,  E  in  the  left-hand  side  of  Fig.  11.1.11.  On  the  right-hand  side  are  sketched  the  ampli¬ 
tude  A  (to)  and  phase  <t>(<n)  spectra  of  the  frequency  asymptote  content  of  these  signals.  To 
illuminate  this  chart,  it  will  be  convenient  to  examine  the  examples  of  Fig.  11,1.11.  In  A  the 
impulse  signal  has  zero  rise  time,  a  time  width  of  6  msec  and  the  exponential  fall  shown.  The 
amplitude  spectrum  shows  unit  value  (i.e.,  zero  dB)  for  frequencies  approaching  zero,  a  value 
of  -3  dB  at  26.5  Hz,  -6  dB  at  46  Hz,  and  an  asymptotic  slope  of  -6  dB  octave  at  high  frequen¬ 
cies.  The  low-frequency  cutoff  (here  zero)  is  roughly  determined  as  the  inverse  period  (here 
infinite)  of  the  signal,  while  the  high-frequency  reflects  the  distribution  in  high  frequencies 
required  to  give  zero  rise  time.  The  high-frequency  cutoff  is  roughly  the  inverse  time  width  of 
the  signal,  in  B  the  pressure  signature  shows  a  finite  rise  time  of  2  msec  and  a  time  width  of  6 
msec.  Since  the  period  is  again  infinite,  the  low-frequency  cutoff  zero.  The  time  width  of  the 
signal  is  smaller  than  in  A.  Hence  the  high-frequency  cutoff  is  higher  (79.5  Hz).  The  high- 
frequency  asymptote  is  now  near  12  dB/octave,  which  reflects  the  few  high  frequencies  needed 
to  represent  finite  rise  time.  In  C  the  pressure  signature  shows  an  overshoot,  which 
corresponds  roughly  to  introduction  of  periodicity.  The  appearance  of  a  period  is  mirrored  in 
the  frequency  domain  by  the  appearance  of  a  low-frequency  cutoff.  In  D  the  pressure  signature 
has  a  very  pronounced  sinusoidal  tail.  The  overshoot  is  now  damped  oscillatory  and  dominates 
the  signature.  The  smaller  value  of  the  period  raises  the  low-frequency  cutoff  of  the  amplitude 
spectrum  even  more  and  simultaneously  lowers  the  high-frequency  cutoff.  In  E  the  period, 
time  width  and  rise  time  change  from  cycle  to  cycle  The  Fourier  spectrum  therefore  displays 
numerous  peaks,  representing  a  superposition  of  modes.  Successive  peaks  are  seen  to  be  har¬ 
monically  related.  E  represents  the  time-signature  Fit)  of  a  single  300  cubic  inch  air  gun  pres¬ 
surized  to  2000  psi  discharged  ("fired")  into  water. 


RELATION  BETWEEN  BANDWIDTH,  ENERGY,  AND  INITIAL  PRESSURE  OF 
SOURCE 


The  interrelation  between  the  energy  of  the  source  and  the  subsequent  time  domain  and 
frequency  domain  signatures  developed  in  the  medium  can  be  established  for  any  particular 
device  by  extensive  experimentation  and  mathematical  modeling.  It  is  useful,  however,  to 
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have  available  a  convenient  example  to  illuminate  these  interrelations.  To  this  purpose  one 
chooses  the  air  gun  pressurized  at  2000  psi  (initial  pressure)  operating  at  a  depth  of  30  ft  with 
an  intrinsic  energy  W  selectable  by  varying  the  air  chamber  volume  of  the  gun.  Fig.  11.1.12a 
shows  graphically  the  bandwidth  and  initial  pressure  of  the  gun  as  a  function  of  energy  and  fre¬ 
quency.  In  it  a  volume  of  S40  in.3  at  a  pressure  of  2000  psi  it  is  seen  that  the  low-frequency 
cutoff  is  4.S  Hz  and  the  high-frequency  cutoff  is  64  Hz.  Based  on  this  chart  (and  other  experi¬ 
ments)  one  can  use  the  following  rules  of  thumb  as  preliminary  estimates  of  acoustic  and 
dynamic  parameters  of  the  explosion  process.  For  a  given  energy  W  of  the  explosive  sound: 

The  low-frequency  cutoff  varies  as 

The  high-frequency  cutoff  varies  as  JF~1/3. 

The  energy  flux  density  per  cycle  per  sec  varies  as  W*!i. 

The  energy  flux  density  per  octave  varies  as  W. 

The  peak  pressure  in  the  initial  pulse  will  vary  as  Wxn. 

The  initial  pulse  width  will  vary  as  Wxli. 

To  reduce  the  low-frequency  cutoff  by  half  requires  an  eightfold  increase  in  system  energy. 

If  the  energy  is  held  constant  and  if  it  is  desired  to  increase  the  high-frequency  cut-off, 
one  must  increase  the  initial  pressure  in  the  gun.  A  typical  rule  of  thumb  is  that  a  doubling  of 
the  high-frequency  cutoff  requires  an  eightfold,  increase  in  initial  system  pressure.  Fig. 
11.1.12b  shows  this  relation. 


Fig.  11.1.12.  Relation  between  bandwidth,  cutoff  frequencies,  energy,  and  initial  pressure 

of  an  air  gun.  (After  |7]). 


VALUES  OF  RATIO  K  -  Q/W  FOR  THE  POTENTIAL  ENERGY  OF  THE  BUBBLE 

The  potential  energy  Q  of  the  bubble  in  the  Rayleigh-Willis  formula  11.1.6  is  related  to 
the  intrinsic  energy  W  of  the  source  that  generates  the  bubble.  In  a  first  approximation,  the 
ratio  QIW  is  taken  to  be  a  constant  (A0,  whose  value  must  be  determined  for  each  particular 
pneumatic  and  seismic  sound  generator  by  experiment  at  a  selected  depth  and  under  selected 
conditions.  The  low-frequency  cutoff  is  similarly  to  be  determined.  A  typical  set  of  values  of 
the  ratio  K  and  the  low-frequency  cutoff  for  some  commercially  available  seismic  sources  is 
reproduced  here  from  (71.  This  is  is  shown  Fig.  11.1.13.  A  comparison  of  the  Rayleigh-Willis 
curve  vs  energy  with  a  number  of  representative  source  systems  is  shown  in  Fig.  11.1.14. 


1 1 . 1  e  Rayleigh  Willis  Curves 
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Fig.  11.1.13.  Seismic  sources.  After  17). 
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11.2  THEORETICAL  MODEL  OF  PULSE  PRESSURE  RADIATION 
11.2a  Need  for  Approximations 

The  actual  initial  conditions  of  the  detonation  wavefront  are  not  completely  known.  An 
adequate  approximation  can  be  made  by  assuming  a  model  in  which  the  explosion  takes  place 
adiabatically  without  change  in  volume,  the  gas  pressure  then  being  taken  to  be  uniform 
throughout  the  gas  sphere.  Thus  a  spherical  charge  of  radius  a0  is  instantly  replaced  by  an 
identical  volume  of  hot  gasses  under  very  great  pressure.  Simultaneously,  a  sharp,  steep 
compressional  wave  is  assumed  to  radiate  outward  (and  a  rarefaction  wave  is  assumed  to  radiate 
inward  into  the  gas  sphere). 

Such  a  model  can  be  handled  mathematically  in  the  following  way:  (1)  the  heat  of  ther¬ 
mochemical  reaction  at  the  initial  temperature  T0  and  Pq  is  calculated,  assuming  no  heat 
transfer  to  the  medium  during  the  explosion,  (2)  this  heat  is  next  applied  to  raise  the  tempera¬ 
ture  of  the  gas  products  to  a  final  temperature  at  constant  volume  (taken  to  be  very  large),  (3) 
the  gas  is  next  compressed  at  constant  (final)  temperature  to  the  final  volume. 

While  simple  this  model  is  clearly  limited.  The  complexity  of  the  detonation  process  is  so 
great  that  all  thermodynamic  events  which  occur  in  a  time  duration  equivalent  to  propagation  of 
the  shockfront  out  to  approximately  two  charge  radii  (—  2  a0)  cannot  be  modeled  by  such  a 
simple  theory.  However,  the  propagation  of  the  detonation  wave  beyond  this  limiting  radius  is 
modelable.  Among  several  available  models  we  choose  that  of  Kirkwood-Bethe  [8]  to  help 
establish  the  key  features  of  shockwave  formation  and  propagation.  Additional  models  will  be 
discussed  in  later  sections. 

We  begin  with  a  brief  summary  of  the  theory  of  shock  waves  in  water. 

11.2b  Hydrodynamic  and  Thermodynamic  Properties  of 

Water  at  the  Shock  Front 

We  consider  a  shock  wave  propagating  into  an  undisturbed  region  of  water.  At  first  we 
take  the  wave  to  be  of  negligible  thickness  and  designate  the  region  in  front  of  the  advancing 
wave  to  be  region  /,  and  the  region  just  behind  the  wave  to  be  region  b.  Across  the  surface  of 
discontinuity  constituting  the  wave  the  conservation  of  mass,  momentum  and  energy  must 
hold.  In  a  moving  (or  Lagrangian)  coordinate  system,  in  which  the  surface  of  discontinuity  is  at 
rest,  the  conservation  equations  are: 

P/"/ -  P»“i  =  ./  (11.2.1) 

pf  +  pfu }  -  p„  +  p»«*2 

*/+{"/-*»  + y  «*  • 

This  set,  with  change  of  symbols,  is  found  in  (9).  Here  p  is  the  mass  density,  u  is  the  particle 
velocity,  and  h  is  the  enthalpy  of  the  fluid  (i.e.  A  -  e  +  pv,  «  is  the  internal  energy  and  v  — 

p-'). 

To  simplify  actual  measurement  we  switch  to  a  fixed  coordinate  coordinate  system  in 
which  the  surface  of  discontinuity  is  in  motion.  Then  uf  -  U \  where  V  is  the  speed  of  the 
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5 

s 


wavefront  in  this  system.  Just  behind  the  wave  front  the  particle  velocity  ub  —  U  -  w2,  where 
u2  is  the  particle  velocity  relative  to  the  wave  front.  Hence,  in  a  fixed  coordinate  system, 

pfU  -  p„  (U  -  u2) 


Pb  -  P/-PfU2U 

From  this  one  deduces  that, 

«2  ”  ~  Pf>  (v/  -  v4) 

hb-hf-  \  (pb  -  pf)  (v7  +  v4) 


(11.2.2) 


(11.2.3) 


YV 


IV 


R 


These  sets  of  equations  constitute  the  R-H  or  Rankine-Htigoniot  relations.  They  can  be  visual¬ 
ized  as  follows:  make  the  surface  of  discontinuity  stationary.  Then  the  water  rushes  to  it  at  the 
speed  U,  and,  in  passing  through  it,  undergoes  a  reduction  in  speed  by  amount  u2  as  well  as  a 
change  in  pressure  pb  -  pf,  a  change  in  enthalphy  hb  -  h y,  and  a  fall  in  specific  volume  vf  -  \b 
(equivalently  a  rise  in  density  pb  -  pf). 

A  plot  of  p  vs  v  that  obeys  the  R-H  relations  is  called  a  shock  adiabatic  (or  Hugoniot  adia¬ 
batic).  Each  initial  choice  pu  V]  determines  one  adiabatic.  Hence  the  collection  such  plots  is  a 
two-parameter  family  whose  members  depend  on  pit  v,  separately.  If  one  member  stsris  at  pu 
v(  and  terminates  in  p2,  v2,  and  a  second  member  starts  at  p2,  v2  and  terminates  in  pu  v,,  the 
two  curves  are  not  identical.  Thus  two  members  of  a  R-H  family  of  shock  adiabatics  can  share 
up  to  two  points  together,  but  no  more.  This  is  a  consequence  of  the  fact  that  the  thermo¬ 
dynamic  equation  of  state  of  shock  adiabatics  is  of  the  form  of  (p,  v)  ^  constant. 

In  contrast  an  adiabatic  which  follows  a  course  s  (p,  v)  —  constant  is  a  Poisson  adiabatic. 
Members  of  this  family  depend  only  on  p\  or  vt:  they  constitute  a  one  parameter  family.  Two 
members  of  this  family  may  coincide  at  all  points. 

If  two  points  on  a  shock  adiabatic  are  joined  by  a  straight-line  chord.  The  slope  of  this 
chord  is  (p2  -  Pi)/(v2  -  V|).  By  11.2.2  this  slope  determines  the  velocity  U  of  the  surface  of 
shock  discontinuity.  Thus  the  velocity  of  the  shock  front  that  began  at  state  p\,  v,  and  is 
observed  at  p2,  v2  depends  on  p2,  v2. 

The  flow  of  fluid  through  a  shock  front  is  always  accompanied  by  an  increase  in  entropy. 
Hence,  even  though  the  flow  approaching  the  front  may  be  considered  potential  flow,  the  actual 
passage  through  the  front  is  rotational  flow. 

TAIT  Equation  of  State  of  Water 


The  R-H  relations  provide  formulas  which  link  values  of  p ,  v  before  and  after  the  shock. 
They  must  be  supplemented  by  an  additional  relation  which  displays  the  dependency  of  p  and  v 
at  any  spatial  point.  This  relation  is  the  thermodynamic  equation  of  state  for  water,  particularly 
under  high  pressure.  Such  a  relation  should  agree  with  a  shock  adiabatic,  i.e.  be  usable  along 
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the  R-H  curve.  However,  it  has  been  found  that  the  use  of  a  Poisson  adiabatic  in  place  of  a  R- 
H  adiabatic  introduces  little  error  in  practical  work  (Kirkwood,  [10]).  Thus  a  convenient  choice 
is  the  Tait  equation  of  state  of  the  fluid  (water)  along  p-v  curves  at  constant  entropy  (Poisson 
adiabatic): 


J_  %£_  1 

p  bP  ~  n(B  +  P) 


(11.2.4) 


in  which  P  is  the  pressure,  p  the  density,  and  n,  B  are  numerical  factors  dependent  on  tempera¬ 
ture.  Equivalently,  the  specific  volume  on  this  adiabatic  is  given  by 


v-  v,(D 


(11.2.5) 


where  v\(T)  is  the  specific  volume  at  temperature  T and  zero  pressure.  Choosing  the  Poisson 
adiabatic  through  p  “  1  atmosphere  and  T  —  20°C  leads  to  the  approximation  that  n  —  7  and 
B  —  p0Cfi/n,  where  p0,  C0  are  equilibrium  values  of  density  and  sound  speed.  With  this 
approximation  the  pressure-density  relation  in  region  b  is  seen  to  reduce  to  the  explicit  form. 


Pb 


PoC^ 

Pb 

n 

-  1 

n 

Po 

(11.2.6) 


It  will  be  useful  in  this  formula  and  in  the  following  set  of  formulas  to  give  numerical 
estimates  of  parameters  for  a  water  medium.  These  will  be  enclosed  in  parentheses. 


(Example:  if  pb  “  1  kilobar  —  MflN/m2,  then  pb  =  1.0390  p0).  Similarly,  the  speed  of  sound 
in  region  b  where  pb  =  1  kilobar  is  obtainable  from  the  relation, 

»— 1 

or  C  -  C0  +  — <r ,  (<r  defined  below) 


(Example:  if  pb  “  1.0390  p0  then  Cb  —  1.1216  x  4800  “  5384  ft/ sec).  The  Tait  equation  of 
state  also  permits  calculation  of  two  additional  parameters  that  will  be  of  considerable  impor¬ 
tance  in  numerical  work.  These  are  the  Riemann  function  cr  and  the  enthalpy  function  &> 
whose  definitions  are: 


from  which  it  is  seen  that  Cb 
the  explicit  formulas. 


(11.2.7) 


C0  + 


Using  the  Tait  equation  of  state  one  arrives  at 


<T 


2  C0 
n  -  1 


' 

n-1 

2  -i 

— 

[Po 

Ol 


C0<r  +  "  cr2 


(11.2.8) 


(Example:  pb  ”  1.0390  p0,  C0  ”  1463  m/sec,  o-  “  59.3  m/sec,  o> 
From  these  results  one  can  find  u2  from  the  R-H  equation 


“2 


(Pb  ~  Po> 


_1_ 

Po 


Pb 


0.93  x  105  m2/sec2). 
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Us 


(Example:  if  pb  —  10®  N/m2,  pb  —  1.0390  p0,  Po  ”  negligible,  u2  —  62.7  m/sec).  Similarly 
the  velocity  of  the  shock  front  is 

r;  _  P*  ~  PO 
PoU2 

(Example:  pb  *=  102  N/m2,  p0  ”  0.9982  x  103,  “  62.7  m/sec,  U  —  1.598  x  103  m/sec). 

The  enthalpy  increment  at  the  shock  front  can  also  be  deduced  to  be, 

\  (Pb  ~  Po)  —  +  — 

2  l Po  Pb 

(Example:  pb  —  103  N/m2,  po  ™  0.9982  x  103,  /;  —  0.98  x  10s  m2/sec2,  pb  —  1.0390  p0) 

Another  useful  thermodynamic  parameter  is  the  temperature  rise  across  the  shock  front. 
To  calculate  this  we  first  note  that  the  Tait  equation  of  state  has  the  functional  form  v  — 
f(p,T).  Thus  the  change  in  specific  volume  across  the  shock  front  is 


Av  “  A.v  +  Arv, 


(11.2.9) 


where  Ap,  Ar  =  change  (or  increment)  at  pressure  or  constant  temperature  respectively. 

To  find  expressions  for  these  quantities  we  let  k,  the  isothermal  compressibility,  and  /3,  the 
thermal  expansion  coefficient,  be  given  by, 


k,(D 

1  +  ( p/B ) 


(11.2.10) 


in  which  *i(r)  and  0(D  are  the  compressibilities  and  thermal  expansion  coefficients  at  zero 
pressure  and  temperature  T.  (Note:  for  values  of  x1(D,  /3t (D,  Cp(T)  and  v,(7),  (see  Inter¬ 
national  Critical  Tables,  Vol.  Ill,  V).  Expressing  the  temperature  rise  across  the  shock  front  as 
A  T,  and  the  pressure  rise  as  A p,  one  can  use  average  values  k  of  k  and  p  of  p  to  find  Apv  and 
Arv,  i.e. 


A.v- PAT;  Arv--xAp 


(11.2.11) 


A  second  equation  involving  A  T  can  be  constructed  from  the  definition  of  enthalpy  change 
across  the  shock  wave: 


AH  -  ApH  +  A  tH 


(11.2.12) 


Since  the  R-H  relation  requires 


AH  -  4-  (p  -  p0)  (v  +  v0)  -  A p  v0  + 
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it  is  seen  that 


AT  - 


A p  -  Ar// 


(11.2.13) 


The  quantity  &rH  is  immediately  calculatable  as  a  function  of  T  when  the  equation  of  state  is 
known  (i.e.  v(p,T )  is  known).  By  choosing  Apone  calculates  Arv  directly.  Since  the  r.h.s.  is  a 
function  of  temperature  the  equation  is  solvable  by  successive  approximation.  Detailed  calcula¬ 
tions  for  the  choice  A p  =  1  kilobar  =  103  N/ m2,  will  not  be  given.  However,  it  is  found  that 
for  water. 


/)  =  3.17  x  10-4  cm3/gm  °C;  k  =  0.0345 
f  =  21.97 “C;  AT  =  1.97V 


cm' 


gm  x  kilobar 


Several  additional  formulas  that  may  be  of  use  as  aids  in  numerical  work  in  calculating  the  ther¬ 
modynamic  properties  of  the  shock  wave  are  taken  up  in  a  later  sections  of  this  chapter. 


11.2c  Thermodynamic  Properties  of  the  Gas  Sphere 

The  hydrodynamic  and  thermodynamic  properties  of  the  water  just  behind  the  shock  wave 
must  be  complemented  by  the  thermodynamic  properties  of  the  gaseous  products  of  detonation 
in  the  expanding  gas  sphere.  For  this  one  requires  another  equation  of  state,  this  time  of  the 
gas.  A  convenient  choice  that  is  adapted  for  use  at  high  temperature  is  the  Wilson- 
Kistiakowsky  equation, 

p*-p*<*  T*  j-^|  [1  A-yetr]  (11.2.14) 

jL'  9  '  J  *  “  2,v< 

In  which  /9,  a  are  two  empirical  constants,  taken  here  to  be  p  —  0.3,  a  —  0.25.  Here  y  is  the 
number  of  moles  of  gas  produced  by  one  mole  of  solid  explosive  of  molecular  weight  Af,  Bt  is 
the  covolume  of  the  ith  gas  mixture,  defined  below,  and  9t  is  the  universal  gas  constant. 

The  covolume  is  an  empirical  factor  (with  dimensions  of  volume  per  mole  per 
(degree) l/4),  calculated  to  obtain  agreement  of  the  equation  of  state  with  measurement.  A 
table  of  B,  for  explosion  products  is  given  here: 

Covolumes (cm2  (deg) l/4/ mole): 

N2 : 3 16 ;  C0 : 3 16 ;  C02 : 549;  H2 : 54 ;  H20 : 241 

Since  the  detonation  process  is  a  function  of  time  we  will  require  initial  conditions,  i.e.  the  ini¬ 
tial  explosion  temperature  Te,  explosion  pressure  pe,  and  density  pe.  With  good  justification  p, 
can  be  taken  to  be  the  density  of  packing  of  the  solid  explosive.  Methods  of  calculating  Te,  p, 
will  be  discussed  next. 


rwA  v. 
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The  thermal  history  ofjhe  explosion  will  require  a  knowledge  of  the  mean  molar  heat 
capacity  at  constant  volume  C*  for  the  explosion  products.  A  convenient  algorithm  for  calcu¬ 
lating  this  quantity  for  the  ith  gas  product  is, 

Cl  =  A0  I  +  AuT 

A  table  of  the  coefficients  /40,  /4i  is  given  below: 

Heat  Capacity  Coefficient  A  0  (cal/deg  mole) 

CO :  5.61 ;  C02 : 10.16 ;  H2: 4.91  ;H20  7.86  ;N2: 5.54  ;C(solid)  3.94 

Heat  Capacity  Coefficient  A  j  (cal/ deg2  mole) 

CO : 0.21 ; C02 : 0.46  ;H2: 0.30  ;H20: 0.55;  N2  0.21  ;C(solid)  0.27 

The  key  unknown  entity  in  the  equation  of  state  of  the  gas  after  detonation  is  the  explo¬ 
sion  temperature  Te.  Several  methods  have  been  used  to  determine  this  quantity.  Kirkwood 
and  Montroll  [11]  have  suggested  the  following.  The  energy  balance  of  the  explosion  is  to  be 
carried  out  as  a  sum  of  three  separate  increments:  (a)  energy  A£*  of  isothermal  reaction  (at 
temperature  T0  “  300°  Abs)  at  zero  pressure  to  give  solid  explosion  products  at  zero  pressure 
and  gaseous  products  at  zero  density  (b)  energy  /  r'  Cldt  of  heating  of  products  at  zero  density 
from  Tv  to  final  temperature  Te(c)  energy  A r  £  of  compression  from  zero  density  to  pg  at  con¬ 
stant  temperature  Te.  Since  the  energy  conversion  is  assumed  adiabatic  one  takes  the  sum  of 
these  energies  to  be  zero. 


T 

A  £*  +  fT '  Cl  dt  +  bT'E-0 


(11.2.15) 


The  evaluation  of  each  energy  increment  is  straightforward.  First,  A  £*.  This  is  the  sum  of  the 
heat  of  explosion  Qe  and  the  intrinsic  energy  v  M  T0  at  T0  —  300° Abs.  Now  Qe  is  the  negative 
of  the  heat  of  formation,  -  H*,  so  that  one  can  write. 


Qe  -  -  A H*  -  Qf  (T,)  +  p2  Qf  (T2)  +  . . . 

-  [»,<?,(*,)  +  n2QF(X2 )  +  ...] 


(11.2.16) 


in  which  v,  is  the  number  of  moles  of  the  i,h  gaseous  product,  m,  the  number  of  moles  of  the 
i,h  solid  constituent  of  the  explosion;  Qf{  Yt),  QF(X,)  are  the  heats  of  formation  of  the  gaseous 
products  and  the  initial  solid  reactant  respectively.  Since  all  quantities  are  assumed  known  from 
the  nature  of  the  chemical  reaction  and  from  critical  tables  of  chemical  data,  one  calculates  the 
sum 

A£*  -  -  (Qe  +  v8T0)  (11.2.17) 

The  second  increment  is  the  heat  capacity  integral.  This  can  be  approximated  in  the  form 

Cl  dT  -  (A0  +  AxTt)  (Te-  300) 

Ay  —  PiAy(Y\)  +  V2A0(  Y2)  +  .  .  . 

A\  —  vti4|(T])  +  v2Ax(Y2)  +  ... 


(11.2.18) 
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Tabulations  of  A0,  Ax  have  been  given  above.  The  integral  of  course  is  a  function  of  Te,  the 
unknown  explosion  temperature.  The  third  energy  increment  is  that  of  isothermal  compression 
at  Te: 


±tE  -  a  (v  &  Tt )  yt(fy'  ;  a  -  0.2S,  0  -  0.30 

y,  “  Pg  ®  T'-UA/vMg 


(11.2.19) 


where  M,  is  the  mean  molecular  weight  of  the  gaseous  products.  The  calculation  of  is  done 
in  the  following  way: 


v  Me  Mv 

Pg  Pe  Psp 


(11.2.20) 


Here  Mt  is  the  molecular  weight  of  the  solid  explosive  and  is  the  molecular  weight  of  the 
solid  products  of  explosion,  i.e. 


Me  m\  (A^)  m2  M(X2) 

77“  pur,)  +  p(x2)  +-” 


Mv  v2sM(Y2s) 

Psp  “  piW  p(y2s > 


(11.2.21) 


As  before,  n,  is  the  number  of  moles  of  explosive  solid  X,  whose  molecular  weight  is  M{X,) 
and  density  ( X,)\  and  uu  is  the  number  of  moles  of  solid  explosion  product  Yt  whose  weight  is 
Af(  YJ  and  density  pO'J. 

The  explicit  calculation  of  all  the  energy  increments  is  now  complete.  To  satisfy  the  adia¬ 
batic  requirement  all  increments  must  sum  to  zero.  This  leads  to  an  implicit  quadratic  equation 
in  the  unknown  explosion  temperature  Te ,  i.e. 

Te  —  Va2  +  b2  —  a 


Qe  +  300  v  #  +  300  A0  -  a  u  M  Teyt  e0y‘ 


(11.2.22) 


This  equation  can  be  solved  by  iteration.  Once  Tt  is  found  one  can  again  use  the  equation  of 
state  for  the  gaseous  products  to  find  the  explosion  pressure  pe , 

v  T$l*  \  v  M  1 

38  l  Ps  J 

(11.2.23) 

/2( yt)-Rye  0  +ye  C8*) 

Note  that  yt  -  y,(Te),  so  that  I2  is  directly  calculatable.  However  its  values  are  tied  to  specific 
explosive  materials. 
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11. 2d  Thermodynamic  Properties  of  the  Gaseous  Products 


We  revert  again  to  the  basic  problem  which  is  to  calculate  the  temperature  T  along  a 
selected  Poisson  adiabatic  (along  a  curve,  entropy  “  constant).  Let  us  choose  the  adiabatic 
passing  through  the  thermodynamic  point  T0,  yQ.  Then  the  entropy  is  given  by 

T  Cm 

S*(T)  -  v  fT  -y-  dT  +  s;q  (11.2.24) 


•o  T  " 

Suppose  Cy  is  taken  to  be  adequately  represented  by  its  average  C*  over  the  temperature  inter¬ 
val  T0,  T.  Then  one  must  calculate  the  integral  /  f0  dT/  T  where  T  is  given  by  the  equation  of 
state.  Allowing  the  change  in  entropy  between  T0  and  T  to  vanish  one  finally  obtains  the  sim¬ 
ple  formula. 


JL 

To 


/0O0) 


/o(v> 


/0Cv)  -  exp 


1  —  e^y 

ay  e?y  +  — - - logy 


JL 


(11.2.25) 


(units:  none) 


By  choosing  any  temperature  T,  y(T)  becomes  known,  and  hence  I0(y)  becomes  known.  The 
distinct  advantage  of  these  results  is  that  T0,  y0  on  the  adiabatic  can  be  directly  expressible  in 
terms  of  the  calculated  explosion  temperature  Tt  and  parameter  yt.  Thus 

/oO'o) 


Te 


/oOv) 


(11.2.26) 


This  will  simplify  the  formulas  of  the  thermodynamic  properties  of  the  gaseous  products  now  to 
be  derived. 


A.  The  Adiabatic  Speed  of  Sound 

1 1/2 


This  is  C* 


dp 


.  By  use  of  the  equation  of  state,  one  has, 
V#  T  , 


C*2 


M 


tw-i  +,u +e,)e»+  +^(l  ~ 

~  +  ay{\  -  a  -  afiy)^ 


(11.2.27) 


Taking  the  adiabatic  to  pass  through  T0,  y0  one  obtains  directly 

f  T  )l/2 
vTo 


/oO'o)  000 


//O')  - 


L ® 


/(/O') 


(units  of  /,: 


Cal 


mole  °C 


1/2 


(11.2.28) 
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However,  since  ye  and  Te  are  calculable  initial  conditions,  it  is  more  convenient  to  write  the 
sound  speed  as 

(11.2.29) 

In  numerical  work  one  requires  an  average  C*.  A  rough  value  is  obtainable  by  setting, 

uCv^(A0-mAl)+2Al  iT'-+2  To)  (11.2.30) 

(The  coefficient  300  appears  here  because  the  initial  before-detonation  temperature  is  taken  at 
300°  abs). 

B.  The  Adiabatic  Gas  Pressure  p* 


By  use  of  the  equation  of  state  of  the  gas,  and  the  relation  of  Tl  Tq  given  above  it  is  easily 
seen  that, 

15/2 


n1* 


AiCvo) 


A>(y) 

hi v)  “  3ty  (1  +  y  e^y)  (units: 


hiy) 


Cal 


mole  °C 


) 


(11.2.31) 


With  greater  convenience  in  calculation,  one  can  write. 


P'iy) 


r-s/4 


4>0v) 


/o(v) 


5/2 


I2(y) 


(11.2.32) 


We  note  again  that  y  **  y(p,T)  so  that  p*  is  a  function  of  several  thermodynamic  variables. 
C.  The  Riemann  Function  t r  *  and  the  Enthalpy  Change  to  * 


r 

Jpe 


(11.2.33) 


Along  the  initial  adiabatic  these  parameters  are  defined  by  the  relations, 

,p  C'dp  .  ^  CP  dp  n  re  C2dp 

'Po  p  ’  •'Po  p  •'Po  p 

We  may  use  the  variable  y  to  help  obtain  appropriate  reformulation  of  these  equations.  Noting 
that 

.  Mr 


y  ;  dp 


®  y  SB  By 


and  using 


T*  -  r0* 

one  immediately  obtains  the  forms 


A)(vo) 

2  ^-2r 

1 

[/o(v) 

'by  2  r° 

/o  O') 

lo  O') 

or  *  -  f 

Jy 

-•-/ 

Jy 


±  + « 

arl 

y  T 

U 

I  + « 

ar] 

y  t 

\s 

C{y)dy 

C7{y)dy 


(11.2.34) 
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The  evaluation  of  these  integrals  must  be  done  numerically.  Since  they  involve  /0(.v )  and 
/oCvq)  the  results  of  numerical  integration  can  be  cast  in  the  forms 


v  T. 


M 


1/2 


I0{ye)  l/sCv)  -  h(ye)] ,  (units  of  l}: 
.  *Tt 


Cal 


1 1/2 


mole  °C 


) 


(11.2.35) 


M 


io  (y,)  t/4Cv>  -  Ub’e'*] 


The  use  of  /3(y),  I4iy)  is  purely  a  matter  of  convenience.  Tabulations  exist. 


Summary:  The  formulas  for  C*  cr*,  <a*,  p *,  p*  used  by  Kirkwood  and  Montroll  have  been 
presented  above.  They  give  the  thermodynamic  state  of  the  gaseous  products  inside  the 
expanding  gas  sphere  after  detonation.  There  are  values  to  be  found  along  the  initial  adiabatic 
expansion  of  the  gases  passing  through  T0,  yQ  (alternatively  through  Te>  ye).  For  several  rea¬ 
sons  it  will  be  very  convenient  to  use  p*  as  a  parameter  and  obtain  C*  =  C*(p*).  a*  = 
cr*(p*),  at*  =  (o*(p*)y  p*  —  p*(p*).  The  use  of  this  parametric  representation  will  be  detailed 
below. 


Range  of  Parameters  y,  C* 

In  typical  calculations  y  ranges  from  =  0.5  to  3.00,  and  Cv  ranges  from  5  to  8. 

11. 2e  Sample  Calculations  of  Thermodynamic  Properties  of  Gas  Products 

Assume  one  mole  of  TNT  of  composition  C7Hs(N02)3>  density  pe  =  1.59. 

A.  The  decomposition  equation 

C7H5(N02)3  =  3.5  CO  +  2.5  H20  +  1.5  N2  +  3.5C 
All  products  are  gaseous  except  the  carbon.  Thus,  for  the  gases, 

v  =  v\  +  i>2  +  uj  ”  3.5  +  2.5  +  1.5  =  7.5 
The  molecular  weight  of  TNT  is: 

Me  =  7x  12  +  5x1+3x  14  +  6x  16  =  227.06  grams 


B.  Heat  of  explosion 

Qe  ~  3  5  Qf(CO)  +  2.5  Qf{ H20)  +  1.5  <?r(N2) 

In  units  of  kilocalories, 

Qe  -  3.5  x  26.8  +  2.5  x  57.8  +  neg.  -103) 

or 


Qe  —  225.3  kilocal. 

Choose  units  such  that  $  —  1.98717  x  10-3  kilocal/mole  degree  so  that 

7.5  X  1.98717  X  IQ-3  x  300°=  4.5  kilocal 
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and  so. 


A  ToE~a(v»Tt)yte^ 

-  0.25  (7.5  x  1.98717  x  10~3  Te)  (17.58  Te~UA)  e 

-  0.06550  Tei/4  eS  24IT'/i  kcal. 


0.3  x  17.58  r1/4 


E.  Calculation  of  Tet  ye,  pe 

The  quadratic  to  be  solved  is 


Te  -  Vo2  +  b2  (7^)  -  a 


where 


a  -  \  -  300  -  T  ^,138  X  10  62  -  300  -  8957 

2  A,  2  3.37  x  10~6 

b2  ”  (ft  +  300  v  R )  +  300  A0  -  a  v  R  Teye  e*y')lA , 

229.8  +  300(6.138  x  10~2)  -  0.0655  Te3/i  e5  V+T'~''* 

3.37  x  10"6 

By  successive  trial  solution,  one  finds, 

Te  -  2809° 
yt  -  2.415 

To  calculate  pe  one  requires, 

0  +  y,  ^yt) 

-  1.99717  X  10-3  X  2.415(1  +  2.415  e03x24,s) 

-  1.183  kcal  -  1.183  x  109  .  erg  , 

deg.  mole  deg.  mole 

Thus 

Pg  -  7.5(2809)5/4  x  1.183  -  83.13  kilobar  -  83.13  x  102N/m2. 

F.  Calculation  of  the  Riemann  Function  <r  *,  w  *,  and  pressure  p*,  velocity  C*. 

To  calculate  cr  *  one  uses  the  relation, 

T  1/2 

-  -jf  ioW  I/j(y)  -  1 3 ) ) 

Since  both  /0  and  /3  require  a  knowledge  of  C',  it  will  be  convenient  to  use  the  approximation, 

V  c;  -  (A o  -  300 At)  +  2 A,  -( T+.  To) 


.  *.•  V  ‘/V  vV'j*  ••  .>  _**  \  *.*  *.  V  v*  v  v 

w. >:  --.v 

::  : 


.  w.-.v 
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For  gas  products  alone,  A0  —  47.95  cal/deg,  A\  =  2.425  x  10“ 3  cal/deg2,  v  =  7.5.  We  must 
next  choose  (T  +  T0)/2  to  be  the  temperature  of  the  working  range,  TAV.  Some  previous 
knowledge  is  required  for  estimating  TAV.  Kirkwood  and  Montroll  choose  (T  +  T0)/2  to  be  0.8 
Te ,  thus  making  C*  =  7.7.  Since  this  is  an  estimate  it  is  rounded  to  Co  =  7. 

The  molecular  weight  M  of  the  gas  products  is 

M  -  Me-  vatboa  A/carbon  =  227.06  -  42  -  185.1  gms 

Hence, 


7.5  x  2809 


=  10.67 


We  next  require  a  value  for  I0(ye )  —  /0(2.415)  ~  /0(2.4).  From  the  formula  for  /0  this  is 
0.6172.  Similarly,  I3(ye)  =  Ij( 2.4)  =  540.8.  This  latter  number  is  tabulated  in  Kirkwood  and 
Montroll  [11],  but  is  also  obtainable  from  a  numerical  integration  as,  noted  earlier.  Finally  we 
require  /3(y).  Arbitrarily  choose  y  —  1.8,  then  /3 ( 1 . 8 )  —  358.0.  All  these  values  of  course 
depend  on  the  selected  value  of  C*  -  7. 

The  Riemann  parameter  a  *  thus  becomes, 

cr*  (1.8)  =  10.67  x^O.6172  [358.0  —  540.8  ]  =  -  1203  m/sec.  Note  that  in  the  tabulation  of  /j 

(C<il  I 

— - — —I  )  a  multiplier  has  been  used  to  make  the  units  of  <r*  to  be  meters  per  sec. 
mole  C  I 

Again,  using  the  arbitrary  choice  y  —  1.8,  and  the  tabulated  values  /4(1.8)  —  31,950, 
/4(2.4)  —  128,350,  both  at  C'  *  7,  one  obtains 

«•- [/4OO  -  Wl 


7.5  x  2809 


x  0.6  1  722  [31,950  -  128,350] 


—  -  4.18  x  106  m2/sec2 

Again  we  note  that  /4  (units:  — ; — has  been  scaled  to  give  w  in  units  of  meter2  per  sec2. 

mole  C 

The  pressure  p*at  y  *■  1.8  is 


.  ^  Te5/*  1 0(ye )  ^  , 

p -  —  |  W  '=w 

7.5  x  28095/4  [  0.6172  l5 

2182.5  0.7142 


0.6120  -  29.8  kilobars 


Here,  i2  (units:  — ; — has  been  scaled  to  give  p*  in  units  of  kilobar. 
mole  C 
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Under  the  adiabatic  assumption, 

Vcu  —  —  V  p 
P 

Using  this  in  the  Eulerian  equation  of  motion  leads  to 


(11.3.3) 


+  u  •  V  m  -  —  Vw  “  -  V  ft  +  V  -=r 
dt  2 


(11.3.4) 


ll  VM-V-y-+l|X(VXu) 


so  that 


V+ux(Vxii)  =  -V(l 
dr 


(11.3.5) 


The  first  major  assumption  is  now  made  that  the  motion  is  irrotational,  at  least  in  the  initial 
propagation  of  the  shock  wave.  This  cannot  be  exactly  true,  but  is  approximately  valid.  Thus 


—  -  -  V  ft 
dr  Vil 

Let  u  be  expressed  as  a  gradient  of  a  potential  <)>.  Then 

^-n 

hi 

A  second  equation  is  derived  from  the  equation  of  continuity, 

^  +  V  •  (pu)  «  0 

Cm 

or,  assuming  Vp  •  u  is  negligible, 

14l__v.u 

P  dt 

Using  again  the  relation  of  adiabatic  state, 

P  P 

one  arrives  at  the  equation  ,  , 

V2* - L  d* 

v  C 2  dt 


(11.3.6) 


(11.3.7) 


(11.3.8) 


(11.3.8) 


(11.3.9) 


It  is  important  to  note  that  the  time  derivative  is  total,  i.e.  d/dt  *■  d/dr  +  u  •  V.  Thus,  from 
the  definition  of  (1 , 

-  If  +« ■  -  -d  -  +»  V  l-d  -  (11.3.10) 

dt  I  dr  dr  2  dr2  I  2  dr 


The  nonlinear  equation  of  wave  propagation  is  then 


V2*  -  -L  -  -L  u  •  V  —  -  — 

*  C2  dr2  C2  2  dt  \ 

u--V*  ;  ft  -  ^ 


(11.3.11) 


*  -  *  */  •.  *. 


,-\-VvV. 
.  \  *.  »-  \ 


.  »  .  •  *  •  !•  m  m  *  «  ft.  *  ,■ ■  • 


s  V,v. 


11.3  Kirkwood-Bethe  Theory 


Choosing  the  case  of  spherical  symmetry,  setting  a  new  potential  <t>  “  r,  and  defining  a  new 

parameter  G  -  r(l  (so  that  <7  -  ^-)  one  can  find  the  equation  of  motion  to  be, 

of 

d2<t> _ 1_  d2<t>  r  u  du2  d  u2 

Qr2  C 2  dt2  ~  C2  2  dr  dt 


(11.3.12) 


where  now  there  is  only  one  component  of  motion,  namely  the  radial  velocity  u. 


The  direct  solution  of  this  last  equation  is  very  difficult.  A  reasonable  approach  is  to  use 
the  method  of  characteristics.  Consider  a  solution  in  the  form  of  a  progressive  wave  of  r  Cl  or 
G  propagated  behind  the  shock  front  with  some  velocity  C,  defined  by  the  equation. 


¥  -c 

dt  G 


,  on  lines  of  constant  G. 


(11.3.13) 


Since  G  is  constant  there  must  be  some  time  r  such  that  G  at  any  r,  t  is  related  to  Ga  on  radius 
air)  of  the  expanding  sphere,  i.e. 

Ga(r)  -  G(r,t) 

so  that 

(11.3.14) 


fKr.r) 


ftfl(r) 


It  is  readily  seen  that  r  is  the  retarded  time, 


_  rr  dr' 

C(r\r) 


(11.3.15) 


(11.3.16) 


Now  assume  the  r  is  precisely  on  the  shock  front  r  —  R  where  the  speed  is  U  ( rr )  so  that 

-  C  Tjfcj  -  - '» ■ -  (" 3 16) 

Note  that  the  first  term  is  calculated  from  the  charge  radius  a0,  while  the  second  term  from  the 
variable  radius  a(r0).  Since  C  >  U  for  finite  amplitude  waves  one  must  have  r(R  -  0)  —  0, 
and  r0(T)  increasing  with  R  (see  Fig.  11.3.1).  Thus  at  any  shock  front  radius  R  the  crest  of 
the  wave  emitted  in  time  0  <  t  <  t0(R)  overtakes  the  wavefront  and  is  destroyed  in  it,  that  is, 
it  is  not  realized.  Only  the  waves  emitted  in  time  t  ^  t0(R  )  appear  at  R.  This  effect  is  analo¬ 
gous  to  ocean  waves  running  up  a  shore,  the  faster  part  of  the  wave  overtaking  the  slower 
advancing  front  where  it  is  destroyed  causing  thereby  a  steepening  of  the  front. 


Fig.  11.3.1.  Definition  of  r_,  t u. 

The  estimation  of  C  is  difficult.  As  an  approximation  one  can  use  the  asymptotic  result 
that  to  order  O,  (  » 


C  -  C  +  u  +  O 


(11.3.17) 


in  which  C  -  Cb  is  the  local  velocity  of  sound  behind  the  shockfront,  and  u  is  the  material 
radial  velocity  of  the  water. 
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The  precise  calculation  of  Ga(t)  is  difficult.  Experimental  measurements  of  shock  wave 
pressure-time  curves  lead  to  the  very  useful  approximation  that 

-4/5 

Ga(t)  —  G\  e~l/9'  +  G2  1  +  (11.3.18) 

in  which  fl,,  fl2  are  two  empirical  time  constants,  and  Gx  G2  are  functions  of  initial  conditions. 
However  the  further  approximation  that 


Ga(t)  —  Gxe  ,/#l;  Gx  =  a0  to ,  + 


(11.3.19) 


gives  very  satisfactory  results  in  most  cases  (Kirkwood-Bethe  [8]). 


Summarizing',  the  pressure-time  curve  at  any  radius  r  is  based  on  the  kinetic  enthalpy 
Sl(a(t),t)  of  the  water  and  the  auxiliary  function  G(a(t),t )  =  r(l(ait),t),  where  ait)  is  the 
radius  of  the  gas  sphere  at  time  t.  The  rapid  fall  in  ft  from  its  initial  value  fl,(ao-0)  leads  to 
the  useful  approximation  that  G(a(t),t )  —  G xe  ,/#1  where  (^(ao.O)  =  a0ft,(ao.OK  and 
a0 

fl,  —  — .  The  magnitude  of  C9  will  be  given  explicitly  later  in  this  section  but  is  known  to 

depend  on  the  initial  conditions  p,,  C,,  w,  of  the  water,  and  initial  conditions  p,*,  C*  and  w*  of 
the  gas,  all  of  which  quantities  can  be  thought  of  as  functions  of  the  initial  pressure  p,  in  the 
water.  Methods  of  calculating  p,  are  discussed  below. 


When  ft,(ao>0)  is  known  it  can  be  used  to  derive  the  magnitude  of  the  kinetic  enthalpy 
ft  ir,t)  at  any  radius  r  >  a0: 


ft ir.t')  —  x  ft,  (a0,0)e~'/e 


(11.3.20) 


xUn '  '•  *  ’  r'®'; ''  * '  - rlc 

Two  new  factors  appear  here:  (1)  the  factor  x,  called  the  dissipation  parameter,  is  a  function  of 
r/o0,  with  magnitude  x  <  1.0.  It  shows  that  unlike  spherical  acoustic  waves  the  product  rft  is 
nbt  constant,  but  rather  decreases  with  distance  from  the  source,  at  first  rapidly  near  the  explo¬ 
sive  gas  sphere,  then  slowly  farther  out.  (2)  The  time  spread  factor  y„  also  a  function  of  r/aQ 
which  reduces  the  rate  of  fall-off  of  ft  with  time  at  fixed  r.  Explicit  formulas  for  x,  y,  are 
given  later  in  this  section.  They  too  depend  on  initial  values  of  p,,  C|,  <o  and  C9.  Note  that  in 
the  latter  symbol,  fl,  is  the  value  of  fl  at  time  t  -  0. 


The  propagation  of  the  shock  pressure  in  the  water  as  the  shock  wave  radiates  outward  is 
governed  by  the  approximation, 

p  -  x  P0  e-''/e  (11.3.21) 

P0  -  p  ft,  ;  fl  -  y,  fl. 

When  r/a0  is  less  than  —25  the  density  p  must  be  calculated  as  a  thermodynamic  function  of 
the  pressure  so  that  the  above  formula  is  implicit.  However  when  r/a0  is  greater  than  25  one 
case  use  the  acoustic  approximation,  p  —  p0. 


1 
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11.3a  Calculation  of  the  Dissipation  Parameter  X  and  the  Time  Spread  Factor  y, 

We  assume  that  at  time  t  “  0  the  hydrodynamic  and  thermodynamic  properties  of  the 
adjacent  water  at  radius  a0  are  known,  that  is,  p\y  Uu  a,  oj,,  0t  are  known.  Let  us  choose  a 
field  point  precisely  at  the  shock  front  /■—/?.  From  Eq.  11.3.16  the  delay  (or  retarded)  time  is 
t0(R).  By  definition, 

x(ro)“  Ga(0)  “  G,  (11.3.22) 

The  problem  is  to  find  r0(R)  *  tv  -  r^.  From  Eq.  11.3.17  and  Sect.  11.2 
C  -  C0  +  u  -  C0  [1  +  2/3 o-l;  U  -  C0[l  +  /3crl 

At  the  shock  front  the  material  velocity  u  equals  the  Riemann  parameter  a.  Hence  by 
definition  of  n  one  has 


„  .  ui  ^  n- 1  3  ,  “i  ^  ,  ,  n+ 1 

It  I  -  W]  +  —  -  C(fr  +  —j—(T  +  —  -  C(jcr  1  +  a 


Since  ft  (r,t)  —  Gj(r)/ry  then 


C0rar[  1  +  Pa]  -  Ga(r),  p  -  -  ,  n  ~  7 


At  time  t  —  0  one  has  Ga(r)  -  fl0ni-  Thus 

_r_  _  ft  |(r  -  l)2p 

a0  Cqz 


.  Z  -  1  + 


(11.3.23) 


(11.3.24) 


(11.3.25) 


With  this  definition,  and  with  the  definitions  of  ft|,  Ga(r),  etc.  given  above,  Kirkwood  and 
Bethe  [8]  derived  an  implicit  formula  for  r0  in  the  form  r0  —  /(Go(t0),  G1(  ah  p,  z(q))y 
where  the  functional  dependence  /  is  an  integral,  and  q  is  a  floating  parameter.  By  introducing 
the  peak  approximation  Ga(r)  —  G\e~r'9',  and  neglecting  negligible  terms  they  arrived  at  the 

following  approximations.  It  is  convenient  to  define  q  such  at  —  -  xq\ 

ao 


~  1  +  (1  +  4«A'1A'0((7)],/j 

a(r|  —  1)  r,-  1  „ 

K\  -  1  + - j z - ’  “  ~2z^~  +  r'y 


.  z  ,  1  1,1  I  1 

>  “  In - 2 - +  -  —r - r 

Z\  Z\  z  2  zf  z 2 


1  r 

/8ft, 

flo 

Pa\ 

Co 

Co^i 

211/2 

+  -2-  + 

SL  + 

2r, 

lr> 

2r, 

(11.3.27a) 

(11.3.27b) 

(11.3.27c) 

(1 1.3.27d) 
(1 1.3.27e) 
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Alt  quantities  subscripted  1  correspond  to  time  t  “  0  and  are  presumed  known.  Actually  the  cal¬ 
culation  of  9\  is  complicated,  but  reasonable  formulas  are  available  to  determine  it.  This  is  dis¬ 
cussed  below. 

The  method  of  calculation  of  xiq)  can  be  chosen  according  to  one’s  goals.  A  convenient 
procedure  is  to  select  some  particular  value  of  r/a0  then  calculate  x(q)q  to  equal  this  value  by 
successive  approximation  to  q.  Alternatively  one  can  calculate  x(q)  for  arbitrary  q,  then  deter¬ 
mine  r/a0  corresponding  to  the  product  xiq)q.  A  sample  calculation  based  on  choosing  q  is 
presented  below.  We  now  turn  to  the  question  of  0X. 

Initial  Time  Constant  9  j 

The  physical  picture  of  events  at  time  /  “  0  (i.e.  detonation)  is  this:  a  shock  wave 
advances  outward  into  the  water  from  an  initial  radius  a0 ,  while  simultaneously  a  rarefaction 
wave  travels  inward  into  the  gas  from  radius  ait).  The  shock  wave  is  modeled  as  a  wave  of 
kinetic  enthalpy  rfl  (or  G)  propagating  with  velocity  C,  while  the  rarefaction  wave  is  also  a 
wave  of  kinetic  enthalpy  propagating  with  velocity  C*. 

At  the  surface  ait)  of  the  gas  sphere  there  must  be  continuity  of  pressure  and  material 
velocity  (i.e.  p ,  u).  Thus  for  common  p,  u  the  initial  and  continuity  conditions  are 

1  dp  _  du  _  2 u 
water:  pC1  dt  dr  a 

p*C'2  dt  dr  j  a 

This  comes  from  the  relation  —  ~p-  -  -  V  •  u.  The  problem  then  is  to  obtain  formulas 

p  dt 

for  dp/dt  and  u.  Noting  that 

dG  ~  dG  n  dp  du 

dt  dr  Br  dt 

and  recalling  that  -7-  —  d/dt  +  u  ■  V ,  dG  “  fl  dr  +  rdp/p  +  rudu  it  is  seen  that 
dt 


uiC  -  u)  -  (C  -  2m)  ~  +  — 

dr  p  dt  dt  r 


(11.3.29) 


Eliminating  du/dr  from  this  equation  and  the  above  equation  of  continuity  for  water,  then  gas, 
leads  to  the  following  pair,  valid  at  r  —  a  under  the  approximation  C  —  Cb  +  u,  C*  —  Cft*  -  u 


where 


dp  JC  +  j*C*  u 

d,--'“‘cc  TcT ^c=-c 

du  _  jpC 2  -  j*p  *C»:  u 
dt  “  pC  +p*C*  a 

.  _  _1_  J  C_4_u^  _  3 u2  _  u}  1 


(1 1.3.29a) 


(11.3.29b) 


(11.3.29c) 
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1 

«C* 


C*  -  u  .  .  3u2 

+~~ 

c  =  cb.  c*  =  c; 


C*  +  w 


(11.3.29(1) 
(1 1.3.29e) 


Finally  we  seek  to  calculate  0|.  A  convenient  procedure  is  to  approximate  the  enthalpy  cu  by  a 
peak  formula  at  radius  ait): 

fie. 

J  P  J  P 

so  that 


0. 


1  ..  dim  1  dp 

- lim  — —  = - lim  -f- 

co  j  dt  co  ]^>  |  *o  dt 


When  a  =  a0  at  time  t  =  0,  one  can  write  therefore 

0\  =  aj  C8| 


(11.3.30) 


where 

,,  Pi  Q^i  2i^~i  +  2i^i  „ 

<*>i  Pi c ,  +  p,  c, 

in  which  (as  before)  subscript  1  denotes  initial  conditions  on  the  surface  of  the  gas  sphere  of 
radius  ao- 


The  required  formulas  for  finding  the  initial  time  constant  9,  have  now  been  assembled. 
Before  proceeding  to  a  numerical  example  we  will  examine  a  formula  for  determining  the  time 
spread  factor. 


Time  Spread  Factor  y, 


A  short  time  after  the  wave  front  has  passed  a  point  R  the  retarded  time  r  is  equal  to  the 
retarded  time  t0  at  the  wavefront  plus  a  small  increment. 


Since 


it  is  seen  that 


dr 


T_To+_L 


,  1  ,  ,  1 

t  =  r0  +  —  (t  -  t0),  — 

y,  y, 


dr 


dt 


t  —  /  —  f  dr'/c  (/•',  t) 

•'a(r) 


.  Ua(r) 

y<  -  1  -  -?r 


Ca  (r) 


r  *  _\_ 

J  air)  ft 


dC 


dr 


dr' 


Using  the  same  technique  of  expressing  r0  as  a  function  of  Go(t0),  Gt.  rr,  etc.  in  order  to  cal¬ 
culate  x,  Kirkwood  and  Bethe  [8j  derive  the  following  equation  for  y,. 
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PC0  za  +  1 


+  2a  xTi  In  —  - 
z„ 


+  77  + 


4 iz  -  za) 
iz+\)iza  +  1) 
211/2 


(11.3.31) 


(11.3.32) 


in  which  qa,  or  the  value  of  q  on  radius  ait),  has  been  approximated  by  setting  qa  =  x,  the  x 
being  determined  by  the  formulas  appearing  in  Section  11.3a. 

Summary.  The  principal  features  of  the  Kirkwood-Bethe  theory  of  shock  and  detonation 
waves  has  been  presented.  While  very  complex  it  still  allows  a  large  number  of  stubborn  physi¬ 
cal  events  to  be  understood  and  numerically  evaluated.  The  model  is  certainly  approximate  in 
so  far  as  it  does  not  account  for  bubble  migration  and  medium  surface  effects.  However,  it 
does  offer  an  opportunity  to  describe  shock  waves  from  first  principles.  Some  numerical  work 
has  already  been  carried  out.  We  continue  below  to  present  additional  calculations  involving 
the  dissipation  factor  xand  the  timespread  factor  y,. 

11.3b  Continuation  of  Sample  Calculation 

As  before  we  take  one  mole  TNT  (  =  227.06  grams),  density  1.59  and  assume  its  shape  is 
spherical.  We  begin  with  determination  of  initial  pressure  p,  and  particle  velocity  «]  at  the 
moment  of  explosion. 

A.  Particle  velocity  ut.  Initial  Pressure  p\ 

From  the  Rankine-Hugoniot  equations  we  know  that  p,  u  just  behind  the  shock  front  in 
the  water  obey  the  relation, 

//  \  /  \  1 


U  -  y/(p  -  p0)(v0~  \),  V=  — 

P 

in  which  the  thermodynamic  path  is  an  adiabatic  through  the  initial  points  p,  v.  Using  the  Tait 
equation  of  state  for  water  we  found  that  the  pressure-density  relation  was  given  by  Eq.  1 1.2.4. 
Thus  choosing  any  arbitrary  p  we  found  v,  hence  we  deduced  the  value  of  u.  A  list  of 
corresponding  entries  is  presented  here: 

p  (kilobars)  u  (m/sec) 


To  this  point  p  is  arbitrarily  selected.  There  is  however,  a  specific  p  =  p|  where  the  velocity  u 
equals  —<r  *  as  required  by  the  Riemann  theory  of  the  onset  of  a  rarefaction  wave  in  the  gas 
sphere.  Now  the  gas  pressure  p*iy)  is  given  by  Eq.  11.2.14,  and  the  corresponding  parameter 
cr*(p*(y))  is  given  by  Eq.  11.2.25.  Arbitrary  selection  of  y  then  leads  to  the  following  table  of 
a* 


y 

p*  (kilobars) 

— (t  *  (m/s 

1.8 

29.6 

1231 

1.9 

35.4 

1041 

2.0 

42.2 

850.8 

494 
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11.3  Kirkwood-Bethe  Theory 


A  superposition  plot  of  u  versus  p,  together  with  -<r*  versus  p*  shows  that  «,  +  a*  (p,)  =  0 
occurs  at: 


Pi  =  34.7  kilobars 
«!  =  1065  m/sec 
y  -  1.89 

These  are  the  conditions  in  the  a'ater  at  time  r  —  0  just  after  the  shock  point.  Using  the  R-H 
relations  again,  plus  the  Tait  equation  of  state  gives  the  following  parameters  associated  with  p,: 

Ci  -  C0  +  —  ~  1  o-  =  C0  +  3o-  =  1470  +  3(955.3)  =  4336  m/sec 

a- 1  -  955.3  m/sec 

where  a  is  determined  from  Eq.  1 1.2.7,  11.2.8.  This  set  of  equations  also  defines  &>: 

<t}\  =  26.6  x  105  m2/sec2 

and  by  the  Tait  equation  of  state, 

P!  =  1.475  gm/cm3 


B.  Initial  Values  of  the  Gas  Parameters 

Let  y  -  1.89,  then: 

Ci*  -  2.992  x  102  m/sec  using  Eq.  11.2.29 
— (&\  -  3.8  x  106  m2/sec2  using  Eq.  U.2.3S 
-w2  -  10.65  m/sec  from  U\  +  <r*(p,*)  -  0 
p,’-  1.17  gm/cm3  from  Wilson-Kistikowsky  eq.  of  state 

C.  Calculation  of  Ce, 

yj  —  0.500  using  Eq.  11.2.29c 
j'  -  1.01  using  Eq.  11.2.29d 

Hence 

C9  —  3.187  x  103  m/sec  using  Eq.  11.3.30 
and 

—  -  =  0.32  x  10~3  sec/m 

ao  C#1 

D.  Calculation  o/C0,  9\ 

The  specific  volume  of  the  TNT  is 

K  227.06 
V“  p  “  1.59 


142.8  cm3/gm 
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F.  Calculation  of  the  Spread  Factor 


Using  Eq.  1 1.3. 3. 2 


Zq 


0.40335 
2  x  2.985 


+ 


0.40335  0,40335 

2.985  2  x  2.985 


1/2 

=  1.459 


Using  Eq.  11.3.31 

y,  =  1  —  (1.36  x  10~3  x  1.47  x  103(1.459  +  l))”1 


+  (2  x  2.16  x  0.40335  x  2.985) 


In 


4(9.898  -  1.459) 


9.848  _ 

1.459  (9.898  +  1)(1.459  +  1) 


=  4.2 


Thus  the  time  constant  at  r/a0  =  10  is 

9  =  yi(T]  =  4.2  x  1.017  x  10-5  =  4.27  x  10~5  sec 

G.  Calculation  of  Peak  Pressure  at  R/aQ  —  10 
We  use  the  formula 


ft  (R.t)  =  x 


R 


ft te 


-i'/e 


n ,  =  <0,  +  -y  =  26.6  X  105  +  -^1^-  =  3.227  x  106  m2/sec2 

ft  =  x  3.227  x  106  e-,,/427K'0"5 

=  1.3037  x  10s  m2/sec2  at/'  =  0 
Assume  the  acoustic  approximation  holds,  i.e.  p  =  p0,  so  that, 

p  =  p0ft  =  103  x  1.303  T  x  10s  -^r  =  1.303  7  x  108  N/m2 

nr  ser 

=  1.8904  x  104  psi 


Thus  at  a  distance  of  32.4  cm  the  peak  pressure  is  18,904  psi  and  it  decays  as 
exp(-/'/4.27  x  10_<;),  where  t'  =  time  starting  with  arrival  of  pulse. 
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11.4  SECONDARY  PRESSURE  PULSES 


Introduction 


The  radiation  of  sound  from  the  pulsating  gas  bubble  free  to  move  in  the  ocean  is  difficult 
to  calculate  in  the  general  case.  After  explosion  the  gas  sphere  migrates  upward  because  it  is 
buoyant,  and  continuously  radiates  energy  but  at  an  unequal  rate.  Also,  near  the  ocean  surface 
the  spherical  shape  of  the  gas  sphere  becomes  distorted.  As  a  first  approach  it  has  been  found 
satisfactory  to  calculate  the  secondary  pressure  pulses  on  the  basis  of  the  following  assumptions: 
(1)  the  bubble  is  stationary,  (2)  the  total  energy  of  each  cycle  of  pulsation  is  constant,  (3)  the 
dominant  motion  of  the  adjacent  medium  is  adequately  expressed  as  incompressible  flow,  (4) 
the  gas  in  the  gas  sphere  expands  adiabatically  according  to  the  law  p\y  =  A:,  =  const.,  (5)  the 
bubble  is  not  near  any  boundary  of  the  medium,  i.e.  the  medium  is  infinite  in  all  directions,  (6) 
the  bubble  is  always  spherical. 

Several  models  have  been  constructed.  The  one  used  here  is  semiempirical,  that  is,  the 
equations  describing  the  motion  of  the  gas  sphere  are  derived  from  an  energy  balance,  and  are 
formulated  in  terms  of  three  key  parameters.  Many  experiments  are  then  conducted  in  which  a 
wide  range  of  variation  of  charge  weight,  depth  and  distance  of  observation  are  recorded.  A 
best  fit  is  then  made  of  theory  to  experimental  data  from  which  the  best  choices  of  the  three 
parameters  are  deduced.  The  resultant  formulas  are  then  extrapolated  to  cover  all  other  combi¬ 
nations  of  variables. 

11.4a  Formulation  of  the  Theory  of  Secondary  Pressure  Pulses  1121 

Assume  the  constant  energy  of  the  first  cycle  of  pulsation  is  E ,  and  let  the  mass  of  gas  be 
M.  The  sum  of  potential  and  kinetic  energies  of  bubble  oscillation  is  then  equal  to  £j.  In 
accord  with  the  above  theoretical  approach  it  is  first  assumed  that  no  radiation  occurs.  The 
energy  balance  then  becomes: 


T  +  UH  +  U,  =  Ey 


(11.4.1) 


in  which  T  is  the  kinetic  energy,  UH  is  the  potential  energy  stored  in  the  hydrostatic  pressure 
head  P0  and  Ug  is  the  potential  energy  stored  in  the  gas.  Both  UH  and  Ug  are  calculated  as  the 
work  done  in  compressing  the  expanded  bubble  from  an  infinite  radius  to  the  instantaneous 
radius  A  (/),  the  compression  in  the  case  of  the  gas  being  adiabatic.  The  energy  balance  is  then 
reduced  to. 


2i rp A3 A2  +  y  nA3P0  + 


kxW 

~  ’ 
(y  -  1M3(*-|)  — y- 


(11.4.2) 


It  is  convenient  to  introduce  scale  factors  L  and  C  for  length  and  time: 


The  reduced  equation  of  energy  then  reads, 

a3a2  +  a3  +  ka~3(y~l)  -  1 


(11.4.3a) 


(1 1.4.3b) 


;.-\v 


v>S:.v: 


.  o*' 

v -,-v 
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.  -  w 

* =  0  *  AIL 

where  e  is  the  bubble  energy  per  unit  mass  of  gas  (or  explosive  charge). 


(11.4.3c) 


This  equation,  though  simple,  contains  much  of  the  dynamics  of  the  gas  sphere.  First 
one  sets  a  =  0.  This  results  in  a  cubic  equation  in  the  (nondimensional)  radius  a  defining  the 
maximum  bubble  radius  aM  or  minimum  bubble  radius  am, 

aM  =  [1  -  faj^3(y_1)]1/3;  am  =  fcl3<1'-1)1-1  (11.4.4) 

(Note  that  the  true  radii  are  AM  —  La  ,  Am  =  Lam).  Second,  one  solves  for  a  =  — ,  and 

M  at 

proceeds  to  integrate  with  respect  to  a  to  obtain  the  nondimensional  period  of  pulsation, 

CaM  fl2^2 

/  =  2  I  — - - - Tr——H  da  (11.4.5) 

Jam  (1  -  a3  -  ka~My-l)]in 

the  actual  period  being  T  =  Ct.  This  equation  can  be  solved  by  numerical  methods  or  special 
techniques.  Third,  the  excess  pressure  of  incompressible  flow  at  any  point  can  be  found  from 
Bernoulli’s  equation  in  the  velocity  potential  0: 


A p  —  p  90/dr  —  y(V<£)2  ,  r  =  dimensional  time 


For  spherical  flow  <j>  =  A2Al/R  [13].  Thus 


a2a  1  „  a2a 

Ap  =  p-^--yV  — 


(11.4.6) 


(11.4.7) 


The  second  term,  or  spatial  gradient  of  R  2  A4 A2,  is  negligibly  small  (at  any  reasonable  dis¬ 
tance  R)  compared  to  the  first  term.  Thus 


A  p  =  2P0L(a2d)/3R 


(11.4.8) 


The  problem  is  to  find  d/drla2d].  One  procedure  is  to  derive  an  equation  of  motion  from  the 
energy  equation  (by  the  method  of  Lagrange)  and  from  it  derive  an  expression  for  9/9r(a2o). 
It  is 


2 ~~(a2a)  =  aa2  -3 a  +  3(y  —  \)ka  3y+1 

OT 

This  leads  to  the  following  useful  formula  for  the  excess  pressure, 

An  =  \  all  _  „  +  irzilil 


(11.4.9) 


(11.4.10) 


The  excess  pressure  at  two  distinct  radii  are  of  interest:  (1)  When  bubble  radius  a  is  a  max¬ 
imum, 


P0L 

~  7T  aM 


(y  -  l)k 

afr-' 


(11.4.11) 


Experimental  data  show  that  the  second  term  on  the  r.h.s.  is  smaller  than  the  first,  and  hence 
that  A PM  is  negative,  i.e.  below  hydrostatic  pressure.  (2)  When  bubble  radius  a  is  a 
minimum. 
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A  _  PqE  (y  —  1)  H'1 

APm  -  ~7— -  1  -  - - r  (11.4.12) 

bi  2  y  -  l 

**  3(y  -  l) 

Again,  experiment  shows  that  the  second  term  r.h.s.  is  smaller  than  the  first,  and  hence  that 
A P „  is  always  positive,  i.e.  above  ambient  hydrostatic  pressure. 

When  d/dr(a2a)  is  available  one  can  use  it  to  determine  the  radius  aN  where  A p  is  zero, 
or  equivalently  where  d/dr(a2a)  =  0:  one  has, 


4a^  -=  1  —  (4  —  3 y)kaNi(y  11 
together  with  the  following  formula  in  (a2a)N, 


(a2a)N  -  1.7324  1  -  (jl  .1)fcl‘ 

ap 


(11.4.13) 


(11.4.14) 


These  explicit  quantities  enable  one  to  calculate  the  positive  impulse  I  delivered  by  the  pressure 
wave  during  each  cycle’s  minimum-radrus  phase. 


raK  j 


(11.4.15) 


EQUILIBRIUM 
~  RADIUS-, 


(see  Fig.  11.4.1  for  meaning  of  the  range  integration.) 


/i  *+  Q  /» 

-  /  m  +  / 

0\t  Qki  Jo. 


Fig.  11.4.1.  Definition  of  a/v(>  aN^ 


and  noting  that  a  =  0  at  a  -  am,  it  is  seen  that  the 
impulse  is, 

2  p 

/  =  ~  [L\C\{a2a) +  L2C2(a2d)„2  (1 1.4.16) 


While  the  formulas  for  (a2a)N j  and  (a2a)/v2  are  the  same,  the  energies  in  each  cycle  are 
different,  with  result  that  aN  and  aN  are  different. 

The  elementary  model  of  bubble  pulsation  is  now  completed.  It  remains  to  assign  experi¬ 
mental  values  to  the  parameters  y,  R\  and  e. 

Choice  of  Parameters 

The  period  of  pulsation  T  is  proportional  to  scale  factor  C,  hence  proportional  to 
PoxnPoxli  “  P*v\  or  equivalently  to  the  inverse  5/6  power  of  the  depth.  Since  this  depen¬ 
dency  on  depth  is  experimentally  verified,  one  is  required  to  fix  the  value  of  y  to  avoid 
significant  deviation  from  it.  A  best  fit  occurs  when  y  is  chosen  to  have  the  value  1.25. 

To  fix  the  remaining  parameters  one  is  required  to  agree  on  choice  of  units.  In  practical 
work  it  is  convenient  to  take  length  in  feet,  energy  E  in  calories,  unit  energy  e  in  calories  per 
gram,  explosive  charge  weight  W  in  pounds,  and  time  T,C  in  seconds.  The  scale  factors  then 
reduce  to  the  following  expressions  in  practical  units: 
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L  -  1.733  €,/3(B7Z0)l/3;  C  -  0.373  «1/3 


(11.4.17) 


where  Z0  is  the  absolute  hydrostatic  depth  (i.e.  Zq  —  Z  +  33).  Also  one  is  required  to  choose 
some  specific  explosive.  Let  this  be  T.N.T.  Actual  experiments  on  determining  the  period  of 
the  first  bubble  pulse  leads  to  the  empirical  formula, 

T  -  4.36  Wl/3/Z$/6  (11.4.18) 


Since  T  -  Ct,  the  relation  between  unit  energy  e  and  non-dimensional  time  t  is 

«l/3f-11.7  (11.4.19) 


Now  experimental  evidence  shows  that  k  lies  between  0.1  and  0.3  which,  together  with  the 
choice  y  —  1.25  gives  t  ~  1.483.  Thus  a  best  fit  fore  in  the  first  cycle  is 

e |  =  490  cal/gm.  (subscript  is  no.  of  cycle)  (1 1.4.20) 


Finally  one  must  choose  the  value  of  k i  in  the  theoretical  formula 

w1 

“  (y  -  l)«y 


(11.4.21) 


The  best  fits  for  y  and  e  have  already  been  made.  However  k  varies  between  0.1  and  0.3  as 
noted.  A  best  fit  for  k\  has  been  obtained  from  experimental  data  on  peak  pressure  difference 
A Pm  in  deep  water  under  conditions  of  very  small  bubble  migrations.  It  is  found  that. 


k  -  0.0552  Zr1 

li/1/3 

-  3450  ~~  (1  -  4k4) 

A 


(11.4.22) 


The  three  parameters  y,  k  and  €!  have  now  been  fixed  to  make  best  fit  with  data.  Calcu¬ 
lations  based  on  their  use  will  now  be  compared  with  experiment. 


A.  Maximum  Bubble  Radius, 


Many  measurements  show  that 

Am  -  12.6  (H^/Z0) 1/3  (11.4.23) 

Using  scale  factor  L,  and  taking  €  »  490  cal/gm  leads  to  the  prediction  that  aM  =  0.92.  The 
theoretical  value  aM  =  [1  —  fca^3(y-l)]I/3  gives  0.90  <  aM  <  0.94  for  the  various  depths  used 
in  the  experiments.  The  agreement  is  satisfactory. 

B.  Bubble  radius  aM  at  Excess  Pressure  *  0 

High  speed  photography  of  bubble  collapse  shows  that  aN  =  0.62  at  A p  =  0.  The  theoret¬ 
ical  value  4 aft  -  1  -(4  -  3y)ka^3(y_u  with  k  -  0.0552  Z$~'  predicts  0.61  <  aN  <  0.62,  in 
excellent  agreement. 

C.  Positive  Impulse  of  First  Bubble  Pulse 

As  noted  earlier  the  calculation  of  the  pulse  I  depends  on  a  knowledge  of  L2,  C2  or 
equivalently,  on  the  knowledge  of  e2.  In  the  first  approximation 
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(e2/t|),/3=  TjTx 

Experimental  measurements  give  7’2/7'1^  0.72.  Thus, 

~y^\is  =  11-9  Zq  1/6  -^1(1  -  1.59  kV'2 


(11.4.24) 


(11.4.25) 


(assuming  aN (  -  The  units  of  the  l.h.s  are  lb.sec/m2lbl/3.  A  comparison  of  predictions  of 
this  formula  with  experimental  data  for  depths  from  40  to  533  ft  shows  satisfactory  agreement. 

D.  Minimum  Bubble  Radius,  Am 

l 

Using  again  k  -  0.0552  Zg~\  y  =  1.25,  it  is  seen  that  amkiiY~])  leads  to, 

am  *=  0.0210  Z<}/3  (11.4.26) 

Am  -  0.286  W 1/3  (units:  ft) 

Conclusion:  The  fixing  of  the  parameters  y,  e  and  k  helps  establish  a  working  model  of 
the  secondary  pressure  pulses  in  underwater  explosions  caused  by  the  specific  explosive  TNT. 
Different  choices  of  explosive  substances  may  be  similarly  modeled.  Some  of  these  are  dis¬ 
cussed  in  Sect.  11.1.  Only  one  cycle  of  bubble  pulsation  is  fully  explored  above.  We  consider 
next  a  model  of  many  cycles  of  bubble  pulsation. 

11.4b  Several  Periods  of  Pulsation 

Formulas  for  the  dynamic  behavior  of  single  cycles  of  pulsation  have  been  derived  and  are 
valid  whether  they  are  the  first,  or  the  n  th.  The  basic  parameter  that  is  required  to  calculate  a 
given  cycle  is  the  unit  energy  e„.  To  obtain  this  quantity  we  resort  to  a  major  conclusion  of  the 
elementary  theory  used  here,  to  the  efTect  that  unit  energy  and  period  of  pulsation  are  related 
by  the  formula, 

(«„/ew_,),/3  -  TJT„.X  (11.4.27) 

Thus  we  are  required  to  measure  T„.  A  large  number  of  experiments  by  Arons  et.  al.  [121  as 
well  as  theoretical  arguments  have  shown  that  the  period  of  the  n  th  pulsation  is  given  by,  Tn 
—  K„  WUi/Zr’°.  A  summary  table  of  period  constants  reported  in  this  reference  is  reproduced 
below  as  Table  I: 

Table  I.  Summary  of  period  constants  for  TNT  T„  -  K„  lFl/3/Z05/6,  T„  -  period  of  nth  oscilla¬ 
tion  (sec.).  W  —  charge  weight  (lb.),  Z  —  depth  of  charge  below  surface  (ft),  Z0  —  absolute 


w 

(lb) 

Z 

(ft) 

*2 

*3 

Period  constant,  K„ 

*  i  *5 

*6 

0.505 

250 

4.36±.0t 

3. 14  ±03 

2.56  ±  .02 

2.35  ±  .03 

2. 1 6  ±  .04 

2.08  ±04 

1 .96  ±0.1 

_ 

0.505 

300 

4.36±.OI 

3.06±.01 

2.51  ±01 

2.32  ±  .02 

2. 15  ±.02 

1.97  ±02 

1.90±.02 

!.9±.l 

2.507 

250 

4.27** 

3.11 

2.53 

2.35 

2.02 

1.94 

— 

2.507 

500 

4.26±  .01 

3.06  ±  .01 

2.48±  .01 

2.31  ±  .01 

2. 1 7±  .01 

2.02±  01 

— 

— 

12.01 

500 

4.29  ±01 

3.19±  .01 

2.56  ±  .01 

2.39  ±  .01 

2. 1 6  ±  .01 

2  0±  01 

1.94  ±02 

1.73  ±05 
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If  we  choose  «|  -  490  cal/gm,  then  for  a  1/2  lb  charge  of  TNT,  e2  =  €,  (3.14/4.36)3  =  183 
cal/gm.,  and  e3  —  99  cal/gm.  Assuming  1  gram  TNT  releases  1060  cal  we  estimate  that  at  the 
end  of  the  second  pulse  only  9.3%  of  the  original  energy  of  the  explosive  remains  in  the  gas 
bubble.  This  coincides  with  very  similar  estimates  reported  in  Cole  [5]  noted  in  Sect.  11.1. 

1 1.4c  Similarity 

In  the  Kirkwood-Bethe  theory  a  key  parameter  is  R/a 0,  the  ratio  of  distance  R  from  the 
center  of  charge  to  the  original  charge  radius  a0  (assuming  charge  is  spherical).  Since  the  linear 
dimension  of  the  charge  is  proportional  to  the  cube  root  of  the  volume,  hence  cube  root  of 
charge  weight,  it  is  seen  that  aQ  is  proportional  to  H/1/3.  Thus  in  all  formulas  R/a0  can  be 
replaced  by  ( R /  W'n)  x  const.  One  says  that  distance  is  scaled  by  Win.  This  scaling  is  part  of 
a  more  general  "principle  of  similarity"  which  states  that  if  the  linear  size  of  the  charge  be 
changed  by  a  factor  q  the  original  pressure  at  distance  R  and  time  /  will  reappear  at  distance  qR 
and  time  qt.  Time  itself  is  thus  seen  to  scale  as  //H/l/3.  The  practical  significance  of  this  prin¬ 
ciple  is  very  great  because  it  permits  easy  construction  of  universal  pressure-time-space  curves 
from  single  records. 

Other  parameters  of  shock  waves  besides  peak  pressure  Pm  obey  similarity  laws.  Two  of 
these  are  important  in  so  far  as  physical  damage  due  to  the  shock  is  concerned.  The  first  is  the 
impulse  /  (/ )  in  the  water,  defined  as, 

lit)  -  J"Q  pit')dt'  (units:  Asm-2)  (11.4.28) 

On  assumption  that  the  charge  is  spherical  the  similarity  laws  lead  to  the  proportionality 

/  oc  Wm  f  iW'I'lR)  (11.4.29) 

The  second  is  the  energy  density  of  the  shock  wave  in  the  water,  defined  by 

E<  -  7k  £ (p  -  p^‘“ + k  & iP "  'v  (p "  PoUk  (n-4  301 

(units:  energy/area). 

The  similarity  principle  for  Ef  leads  to  the  proportionality, 

Ef  a  Wxli  fiW'^/R)  (11.4.31) 

For  actual  numerical  calculations  one  requires  proportionality  constants.  These  are  not 
known  from  first  principles;  they  must  be  determined  by  experiment.  When  the  constants  are 
inserted  in  the  relevant  formulas  the  similarity  laws  lead  to  the  following  set  of  empirical  for¬ 
mulas. 


(a) 

(b) 

l(t/Wlli )  -  g  wm 

w,/} 

R 

M 

(11.4.32) 

(c) 

Efitl  Wl/})  -  h  W{li 

1  r\ 

V 
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Experiments  with  TNT,  loose  tetryl  and  pentolite  have  been  conducted  to  fix  /,  g,  h ,  and  A,  p, 
v.  The  results  appear  in  a  compilation  by  Cole  1 1 4)  and  are  reproduced  below  in  Table  II. 


Table  11  —  Value  of  Parameters  in  Eq.  1 1.4.32 


Explosive 

Peak  pressure 

Pm 

impulse  lit) 

Energy  density 
Eit ) 

Time  of 
integration 

10 -*f 

X 

8 

_ » _ i 

10  -‘‘h 

V 

TNT 

Density  1.52 

2.16 

(2.60) 

1.13 

(1.21) 

1.46 

(1.50) 

B9 

El 

6.70 

Loose  tetryl 
Density  0.93 

2.14 

(2.50) 

1.15 

(1.22) 

1.73 

(1.50) 

0.98 

(0.86) 

■ 

2.10 

(2.04) 

5.00 

Pentolite 
Density  1.60 

2.25 

(2.85) 

1.13 

(1.23) 

2.18 

(1.65) 

1.05 

(0.88) 

3.27 

(4.23) 

2.12 

(2.11) 

6.70 

It  will  be  noted  that  the  integration  time  in  the  formulas  for  impulse  and  energy  is  quite  arbi¬ 
trary.  A  best  fit  to  the  experimental  data  is  obtained  by  making  this  time  to  be  50  to  70,  where 
0  is  the  decay  constant  appearing  in  the  exponential  model  of  the  pressure-time  curve  of  the 
shock  wave,  P  —  Pme~l/9. 


By  experiment  and  curve  fitting  it  is  found  that  similarity  laws  are  reasonably  valid  in  the 
range  between  10  and  100  charge  radii,  and  can  be  used  without  excessive  error  out  to  900 
charge  radii,  or  pressures  of  the  order  of  100  psi.  The  pressure  time  history  thereafter 
corresponds  approximately  to  conventional  acoustic  laws.  Arons  [15]  has  extended  previous 
experimental  results  to  cover  ranges  of  listening  out  to  R  =  2000  WUI  feet  ( W  in  lbs  of 
charge).  By  plotting  similarity  curves  he  obtained  best-fit  data  for  TNT  and  pentolite.  He  finds 
that  over  the  extended  long  range,  the  shock  wave  parameters  can  be  represented  in  the  form 

(a)  Pmu  —  2.16  x  104 


1 1.13 


(units:  psi) 


(b) 


Impulse 


1.78 


(units:  lb  sec/mJ) 


(11.4.33) 


(c)  Time  constant  0-58 


w\n 


1-0.22 


(units:  sec) 


Weston  [16]  has  found  that  a  slightly  better  value  of  the  time  constant  to  represent  the  lower 
frequencies  in  the  spectrum  is 

impulse,/  (H.4.34) 

P  mai 


0 


11. 4d  Empirical  Model  of  the  Pressure-Time  Curve 

Wakeley  [17]  has  assembled  an  empirical  pressure-time  signature  of  both  the  detonation 
shock  wave  and  the  subsequent  bubble  pulses.  His  model  is  based  on  the  work  of  Pritchett 
[18],  Gaspin  and  Schuler  [19]  and  Weston  [16].  Briefly  the  pressure-signature  representation 
appears  as  the  continuous  time  function  Pit)  given  by 
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Pit)  -  P0cxp — —  Uit)  +  T  P,exp- — —  +  Pit  sin  it  — — 1  iU  it  -  tBi-2)  -  U  it  -  tBi) 

to  !-[  li  *Bi  ~  lBi- 1 


•here  fa-iJ.-O.  6  J  J  J". 


„  TT  I 

""  2  fr-fc.,  )' 

P0  is  the  peak  pressure  and  to  is  the  decay  time  constant  of  the  shock  wave,  P,  is  the  peak  pres¬ 
sure  and  t)  is  the  time  constant  of  the  Ah  bubble  pulse,  tBi  is  the  time  interval  between  the  peak 
of  the  shock  wave  and  the  peak  of  the  Ah  bubble  pulse,  and  n  represents  the  number  of  bubble 
pulses  to  be  considered.  It  is  assumed  that  the  rise  and  decay  time  constants  of  the  bubble 
pulses  are  equal.  Pu  is  the  minimum  pressure  between  the  (/  —  l)th  and  the  Ah  peak,  where 
the  0th  peak  is  the  shock  wave. 

The  meaning  of  the  symbols  and  their  units  are  shown  in  the  following  Table  HI: 

Table  III  —  Empirically  Derived  Functional  Dependence  of  Various  Parameters 
in  the  Pressure/Time  Relationship  of  the  Explosion 


Parameter  I  Notation  |  Description® 


_ _  \ww r 


Shock-wave  pressure 


Shock-wave-decay  time  constant 


First-bubble-pulse  period 


Minimum  pressure  between  Ah  and  (»  -  l)th  pulse 


First-bubble-pulse  peak  pressure 


First-bubble-pulse  rise-and-decay  time  constant*1 


3.74  x  10IJ 


1.75  x  ltr5^*/3 


(D  +  10  l)s/6 


9.02  x  10" 

A 

1.14  x  10"5  - - - 


<P/-l'/-l  +  P,0 


( D  +  [0.1)*/6 


Second-bubble-pulse  period  tB2  1.71  rfll 

Second-bubble-pulse  peak  pressure  P2  0.22  P{ 

Second-bubble-pulse  rise-and-decay  time  constant6  i2  1.91  /j 

Third-bubble-pulse  period  iB2  2.28  iB] 

Third-bubble-pulse  peak  P}  0.10  P, 

Third-bubble-pulse  rise-and-decay  time  constant6  t}  2.79  it 

Fourth-bubble-pulse  period  iBi  2.81  iBt 

Third-bubble-pulse  peak  P4  0.03  P, 

Fourth-bubble-pulse  rise-and-decay  time  constant6 

(estimated)  i4  2.79  rt 


■  W  —  weight  of  explosive  charge  (*>) 

D  —  detonation  depth  of  the  charge  below  water  surface  (m) 

ft  —  range  separation  between  explosive  charge  and  the  receiver  at  detonation  (m) 

All  times  in  seconds 
All  pressure  in  /iPa 

6  Rise  and  decay  time  may  be  unequal.  More  experimental  data  is  needed  for  confirmation. 
(After  (171), 
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Calculations  based  on  this  model  in  the  case  of  a  Standard  US  Navy  816-g  Mk  61  Signals 
Underwater  Sound  (SUS)  charge  detonated  at  a  depth  of  244  meters  have  been  compared  with 
experimental  measurements.  The  agreement  between  model  and  measured  pressure-time 
curves  is  good.  However  the  predicted  peak  pressure  was  2.9  dB  higher  than  actually  measured, 
a  discrepancy  which  may  be  due  to  the  limited  bandwidth  of  the  measuring  system. 


U.4e  Experimental  Measurements  Procedure 


The  detonation  of  an  explosive  charge  generates  a  transient  pressure  pulse  pit)  at  a  given 
field  point.  This  pressure  is  detected  by  a  wideband  hydrophone.  It  is  then  processed  in 
several  ways: 


A.  Wideband  Energy  Flux  Density 


The  pressure  signature  is  squared  (-p2(/))  and  is  integrated  over  a  selected  time  7",  then 
divided  by  pc.  The  result  is  the  energy  flux  density,  or  energy  that  has  flowed  through  a  unit 
area, 

f  p2(t)dt 

r  -  ^ -  (units:  Nmm  2) 


B.  Energy  Flux  Spectrum  Level 


The  pressure  signature  is  fed  through  a  bandpass  filter  of  specified  bandwidth  and  central 
frequency  /„.  The  output  of  this  filter  is  a  time  signal  p/{(t)  which  contains  only  those  fre¬ 
quency  components  within  the  pass  band. 


Pfxit)  -  f  ^  pit  T)hfxir)dr 


in  which  hfy  is  the  impulse  response  of  the  filter.  For  obtaining  refined  spectra  the  first  filter 
must  be  high-0  (i.e.  ultranarrowband).  The  signal  pfy  is  then  passed  through  a  nonlinear  de¬ 
vice  which  performs  a  square-law  transformation,  so  that  the  output  becomes 


oo 

PfiU)  =  a  ffro  -  t \) pit  -  r2)hfx(rl)hf1(T2)dTidT2 


If  the  filters  are  narrow  enough  their  impulse  responses  are  sinusoids.  Thus  approximately, 


P/f(r)-2«  //  hof^\)h0f2(T2)pit  -  TX)p(t  -  t2) 

x  cos[w0(ti  -  t2)  +  yo/2(T2)  -  yo/,(Ti)l<*Ti<*T2 

where  A0’s  are  slowly  varying  quantities,  and  y0 ’s  are  phases.  Finally,  pf^  it)  a  passed  through 


an  integrating  filter  which  performs  ap  integration  over  a  selected  time  duration  T.  The  output 
of  this  last  filter  is  recognized  by  the  Wiener-Kinchine  theorem  to  be  proportional  to  the  power 
or  intensity  spectrum  of  the  original  signal  pit)  centered  on  frequency  /0.  Dividing  this  quan¬ 
tity  by  pc  times  the  bandwidth  then  yields  the  energy  flux  spectrum  level  in  units  of  energy  per 
unit  area  per  hertz. 


11.4  Secondary  Pressure  Pulses 


It  is  conventional  to  report  the  spectrum  level  of  energy  flux  on  a  dB-scale  by  use  of  an 
appropriate  reference  energy.  Weston  1 16]  uses  a  reference  of  1  erg  per  cm2  per  Hz;  Urick  [20] 
uses  a  reference  of  a  plane  wave  having  an  amplitude  of  1  dyne/cm2  at  1  yd  integrated  over  one 
sec.  Thus,  in  general, 


iV  —  10  log10  -^m--sured  (units:  dB  re  reference) 

^  reference 


(11.4.35) 


A  numerical  example  will  serve  to  indicate  magnitudes. 

Example:  (Urick,  p.  77)  a  1-lb  charge  of  TNT  delivers  a  peak  pressure  of  some  2.3  x  106 
dynes/cm2  at  100  yds,  which  decays  according  to  the  constant  t0  -  2  x  10~4  sec.  The  energy 
flux  over  a  time  period  of  f0  sec  is 


so  that. 


(11.4.36) 


N  -  10  log|0  Emm  -  10  log|0  Ertf  -  88  dB  re  (1  dyne/cm2)2  •  sec  (1 1.4.37) 


This  energy  flux  density  is  equivalent  to  a  1/2  sec.  pulsed  sinusoidal  signal  source  level 
(referred  to  1  yd)  equal  to  88  +  40  +  3  —  131  dB  re  1  n  bar.  Here  40  dB  accounts  for  change 
of  distance  from  100  yds  to  1  yd,  and  3  dB  accounts  for  the  change  from  1/2  sec.  pulse  length 
to  the  reference  1  sec.  dp 

C.  Theoretical  Energy  Spectrum 

Let  the  shock  wave  be  represented  by  pit )  -  Poe  ' />0 ,  and  let  Pif)  be  the  Fourier 
transform  of  pit).  The  total  energy  in  the  wave  is  then  obtained  by  Parseval’s  theorem: 


E  *  £L  ip(,)'2  dt  *  £1  iwi2  df 


(11.4.38) 


Thus  the  quantity  \Pif)V  is  called  the  energy  spectrum.  Its  units  are  pressure2  x  sec2.  One 
writes  the  symbol  £(/)  for  the  spectrum: 


Eif )  -  \Pif)  I2  -  [f_~  pit)e-"“'dt\ 

—  J  ^  pit)e~'u'dt  J  ^  pi-t)elu'dt 

-  f "  f°  P0e'/,0elu'dt 

U  Q+  v  %f  — oo 


(11.4.39) 


(l/f0)2  +  4rr/2 


—  oo  <  /  <  oo 
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A  sketch  of  this  function  is  shown  in  Fig.  1 1.4.2.  It  is  important  to  note  that  both  positive  and 
negative  frequencies  must  be  used.  Since  the  spectrum  is  symmetrical  one  can  easily  define  the 
spectrum  only  in  terms  of  positive  frequencies.  Hence 


£</)  = 


2Pn 


(1  /t0)2  +  4t r2/2 


f>  0 


(11.4.40) 


The  total  energy  flowing  through  a  unit  area  averaged  over  the  band  A3  of  frequencies  is 


f\P(f)\2df 

pc 


units: 


energy 
area  Hz 


01.4.41) 
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DISCRETE  MODEL  OF  THE  ELASTIC 
RADIATING  SURFACE 

12.1  INTRODUCTION 

In  many  structures  that  are  designed  to  radiate  low  frequency  sound  efficiently  the  surface 
of  radiation  is  deliberately  chosen  to  be  elastic  in  order  to  give  the  designer  an  opportunity  to 
mechanically  resonate  the  equivalent  spring  and  mass  of  the  elastic  surface  to  the  operating  fre¬ 
quency.  In  other  cases  the  motion  of  the  surface  is  designed  to  be  rigid  but  becomes  (acciden¬ 
tally  or  uncontrollably)  elastic.  Elasticity  of  radiating  surfaces  therefore  plays  an  important  role 
in  the  radiation  of  low  frequency  sound.  The  acoustic  power  radiated  from  these  elastic  sur¬ 
faces  is  directly  determined  by  the  distribution  of  the  normal  component  of  surface  velocity  fac¬ 
ing  the  medium.  This  velocity  is  written  as  W(X,t)  to  emphasize  that  it  is  a  continuous  function 
of  spatial  coordinate  X  and  time  /,  referred  to  an  appropriate  coordinate  system.  At  the  same 
space-time  point  the  surface  velocity  vector  U(X,r)  has  other  components  0],U2  which  do  not 
participate  in  radiation,  but  are  required  (in  the  general  case)  to  be  known  in  the  dynamic 
analysis  of  the  surface  motion.  Customarily  in  such  analyses  the  surface  velocity  (and  accelera¬ 
tion)  are  obtainable  by  time  differentiation  of  the  surface  displacement  vector  U(X,r).  Thus 
attention  is  focused  on  the  determination  of  the  displacement  vector  U  under  the  action  of 
applied  external  forces,  applied  initial  conditions,  and  corresponding  boundary  conditions. 

When  the  elastic  radiating  surface  has  a  simple  geometrical  shape  (circle,  sphere,  rod, 
cylinder,  etc.),  and  displays  symmetrical  deformation  during  motion  the  integral-differential 
equations  which  couple  this  surface  motion  to  the  motion  of  the  medium  may  be  solved 
directly  to  yield  a  continuum  discretion  of  the  surface  displacement  vector.  Thus  U  is  deter¬ 
mined  at  every  point  X,t.  However  in  cases  where  the  shape  of  the  radiating  surface  is  arbi¬ 
trary,  or,  if  simple,  undergoes  unsymmetrical  deformation  caused  by  unsymmetrical  forces  (or 
unsymmetrical  initial,  or  boundary,  conditions)  the  solution  of  the  equation  of  motion  must  be 
done  numerically.  It  is  then  economic  to  replace  the  elastic  continuum  by  an  assembly  of  finite 
elements,  and  to  perform  on  them  a  dynamic  analysis  in  such  a  way  as  to  closely  approximate 
the  actual  motion  of  the  real  continuous  surface.  We  discuss  this  technique  of  finite  element 
analysis  in  the  following  sections. 

12.2  CONSTRUCTION  OF  FINITE  ELEMENTS  OF  AN  ELASTIC  CONTINUUM 

We  consider  a  radiating  surface  in  the  form  of  an  elastic  membrane,  plate,  or  shell  and 
locate  it  in  a  convenient  coordinate  system.  Since  the  displacements  of  all  surface  points  are  to 
be  analyzed  these  coordinates  are  called  global.  Upon  this  surface  we  draw  (in  imagination)  a 
net  (or  lattice)  of  crossing  lines,  generally  straight  but  can  be  curved.  The  cells  of  this  lattice 
are  prismatic  surfaces,  namely  triangles,  rectangles,  pentagons,  etc.  The  points  of  intersection 
are  called  global  nodes.  Because  it  is  our  intention  to  solve  for  the  elastic  behavior  of  the 
underlying  continuum  only  at  these  global  nodes  we  reserve  the  advantage  of  varying  the 
number  of  cells  of  the  lattice  from  area  to  area  of  the  surface,  making  it  more  dense  where  the 
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elastic  deformation  is  changing  rapidly,  and  less  dense  where  the  deformation  is  uniform  or 
changes  slowly.  Thus  the  distribution  of  global  nodes  is  concentrated  in  some  areas  and  sparse 
in  others,  as  the  designer  sees  fit.  This  is  shown  in  Fig.  12.2.1 

Let  the  location  of  the  Mh  global  node  be  \N  (note  that  the  superscripting  is  a  matter  of 
convenience),  and  write  the  displacement  vector  at  these  nodes  as 
l)  *(— U  (X  ^0 ) ,  N  —  1,  2  ...  Q.  Thus,  out  of  the  infinite  number  of  possible  surface  points  with 
their  associated  displacements  we  select  out  a  finite  number  (=Q)  to  represent  the  displace¬ 
ment  field  of  the  surface.  We  say  that  the  original  information  on  the  total  displacement  field 
will  be  solved  for  only  at  Q  points  of  the  surface.  The  displacement  fields  in  between  these 
global  nodes  (namely  in  the  lattice  cells)  are  not  solved  for  directly:  they  will  be  derived  by 
means  of  an  interpolation  formula  from  a  knowledge  of  the  displacements  at  the  global  nodes 

We  now  choose  one  lattice  cell  and  its  associated  global  nodes  from  the  total  lattice  of  the 
radiating  surface  and  refer  it  to  a  second  coordinate  system,  called  the  local  coordinate  system 
This  extracted  cell  is  the  finite  element  e,  and  a  point  in  it  is  located  at  x.  Thus  the  global  nodes 
which  become  the  local  nodes  of  the  finite  element  e  are  located  at  x",  n  =  1,  2  ...  q.  Fig 
12.2.2. 

12.2a  DEGREES  OF  FREEDOM  OF  A  FINITE  ELEMENT 

Every  local  node  of  a  finite  element  responds  with  motion  under  the  action  of  applied 
external  forces.  From  the  theory  of  kinematics  of  point  motion  in  Cartesean  3-space  the  node 
can  have  three  possible  translations  along  coordinates  x,  y,  z  respectively,  and  three  possible 
rotations  about  these  same  axes.  These  possible  motions  are  the  degrees  of  freedom  at  the 
selected  node.  As  a  matter  of  convenience  we  assign  the  symbol  ujt  j  =  1,  2  ...  to  represent 
these  motions.  For  example  at  the  first  local  node  the  degrees  of  freedom  are  subscripted  j  -  1 
through  6.  For  the  second  local  node  a  similar  assignment  can  be  made  by  writing  j  -  7 
through  12  etc.  In  this  way  the  degrees  of  freedom  of  the  entire  finite  element  are  uniquely 
determined  in  consecutive  order  namely  ujt  j  =  1,  2  ...  N  where  the  maximum  value  of  N  is 
6 K,  K  being  the  number  of  local  nodes  in  the  finite  element. 

An  alternative  method  of  designating  the  degrees  of  freedom  of  a  finite  element  is  to  con¬ 
sider  the  vector  u^>  to  be  a  collection  of  all  degrees  of  freedom  at  the  selected  (  =  mth)  node. 
This  is  equivalent  to  writing  ujt  j  =  I,  /  +  1,  /  +  2  ...  where  /  is  a  unique  number  for  each 
finite  element. 

In  numerical  work  the  convenience  of  numbering  the  degrees  of  freedom  of  a  finite  ele¬ 
ment  as  consecutive  integers  7  =  1,  2  ...  6 K,  where  K  is  the  number  of  local  nodes,  renders  it 
the  preferred  method.  We  shall  use  both  consecutive  numbering  and  nodal  vector  symbols  to 
designate  the  degrees  of  freedom. 

Local  forces  can  be  generated  not  only  at  boundaries  by  boundary  forces  but  also  in  the 
volume  by  volume  forces.  Among  the  latter  are  forces  caused  by  piezoelectric  coupling.  This 
coupling  provides  additional  degrees  of  freedom  at  the  local  nodes. 

12.2b  LOCAL  NODES  AND  GLOBAL  NODES 

Let  the  displacement  vector  of  the  nth  local  node  be  u !'e).  As  we  have  noted  above  in  the 
case  of  the  global  system,  the  displacement  vector  U(f|(x)  at  any  point  on  the  finite  element 
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other  than  at  the  local  nodes  will  not  be  obtained  directly:  it  will  be  determined  from  a 
knowledge  of  the  displacement  field  at  the  local  nodes  only.  This  transition  from  displacements 
at  the  local  nodes  to  displacements  anywhere  on  the  finite  element  is  effected  by  an  interpola¬ 
tion  function  (or  shape  function,  or  basis  function)  <J/<e)(x)  which  is  tailored  by  the  analyst  for 
the  particular  finite  element  e  and  local  node  n.  The  selected  functional  form  of » \i  must  satisfy 
the  element  boundary  connections  and  is  most  often  such  that  the  local  field  at  any  point  is 
given  as  an  expansion  in  basis  functions, 

“<«>)  (*)  =  5 >£)  0(f,rt(x).  12.2.1 

n*  1 

Although  this  equation  is  simple  it  is  to  be  emphasized  that  lift,  i.e.,  the  value  of  the  field  at 
the  local  nodes,  is  at  first  unknown:  it  must  be  determined  from  a  knowledge  of  the  global  dis¬ 
placements  U 'v,  which  are  the  only  displacements  directly  solved  for.  Thus  we  are  required  to 
show  the  connection  between  local  nodes  and  global  nodes.  This  is  accomplished  by  use  of  a 
mapping  function  Slfe)N  which  shows  how  nodal  points  in  the  global  system  are  mapped 
into  points  x?f)  in  the  local  system.  This  mapping  function  is  simple,  it  is  given  a  value  1  if 
node  n  in  the  extracted  element  coincides  with  node  N  of  the  global  model  when  the  finite  ele¬ 
ment  is  restored  to  its  correct  position  in  the  global  model.  Otherwise  it  is  given  a  value  of  zero. 
Thus  the  two  classes  of  nodal  points  are  related  by  the  formula, 


v-i 


By  construction,  only  one  term  in  this  sum  differs  from  zero.  Similarly  the  local  nodal  displace¬ 
ments  and  the  global  nodal  displacements  are  related  by  the  formula, 

■  fc>-  £  12-2.3 

/v-t 

Hence  the  local  displacement  anywhere  in  the  element  e  is 

u <,)(*)  =  £  +(,)„<x)  £  SlCe)NUN  (12.2.4) 

n-1  N- I 

These  formulas  will  be  used  later  to  find  the  stresses  and  strains  anywhere  at  local  points. 

We  return  next  to  the  matter  of  global  displacements  U(X,r)  anywhere  on  the  elastic  sur¬ 
face.  These  cannot  be  determined  directly  from  the  global  nodal  displacements  (=U N)  since  this 
determination  would  require  a  second  interpolation  formula  in  addition  to  </»f(x).  Instead  we 
note  that  u(e)(x)  has  been  expanded  by  12.2.4  in  global  displacements  UN.  Thus  if  x  in  a  par¬ 
ticular  finite  element  coincides  with  X  global  then  U(X,t)  would  be  given  by  u(f)(x).  As  the 
global  point  X  is  varied  over  the  surface  it  coincides  successively  with  a  point  in  each  finite  ele¬ 
ment.  In  this  way  the  continuous  function  U(X,r)  is  approximated  over  the  totality  of  ele¬ 
ments  E  by  the  discrete  model 

UQf.r)  =  £  u(e)(x) 

e—  1 

u (*,/)  =  £  £  «(,,„<*>  £  nfcw  t/"(X)  (12.2.5) 

*?—  1  n— \  n—  1 

in  which  x  in  the  local  system  coincides  with  X  in  the  global  system.  In  effect,  moving  the 
point  X  is  equivalent  to  sampling  points  in  each  finite  element,  one  element  at  a  time.  12.2.5 
serves  to  emphasize  only  one  interpolation  function  (i l/(e)„(x))  is  needed  to  interpolate  fields  in 
both  local  coordinates  and  global  coordinates. 


i 

12.2  Construction  of  Finite  Elements  of  an  Elastic  Medium 

12.2c  KINETIC  AND  POTENTIAL  ENERGIES  OF  A  FINITE  ELEMENT  IN 
DISCRETE  FORM 

As  in  all  dynamic  systems  of  mechanical  nature  it  is  very  advantageous  to  derive  the 
equations  of  motion  from  an  energy  principle.  In  the  present  application  of  forming  discrete 
models  we  take  this  to  be  the  principle  of  conservation  of  energy:  namely,  the  time  rate  of 
change  of  the  sum  of  the  kinetic  and  potential  energies  of  a  system  having  time  varying  dis¬ 
placements  U  is  equal  to  the  rate  of  work  done  on  the  system  by  external  forces  acting  through 
I  the  same  displacement  U.  Since  the  elastic  system  under  consideration  is  an  assemblage  of 

;  finite  elements  we  will  first  state  the  energy  principle  for  a  finite  element  and  then  derive  from 

it  an  equation  of  motion  in  global  form  i.e.,  for  all  elements  combined.  We  emphasize  again 
that  the  technique  of  finite  elements  requires  us  to  solve  for  the  global  displacements  first,  and 
then  from  them  solve  for  the  local  displacements,  local  stresses  and  local  strains. 


Thus  in  the  finite  element  e  with  q  local  nodes  we  let  the  displacement  anywhere  be 
U(,)(x,f).  As  before  we  represent  this  local  displacement  as  a  sum  of  properly  weighted  dis¬ 
placements  over  the  local  nodes,  u £>(/).  In  terms  of  the  interpolation  function  i li(e)„(x)*  we 
have, 


»(«)  Gm)  =  £  ■  £>  (0  (12.2.6) 

/I— 1 

The  kinetic  energy  of  the  element  (of  volume  V0)  is  then: 

K(e)=  J  fyPoU(e)  Vm  dV o  (12.2.7) 

K(e)  =  J  ££  mnn  u(>  •  (units:  Nm) 

*  n  m 

where 


=  Su  P0(x)  ^(e)n(xH(e)m{x)dV0(x), 


units: 


Ns2 


m 


(12.2.8) 


The  quantity  mnm  is  one  coefficient  of  a  q  x  q  matrix  of  numbers.  We  note  specifically  that  the 
formula  for  the  kinetic  energy  is  expressed  in  terms  of  the  local  nodal  velocities  u("  >(/):  depen¬ 
dence  on  local  x  is  averaged  out  by  integration  over  the  area  of  the  element. 


The  potential  energy  of  the  finite  element  will  be  attributed  only  to  the  elastic  defor¬ 
mation.  Let  <r(,e)(x)  be  the  components  of  the  stress  tensor  on  element  e ,  and  the  com¬ 
ponents  of  the  strain  tensor.  Then  the  local  potential  energy  (in  continuum  form)  is  given  by, 

He)  =  II  /  <)  &)  e,y(x)</K0(x).  (12.2.9) 

<-i  j- 1 


We  require  however  the  discrete  form  of  meaning  the  discrete  forms  of  its  integrand. 

The  discrete  form  of  strain  tensor  can  be  directly  written  from  the  discrete  form  of  the  local 
displacements u(4,)(x,r)  using  12.2.1: 


*  (e)ij 


d u(e)i  ,  &u(e)iJ  _  ^  ~ 

^  ^  b  mn 


dU(e)n 


dx,  dXj 


t  „f„  «„  +  u, 


m—  I 


•(Note  that  i li(e)„(x)  is  dimensionless.) 
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+  I  I  I  "&>*"&>*  -J- - T— 

*-l  m- 1  *-!  oxi  oxJ 


(12.2.10) 


To  find  the  discrete  form  of  the  stress  tensor  we  might  proceed  as  follows:  first  write  out  the 
continuum  form  of  the  constitutive  equation  relating  stress  to  strain  in  the  elastic  material  of 
the  vibrating  surface.  This  might  conveniently  be  taken  to  be  a  linear  version  of  Hookes  Law: 

o-v-  C,jklekl  (12.2.11) 

Next  we  could  replace  tu  by  its  discrete  form  as  given  by  12.2.10.  However  it  is  unnecessary  at 
this  stage  of  the  derivation  to  specify  in  detail  the  explicit  form  of  the  stress-strain  relation.  A 
useful  form  of  the  discrete  potential  energy  can  be  obtained  by  expanding  the  strain  tensor 
e (e)jj  alone  in  terms  of  displacement,  as  given  by  12.2.10:  this  leads  to, 


±  i  3  3  3  f  r 

n=  1 1  «*  +  «&, 

m-i  n-l  *-I  i-l  y-1  l  oxi 


(12.2.12) 


We  use  this  convenient  form  of  the  discretized  potential  energy  in  later  discussions  of  this 
chapter. 

The  third  quantity  needed  to  implement  the  principle  of  conservation  of  energy  is  the  rate 
of  work  done  by  the  external  forces  on  the  elastic  plate  (or  shell)  system.  The  derivation  of 
the  appropriate  formulas  for  this  work  done  requires  a  careful  consideration  of  the  distinction 
between  forces  on  a  finite  element  and  forces  on  all  the  elements  in  assembled  (-=  global) 
form.  We  make  this  distinction  in  the  next  section. 

12.2d  GENERALIZED  FORCES  ON  A  FINITE  ELEMENT 

When  an  elastic  surface  under  deformation  is  decomposed  into  an  assembly  of  finite  ele¬ 
ments,  and  each  element  is  withdrawn  to  be  considered  by  itself,  it  carries  with  it  the  forces  on 
its  surfaces  (and  throughout  its  volumes  if  any)  which  keep  it  in  mechanical  (or  dynamical) 
equilibrium.  To  describe  these  forces  let  Ffe)(x,t)  be  the  body  force  per  unit  undeformed 
volume  of  an  element  and  Ffe)  ( x,t )  the  system  of  surface  forces  in  (deformed  coordinates)  per 
unit  undeformed  area  of  the  element.  Also  let  <(i(e)(x)  be  the  interpolation  formula  (selectable 
at  the  discretion  of  th  analyst),  referred  to  the  mode  n  of  the  element.  The  forces  F£(  and  F?e) 
are  in  general  distributed  forces.  We  desire  to  concentrate  an  equivalent  force  system  at  the 
nodes.  To  do  this  we  construct  the  generalized  forces  at  the  nodes  by  integration  (i.e.,  by 
averaging).  Thus,  let  f£)„(r)  and  be  the  generalized  forces  at  the  local  node  n,  to 

which  we  give  the  definition. 


•£>,(')  -  fy0  i'f\  <*.'>  *(,>„<*>  d  V»  <*> 

/&.(<>  ( x,t )  Ip(e)„(x)  d  A0  (x) 


(12.2.13) 

(12.2.14) 


Here  FV,FS  are  global  forms  written  as  functions  of  local  coordinates.  These  definitions  are 
adopted  to  insure  that  the  mechanical  energy  generated  by  the  so-defined  nodal  forces  acting  on 
nodal  displacements  ufe)  ( t )  is  the  same  as  the  mechanical  energy  actually  developed  by 
FK(x,r),  Fs(x,r),  and  u(x,f)  as  distributed  over  the  element.  The  total  mechanical  energy  on 
element  e  is  therefore  found  by  summing  over  all  its  local  nodes: 


*(,)(/)  -  £“&)  •  P(e)ij(r) ,  P(e )n (t)  =  f (,)„(/)  +  S(e)n(f) 


(12.2.15) 


The  total  global  energy  equals  the  total  nodal  energy.  Hence  the  global  force  at  global  node  N 
is  given  by 


->>>;.  ■  >>> v->v>S:Ivl v .  \ 


12.2  Construction  of  Finite  Elements  of  an  Elastic  Medium 
E  P  (e)"  E  P  ie)  ie) 

W-  II  *,)„('>-  I  I  (ft £./W')  +  a#  s/'U  (12.2.16) 

<— ln-1  £»-l  n- 1 

Since  these  forces  are  averaged  over  element  area  they  are  called  generalized  forces  at  the  nodes. 


12.2e  EQUATIONS  OF  MOTION  IN  DISCRETE  FORM 


Having  derived  expression  for  the  kinetic  and  potential  energies  of  a  finite  element,  and 
of  the  work  done  by  external  forces,  we  now  apply  the  principle  of  conservation  of  energy, 
which  states  that  the  power  added  to  a  finte  elastic  element  by  external  forces  is  balanced  by  the 
rate  of  change  of  the  element’s  kinetic  and  potential  energies, 

Jt  [*(,)+  He)]  -  *<*><'>  <12.2.17) 


In  discrete  form  this  balance  of  powers  reduces  to  the  set  of  simultaneous  equations, 
6  q  «  I  6  6  J  ^  d'l'Mn 

/—  1  n- 1  /n—  1  l  y—  Ur—  1 


lit  ii 

j-\k-\ 

~  Ple)i 


bXj 
uTeu(t)  -  0. 


*  +  0*1* L  un 
kl  Bxe  ‘ 


dV, 


o 


(12.2.18) 

(12.2.18) 


Since  «"),  is  arbitrary  the  expression  in  the  brackets  must  vanish  for  all  choices  of  /  and  m. 
Thus  the  general  equation  of  motion  of  a  finite  element  is  given  by. 


i  L  KuU)  +  ii  /  o-  %./)  (x) 

_ 1  CF  Xj 


m-1 


y-U-1 


X  Sir,  + 


dxk 


(x)  «&),(/)) 


dVr 


P?e)iO) >  /  —  1.  2,  ...  6 


(12.2.19) 


This  equation  is  not  directly  solvable  because  the  local  applied  forces  p1e)  (t)  are  not  given 
quantities.  Thus  the  local  displacements  m^),(/)  cannot  be  obtained  with  this  equation. 
Instead  we  form  the  global  equation  of  motion  in  which  the  global  driving  forces  are  specified 
quantities.  Now  local  dynamic  quantities  (displacements,  forces)  are  related  to  their  global 
counterparts  by  the  mapping  function  (lCe)N-  Hence, 


ufc)(/>-  t 

n— 1 

p  N(t)~  it  flfiwPw.0)-  (12.2.20) 

Substitution  of  this  expansion  of  «fe)  ( t )  and  its  time  derivatives  (—  local  nodal  velocities  and 
accelerations)  into  the  above  12.2.19  of  motion  of  a  finite  element  generates  an  equation  of  bal¬ 
ance  of  resultant  forces  (l.h.s)  and  external  forces  (r.h.s)  on  a  single  local  node  of  a  single 
finite  element.  By  summing  force  contributions  from  all  local  nodes  of  an  element  and  then 
summing  over  all  elements  as  assembled  in  the  system  (the  latter  statement  being  equivalent  to 
multiplication  by  the  mapping  function  flftt/v)  one  arrives  at  the  global  equation  of  motion  for 
the  global  nodal  displacements  U*  induced  in  the  elastic  surface  by  an  assigned  generalized 
force  Pr(f)  at  the  global  node  T, 

£  MyN  U*(f)  +  GyU)  +  Wr*(t)U*(l)  -  P,  (f) 


(12.2.21) 
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where 


Mvn  -  at  "»(<•)  nm  a  Gw 


e—  1  *—  1  m- 1 


GnU)  -  1 1  I  i  «r"  Sy,  /  crffl  dV0 

1  y- 1  £#i» 1  ^  m 

tfnv(')  -  1 1  t  Z  I  <^o 

In— 1  m—  1  k—  1 1—  1  oxk  Qxj 


(12.2.22) 


(12.2.23) 


(12.2.24) 


in  which  Q  is  the  number  of  global  nodes,  £  the  number  of  finite  elements  in  the  model  of  the 
radiating  surface,  q  the  number  of  nodes  in  one  element,  and  the  number  6  is  the  (assumed) 
number  of  degrees  of  freedom  per  local  node.  This  is  the  discrete  model  of  the  dynamic  sys¬ 
tem  of  an  elastic  surface  available  to  the  designer  for  determining  the  vector  displacement 
U^fr)  at  the  n’th  node.  By  assigning  global  nodes  to  the  elastic  surface  under  analysis  one  has 
6  x  K  unknown  components  of  translations  and  rotations  to  solve  for  and  6  x  K  equations  of 
the  above  type  to  make  the  solution. 


A  unique  solution  is  however  not  obtainable  until  the  (spatial)  boundary  conditions  and 
(temporal)  initial  conditions  are  specified.  These  specifications  must  be  made  with  care  to 
avoid  violation  of  basic  assumptions  of  continuity  and  compatibility  in  describing  the  dynamical 
state  of  deformation  of  the  surface.  The  following  section  reviews  the  methods  available  to 
solve  the  equations  of  motion,  and  discusses  the  proper  choice  of  boundary  conditions. 


12.3  SOLUTION  OF  THE  DISCRETE  MODEL  IN  SPACE-TIME 

The  global  equations  of  motion  (12.2.21)  is  discrete  in  the  space  coordinates  but  continu¬ 
ous  in  time.  To  enjoy  the  advantages  of  machine  computation  we  desire  to  make  these  equa¬ 
tions  discrete  in  time  as  well.  To  do  this  we  return  to  the  general  equations  of  motion  of  a 
Angle  finite  element  (namely  12.2.19)  which  is  also  continuous  in  time,  and  consider  a  small 
time  interval  In  this  interval  we  approximate  both  the  nodal  displacement  function 

u %)(/)  and  the  nodal  forcing  function  p £>(/)  by  a  finite  time  representation,  which  we  choose 
to  be  the  simple  form  given  by, 

u  "(t)  —  Ao  +  tAi  +  —  A2  (12.3.1) 

P/i)(r)  -  B0  +  tB,. 

The  coefficients  A ,  B  are  next  explicity  written  in  terms  of  temporal  nodal  quantities,  viz. 

u£)(f|),  u(e)m(/2).  U<e)('l) Pfc)(fl).  P&)('2) 

by  solving  these  representations  as  a  set  of  simultaneous  equations  in  A  and  in  B.  The  result 
is, 

“£)(')  “  — T"  “£>  +  77u&>('2)  +  7-(*i  ~  '>  (12.3.2) 

tj  h 

p/Mf)  -  p£>  ('■>  +  r ('2>  <12.3.3) 

<2  '2 

Direct  differentiation  in  time  of  «£>  (/)  gives  the  velocity  u(")(f)  and  acceleration  u")  ( t )  ift 
terms  of  their  values  at  the  time  nodes.  Substitution  of  these  approximate  forms  into  the  equa¬ 
tions  of  motion  of  a  single  finite  element  finally  makes  it  discrete  in  space  but  continuous  in 
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time  only  in  the  interval  [r,,/2].  However  such  a  substitution  transforms  a  differential  equation 
(in  time)  into  an  algebraic  equation,  as  can  be  seen  by  writing  12.2.19  out  in  full: 

21 1 ™nm  "2"  — 2"  ~  "T~  l) 

m-l[  h  h  ‘2 

’  ’  9<£(,)„>(x)  L  ,  90(f)m(x)  [  r2  -  r2  _  /.1 


+  —  ufo,  (/2)  +  —  (/2  -  tOu(e)i  (r,)jj  dV 0 


'2  -  1 1 


7— 1  Pf,)<(»i)  +  7-  ^2)- 

'2  *2 


(12.3.4) 


Upon  assuming  that  the  interval  [rltr2]  is  small  enough  we  can  average  the  time-varying  dis¬ 
placement  vector  over  this  interval  by  direct  integration  in  time.  The  result  is, 


i  I m„n  ~  (uUi(h)  ~  "leu  (/i))  -  7-  u[e)i{tx)  (t2  -  r,) 

m- 1  l  h  n 

+  ii//2  dt  J  crHx.t) 

j- JV°  dxj 


+  "ST  —  + 1  “s" (,l) 


+  ~~  (h  ~  fi)  w"<’)i(2i)  dV o 

h 


('2  ~  *i>2 

2r2 


(^|)  +  “  2  '  “  PleiSh)- 


(12.3.5) 


We  are  now  in  a  position  to  convert  this  equation  into  global  form  by  use  of  the  mapping  func¬ 
tion  n&)r.  Using  the  previously  defined  quantities  MyN,  Grh  and  HrN  (see  12.2.21  to 
12.2.23)  we  arrive  at  the  discrete  space  time  model  in  the  following  set  of  algebraic  equations: 


i  MrN  -t(uJV('2>  “  uAW)  "  fi^o,)  02  -  t,) 


+  Gr  (f|,/2)  +  Hr(/i,f2)  ”  Pr  (f2»/|) 


in  which 


Gr  (/„f2,Ur(r1),Ur(/2),  Ur(r,))  - /'*  Gr  (Ddt 

Hr  (r1,/2.Ur(fI),Ur(/2),  Ur(/,))  -  xs:'  dt  HrN(t) 


/; s’ V V-' 


v \  v.- v vvv v . 
^ ''' 
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x  — - — J— —  U*(/,)  +  4  U*(/2>  +  —  -  /|)U^(/,) 

h  t{  l2 


Pr  <'•>  +  pr«'>> 

■‘‘2  ‘2 


(12.3.6) 


The  completion  of  this  now  allows  us  to  pursue  our  original  aim  which  was  to  reduce  the 
equations  of  motion  to  an  algebraic  form  so  as  to  permit  machine  computation  by  numerical 
methods.  Assuming  we  have  constructed  a  total  of  K  global  nodes  it  is  seen  that  the  above 
equations  form  a  set  of  6K  simultaneous  equations  in  the  unknown  nodal  displacements  U1  ( t2 ) 
resulting  from  an  application  of  known  external  forces  Pr(/|),  P[-(t2),  and  known  initial 
Vr(/,),  Ur(f,).  When  Ur(r2)  is  calculated,  it  can  be  considered,  together  with 
Ur(f2),  Pp  PrCfj),  as  the  group  of  initial  conditions  and  applied  forces  that  determine  the 
displacement  vector  Ur (/)  in  the  next  interval  [t2,t2].  Thus  the  result  of  the  calculation  of  a 
particular  interval  becomes  the  input  conditions  for  the  interval  following.  In  this  way  by  itera¬ 
tion  the  entire  time  and  space  history  of  global  displacement  of  the  elastic  surface  is  determined 
from  stated  global  initial  conditions  (of  displacement  and  velocity)  and  from  a  specified  global 
temporal  history  of  the  loading. 


Once  the  global  displacements  are  determined  one  can  immediately  determine  the  local 
nodal  displacements,  local  velocities  and  local  acceleration  by  application  of  12.2.20  and  its  time 
derivatives.  Local  displacements  (and  derivatives)  anywhere  in  the  element  can  be  determined 
by  12.2.4,  in  which  the  designer-selected  interpolation  function  i /»(f)(x)  is  known.  The  com¬ 
ponents  of  strain  are  similarly  directly  calculable  from  12.2.10.  Local  stresses  are  then  obtained 
by  applying  the  constitutive  equations  to  the  known  strains.  Finally,  local  nodal  forces  are  found 
by  use  of  12.2.20. 


12.4  INTERPOLATION  FORMULAS 


The  construction  of  interpolation  formulas  is  the  basic  step  in  the  application  of  the  finite 
element  technique  of  solving  problems  of  the  dynamic  response  of  continua  to  applied  forces. 
We  begin  with  an  example,  and  afterward  generalize. 


Let  the  finite  element  be  a  plane  triangle  with  three  (corner)  local  nodes.  We  place  the 
triangle  in  a  local  coordinate  system  -Km  -V(2)  (that  is,  A'<l>  =  x,  x<2>  =  y),  so  that  the  nodes 
have  the  coordinates  (^T(1>l  Ar(2)l).  (JT0' ,Ar<2)2),  (Ar(l)3,  A'<2)3)  respectively.  Let  tv(x)  be  the 
displacement  field  to  be  interpolated  from  the  known  values  tv1,  w2,  tv3  at  the  nodes.  We 
desire  to  find  an  interpolation  function  that  will  satisfy  the  boundary  conditions  of  the  element. 
Choosing  a  linear  relation  between  tv(x)  for  any  x  and  the  nodal  values  w',  we  first  let  x  be  the 
nodal  points  themselves.  In  terms  of  unknown  quantities  a0,  a]t  a2  and  we  have, 


tv1  —  a0  +  a |  x(1)l  +  a2  x(2)l 
tv2  —  a0  +  a\  Jr0*2  +  <*2 JC<2)2 
IV3  -  fl0  +  fl|  x(l)3  +  o2  x(2»3 


(C){o). 


(12.4.1) 
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12.4  Interpolation  Formulas  12.4  Interpolation  Formulas 

We  wish  to  find  the  relation  between  the  aj  and  the  known  nodal  values  w\  and  the  matrix  [C] 
evaluated  at  the  nodal  points.  Assuming  tC]  has  an  inverse  [C]~\  we  find  the  solution  to  be 

{ a )  -  [C]"1  {w},,  n  indicates  nodal  form, 

or 

a0  -  Col1*1  +  Col1*2  +  Col1  *3 
a  i  -  Cf1lH>1  +  Cjl*  w2  4=  C.l1*3 

a2  ”  Cjl'w1  +  C22w2  +  C^w3  (12.4.2) 

in  which  C,-1  is  the  //component  of  the  matrix  IC}’1  and  is  written  in  terms  of  the  nodal  coor¬ 
dinates  .  In  this  way  the  interpolation  factors  a,  are  found  explicitly  Next  we  suppose  the 
point  x  on  element  e  is  not  at  the  nodes.  Then  the  displacement  can  be  written  in  terms  of 
explicit  a’s 

w(x)  -  a0  +  axxx  +  axx2 

w(x)  -  £  lC0->"  +  Clnwnx(x)  +  C2->"x(2)] 

n 

w(x)  -  £  *7,)  (x)  (12.4.3) 

n— 1 

in  which 

*(.)„<*)  “  Col1  +  C.l1  x(1)  +  Cf>(2> 

n  -  an  +  b„,x' 
or 

1 

„(i) 

x(2) 

[*Mn  ■  (x)}  -  lC„]->  • 

(e) 

Thus  the  interpolation  formula  is  a  function  of  general  local  coordinates  peculiar  to  the  element 
in  question  and  specific  local  coordinates  associated  with  the  matrix  [C]. 

As  a  second  example  we  choose  a  one-dimensional  finite  element  (namely  a  line)  having 
two  nodes.  The  coordinate  system  is  x(l)  and  the  nodes  are  jc(1)i,  x(1)2:  thus, 

W1  1  X(1)1  flo 

N2  “  [I  x<l)2  [ai 

or 

{«}„  -  [CJ„{a}. 

Since  the  determinant  of  [C]  is  x<1)2  -  x(1)1  -  L  —  length  of  the  line,  the  inverse  of  C  is  given 
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The  interpolation  formulas  then  become 
tie)  i(*> 


v(l)2  _  y(l)  *.(1)1  ,  v(l) 

-A  A  |  /  \  A  T  A 

-i  ^(e)2(x) - 


L  L 

Hence  the  displacement  anywhere  in  the  finite  element  is, 

w(x)  —  x 0)2  -  xU))  +  -^-{x(l)  -  x(l)lJ 


(12.4.4) 

r 


12.4a  GENERALIZATION  OF  INTERPOLATION  FUNCTIONS 

Let  the  finite  element  be  imbedded  in  its  lattice  of  K  local  nodes.  The  interpolation 
model  is  called  simplex  if  we  identify  k  +  1  local  nodes  and  write 

(x)  =  an  +  £  bni  x‘,  n  =  1,  2  ...  k  +  1.  (12.4.5) 

i-i 

This  is  the  model  used  in  the  above  examples.  On  the  other  hand  if  we  specify  the  number  of 
nodes  to  be  greater  than  k  +  1,  the  model  is  called  complex.  In  this  case 

tie),  (x)  -<*«,  +  £  b„x‘  +  ££  cnvx‘xj  (12.4.6) 

1-1  i  ) 

A  third  type  of  model  of  finite  element  is  one  in  which  element  boundary  must  coincide  with 
the  coordinate  lines  (taken  to  be  orthogonal)  of  the  element  coordinate  system  to  achieve 
interelement  continuity.  These  elements  are  called  multiplex  models ,  or  curvilinear  finite  element 
models.  A  fourth  type  of  model  of  finite  element  is  called  "isoparametric"  and  is  designed  to  be 
suitable  for  use  with  continua  which  have  very  irregular  boundaries.  It  has  also  a  curvilinear- 
type  element,  but  with  this  difference  that  the  curvilinear  coordinates  f,  are  arbitrary  (that  is, 
they  do  not  belong  to  the  orthogonal  curvilinear  coordinates  widely  used  in  physics).  Let  us 
suppose  that  a  finite  element  with  arbitrary  boundaries  is  fixed  in  a  cartesian  coordinate  system 
x‘,  /  -  1,  2,  3.  The  location  of  the  local  nodes  is  known  to  be  at  xni,  n  »  1,  2  ...  p.  We 
make  the  coordinate  transformation 

x'  -  a'  +  £  ajt'  A-  ££  ajk  +  . . .  .  (12.4.7) 

j  j  k 

In  the  new  system  f '  the  local  nodes  are  fixed  at  in  such  a  way  that, 

xm  -  anl  +  £  aj £*  +  ££  ajk  l nJk  +  . . .  .  (12.4.8) 

j  J  * 

This  is  a  set  of  alaehraic  enuations  in  the  unknown  coefficients  a.  Solving  for  a  in  the  same 
manner  that  we  used  above  to  find  [C],  we  find  its  components  in  terms  of  the  nodal  values 
xnl.  It  is  easily  seen  that 

n 

'I’ieiniO  -  <  +  +  a2-'  |(2).  (12.4.9) 

Thus  the  local  field  w  on  element  e  can  be  approximated  (in  £  coordinates)  by  writing 

*(£>  »  t  H-?r)  <lt(e)„({).  (12.4.10) 

1 


In  sum:  a  large  variety  of  interpolation  formulas  can  be  constructed  to  satisfy  the  analyst's 
needs  in  analyzing  different  types  of  structures  with  different  space-time  boundary  conditions. 
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Often  to  improve  accuracy  the  analyst  will  devise  more  elaborate  forms  than  are  already  avail¬ 
able.  On  the  other  hand  one  may  choose  crude  interpolation  functions  to  expedite  the  numeri¬ 
cal  work.  Thus  there  is  great  freedom  in  selecting  i/i(e)(x). 

12.5  ELEMENT-STIFFNESS  MATRIX 

After  the  construction  of  appropriate  interpolation  formulas  to  satisfy  the  boundary  condi¬ 
tions  (in  space  and  time)  it  is  necessary  to  return  to  the  task  of  finding  explicit  formulas  for  the 
stiffness  and  mass  terms  in  the  kinetic  and  potential  energies  of  the  equations  of  motion  of  a 
finite  element  whose  general  formula  appears  in  Eq.  12.2.19. 

As  noted  in  Sec.  12.1  and  repeated  here  for  convenience,  at  a  local  node  there  will  be  six 
possible  motions  (or  motional  degrees  of  freedom),  namely  three  components  of  translation 
and  three  rotations.  For  a  finite  element  having  K  local  nodes  there  will  thus  be  6K  motional 
degrees  of  freedom.  We  choose  one  of  these  degrees  of  freedom  (call  it  the  Ah)  and  apply  it  to 
its  node  as  a  real  motion  with  unit  amplitude.  The  motions  at  all  other  nodes  of  the  finite  ele¬ 
ment  are  made  zero.  As  a  result  of  the  real  motion  there  is  induced  a  strain  field  in  the  elastic 
body  which  is  accompanied  by  a  stress  field  (or  force  field).  This  (distributed)  force  field  due 
to  the  Ah  degree  of  freedom  at  a  particular  node  is  then  available  for  doing  work  at  any  point  in 
the  body. 

We  next  choose  from  the  number  6K  a  second  (motional)  degree  of  freedom  (call  it  the 
Ah)  and  assign  it  to  a  second  node  in  the  same  finite  element  as  a  virtual  motion.  This  virtual 
Ah  displacement  allows  the  force  field  due  to  the  real  Ah  displacement  to  do  work  anywhere  in 
the  finite  element  through  the  motion  of  the  virtual  Ah  degree  of  freedom.  If  the  stress  field  at 
a  point  in  the  finite  element  is  <r,(x)  due  to  the  real  motion  of  the  Ah  degree  of  freedom  of  one 
node  the  related  force  field  is  <rj(x)dA and  the  virtual  displacement  (at  the  same  point)  of 
virtual  strain  ey  due  to  a  virtual  displacement  at  a  second  node  is  ey  dx}.  Thus  the  virtual  work 
done  is  given  by  the  volume  integral, 

n jj  =*  J  <r,(xUj<x)  dV0(x).  (12.5.1) 

Note  that  because  of  the  scheme  of  numbering  the  degrees  of  freedom  of  a  finite  element 
(Sec.  12.2a)  the  nodes  at  which  forces  and  displacements  occur  here  in  themselves  irrelevant  in 
this  discussion.  Equation  12.5.1  is  therefore  the  virtual  work  done  by  a  real  degree  of  freedom 
/acting  on  a  second  virtual  degree  of  freedom  j  averaged  over  the  volume  of  the  finite  element. 

Because  of  the  use  of  interpolation  function  ii»(e),(x)  the  stress  field  due  to  a  unit  real 
motion  of  the  Ah  degree  of  freedom  at  node  n  is  expressed  in  terms  of  i|»((,),(x)  and  is  distri¬ 
buted  over  the  finite  element.  The  virtual  strain  at  any  point  in  the  finite  element  is  expressed 
as  a  nodal  virtual  displacement  (call  it  huj  in  the  Ah  degree  of  freedom)  multiplied  by  the 
corresponding  interpolation  function  i/»<f)y(x).  Hence  the  volume  integral  of  12.5.1  is  over 
0(,),(x)  and/or  its  derivatives  multiplied  by  0(,)y(x)  and/or  its  derivatives,  multiplied  by  the 
virtual  displacement  8 uy.  The  ratio  formed  by  dividing  Fl,y  by  the  virtual  displacement  8  m,  is 
called  the  element  stiffness  coefficient  p((,)/y,  i.e., 

p ”  -P^-  (no  sum  on  indices).  (12.5.2) 

"J  hUj 

When  assembled  these  coefficients  form  a  (maximum  possible)  6K  x  6K.  element-stiffness 
matrix  for  each  finite  element.  Thus  for  a  finite  element  in  the  form  of  a  triangle  (meaning  3 


-  * 
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local  nodes)  the  element  stiffness  matrix  is  a  maximum  18  x  18.  Generally,  these  matrices  are 

( 1 8  x  i 8)  —  18 

symmetrical  about  the  main  diagonal.  They  thus  have  only  18  +  - - - =  174 

independent  components. 


The  degrees  of  freedom  at  a  node  can  be  thought  of  as  the  components  of  a  vector.  We 
write  this  vector  u  (or  uk ,  or  (t/)).  Thus  all  terms  containing  u"  in  previously  derived  formulas 
of  this  chapter  refer  to  all  the  degrees  of  freedom  in  u  at  a  node.  In  particular  the  expression 
for  potential  energy  of  deformation  n  Eq.  12.2.12  equivalent  to  the  work  done  II,,,  and  the 
integral  in  Eq.  12.5.1  is  equivalent  to  the  rate  of  work  done  in  the  virtual  velocity  u(f).  this 
equivalence  is  written  as. 


n, 


U(e)i 


(no  sum  on i,j,k) 


In  dynamic  analysis  the  local  form  of  the  stiffness  matrix  p(f,  must  be  converted  to  glo¬ 
bal  form.  This  is  done  by  the  mapping  function  In  most  cases  several  local  nodes  contri¬ 

bute  potential  energy  to  one  global  point  (center  point  /  in  Fig.  12.5.1)  and  so  the  (global) 
stiffness  coefficient  is  the  sum  of  the  local  stiffness  coefficients  incident  on  this  point.  Thus, 
using  the  figure,  one  has  5 

PIP  =  I  Pn^ 

m-  1 


Figure  12.5.1.  Local  nodes  a.  b.  c,  d.  e  and  global  node  / 


in  which  the  hat  symbol  indicates  global  forms. 

12.5a  ELEMENT-MASS  MATRIX 

The  kinetic  energy  term  of  the  equation  of  motion  (12.2.8)  requires  the  construction  of 
the  element-mass  coefficient  w,y.  A  consistent  procedure  for  doing  this  is  outlined  in  this  sec¬ 
tion. 


We  return  to  the  vector  u  whose  components  u,,  1  =  1,2...  6K,  are  the  degrees  of  free¬ 
dom  of  all  the  nodes  and  select  the  /h  degree  of  freedom  ur  We  form  the  second  time  deriva¬ 
tive  (or  acceleration)  un  and  subject  node  n  to  a  unit  magnitude  of  u,,  restraining  the  motion  of 
all  other  degrees  of  freedom  to  zero  at  all  other  nodes. 


The  acceleration  developed  anywhere  in  the  finite  element  is  «,  i/»(p),(x)  and  the  (interior) 
inertial  force  resisting  this  acceleration  is  p0(x)Ui4>{e)l(x)  in  which  u,  =  1.  This  force  is  avail¬ 
able  for  doing  work  through  the  motion  of  any  other  degree  of  freedom.  We  choose  the  Ah 
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degree  of  freedom  of  the  finite  element  and  give  to  its  corresponding  node  a  virtual  unit  dis¬ 
placement  8 Uj.  The  effect  of  this  virtual  displacement  is  distributed  throughout  the  plate  by 
means  of  the  interpolation  formula, 

8u(x)  =  Sttj  i/t(e)j  (x).  (12.5.4) 

The  work  done  by  the  force  due  to  real  acceleration  in  degree  of  freedom  /  acting  through  the 
virtual  displacement  8«,  is  then  seen  to  be 

WtJ  =  hUjtn.j,  rrijj  =  J  p0(x)  i /»(,>,-  (x)i p{e)(x)dV0(x). 

The  mass  coefficient  m is  the  Ah  element  of  the  element  mass  matrix 
12.2.8  previously  derived.  It  is  emphasized  however  that  this  derivation  is 
pie  of  virtual  work. 

12,5b  DAMPING  MATRIX 

The  equation  of  motion  (12.2.19)  is  a  statement  that  internal  mass  and  elastic  forces  (left 
hand  side)  balance  the  external  applied  forces  (right  hand  side).  When  the  vibrating  structure 
is  internally  damped  by  viscous  forces  the  equation  of  motion  has  an  addition  force  ctJ  itj  in 
which  iij  the  velocity  of  the  yth  degree  of  freedom,  and  ctj  is  the  damping  coefficient.  A  brief 
derivation  of  c{j  is  now  undertaken. 

We  assume  the  finite  element  exhibits  viscous  clamping  proportional  to  velocity,  and  let 
c(x)  represent  the  damping  force  per  unit  velocity.  To  calculate  the  damping  coefficient  we 
select  the  Ah  degree  of  freedom  (“«,)  associated  with  a  node  and  take  its  first  derivative  itr 
All  other  velocities  (namely  of  other  degrees  of  freedom)  are  set  to  zero.  The  resultant 
(viscous)  damping  force  distributed  throughout  the  finite  element  is  c(x)u,  it>(e)(x).  It  is  avail¬ 
able  for  doing  work  through  any  virtual  displacement  (i.e.,  the  same  or  any  other  degree  of 
freedom).  We  select  the  yth  degree  of  freedom  in  the  vector  u  and  make  it  virtual  (=8«,)  at 
its  corresponding  node.  The  distributed  virtual  displacement  corresponding  to  8w,  is 
8uy  i lt(e)J(x).  We  now  define  the  damping  coefficient  c,y  to  be  the  virtual  work  done  when  the 
real  velocity  u,  is  given  unit  magnitude:  i.e., 

cu =  =  Sv  c(xH(e),  (x)  0(f),  (x)  dV0.  (12.5.6) 

The  damping  matrix  is  C  ( —  (c(>])  is  a  6K  x  6K  matrix.  Its  explicit  calculation  allows  one  to 
add  the  viscous  forces  in  the  equation  of  motion  12.2.19  inserting  the  following  term  on  the 
l.h.s.,  £  cnm  ii"e)t(t).  This  insertion  is  very  important  in  transient  loading. 

m-1 

From  this  derivation  it  is  evident  that  the  damping  coefficient  serves  the  purpose  of  con¬ 
verting  viscous  forces  distributed  over  the  finite  element  into  viscous  forces  concentrated  at  the 
nodes.  The  validity  of  the  conversion  is  assured  by  making  it  satisfy  the  principle  of  virtual 
work. 

Conclusion:  The  radiation  of  long-wavelength  sound  in  low  frequencies  requires  extensive 
active  surfaces  to  overcome  the  highly  reactive  loads  of  the  medium.  Such  surfaces  often 
deform  elastically  during  radiation,  either  by  intension,  or  uncontrollably  by  extraneous  forces 
in  the  mechanical  drive,  or  in  the  medium.  A  theoretical  analysis  of  the  deformation  of  these 
surfaces  is  straightforward  in  cases  where  the  surlaces  have  simple  shapes  (circles,  cylinders. 


(12.5.5) 

It  is  equivalent  to 
based  on  the  princi- 
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etc.)  and  the  exciting  forces  are  symmetric  in  space  and  steady  in  time.  For  arbitrarily  shaped 
surfaces,  asymmetric  forces  and/or  transient  excitation  the  analysis  of  deformation  is  best 
accomplished  by  numerical  means.  Here  the  advantages  of  high  speed  computation  on  digital 
computers  dictate  the  derivation  of  the  equations  of  motion  in  discrete  form  so  that  the  analysis 
reduces  to  the  solution  of  a  set  of  simultaneous  algebraic  equations  in  the  unknown  displace¬ 
ments.  This  requirement  is  well  met  by  the  use  the  theory  of  finite  elements  which  enables  the 
designer  to  calculate  complicated  structural  vibration  in  a  relatively  rapid  way  by  numerics  in 
situations  formerly  regarded  as  impossible  or  uneconomical. 

The  construction  of  the  discrete  model  of  the  equations  of  motion  reduces  to  the  calcula¬ 
tion  of  local  mass,  stiffness  and  dissipation  matrices,  the  components  of  which  effectively  con¬ 
centrate  these  local  distributed  parameters  into  local  nodal  parameters.  The  local  parameters 
are  then  transformed  into  global  parameters,  and  from  these  the  global  equations  of  motion  are 
constructed  in  discrete  form.  The  solution  of  the  latter  is  the  essential  step  in  the  analysis, 
from  which  all  other  dynamic  parameters  (stress,  strain,  etc.)  are  derived. 

The  theory  of  finite  elements  has  been  applied  to  elasticity.  It  can  also  be  applied  in  cer¬ 
tain  cases  to  radiation  calculations  in  acoustics.  The  combination  of  finite  element  elasticity  and 
finite  element  acoustics  is  a  powerful  tool  of  analysis.  This  combination  is  explored  in  the  next 
chapter. 
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CHAPTER  XIII 

FINITE  ELEMENT  RADIATION 


13.1  INTRODUCTION 

A  chief  feature  of  low  frequency  underwater  sound  sources  is  the  large  displacements 
needed  to  efficiently  generate  acoustic  power.  These  displacements  may  be  achieved  by  use  of 
elastic  structures  operating  in  modes  of  vibration  selected  for  low  stiffness.  Examples  of  low 
stiffness  construction  are  rigid  plates  suspended  by  soft  springs,  flexing  plates  simply  supported 
on  bearings,  flexing  plates  driven  at  single  points,  large  diaphragms  driven  by  hydraulic  fluids, 
spherical  rubberized  bags  with  vibrating  gas,  and  many  others. 

The  design  of  these  radiating  structures  is  generally  guided  by  two  objectives:  first,  to  radi¬ 
ate  acoustic  power  effectively,  and  second,  to  account  for  the  interface  acoustic  fluid  load  in  a 
manner  to  optimize  the  performance  of  the  electrical-mechanical-hydraulic  components  in  the 
source  We  consider  below  these  two  objectives  simultaneously. 

13.1a  Symbolic  Representation  of  Interacting  Systems 

An  acoustic  source  can  be  represented  as  a  cascade  of  three  (or  more)  interacting  power 
systems.  For  convenience  the  first  or  "driving  system"  is  taken  to  be  an  e  i  (volt-current) 
electrical  system;  the  second,  an  f  u  (force-velocity)  mechanical  system  (say  an  elastic  s’ruc- 
ture);  and  the  third  a  p  q  (pressure- volume  velocity)  acoustical  system.  We  assume  that  /.  it.  q 
are  extensive  or  flow  quantities  and  e,  /,  p  are  intensive  or  across  quantities.  This  choice  is 
arbitrary,  but  will  prove  useful  in  the  discussion.  Let  applied  quantities  be  represented  by  capi¬ 
tal  letters  The  acoustic  source  is  then  described  by  three  (or  more)  mutually  coupled  equation, 
viz. 

(a)  Lu  i  +  LIU  u  =  E  (*./) 

(b)  Lu.u  “  +  Lii.,  *  +  Lu.pP  “  F(x.')  (13.1.1) 

(c)  Lppp  +  Lpiu  =  Q(x.t) 

E(x.r)  F  (x.r)  Q  (x.r )  are  applied  electric-field,  applied  mechanical  force  and  applied  volume 
velocity  respectively  in  which  the  symbols  L  are  differential  operators,  and  their  double  sub¬ 
scripts  indicate  the  coupling  between  one  power  system  and  another.  For  example,  Lu (,  is  an 
operator  which  couples  the  mechanical  system  with  the  electrical  system  through  a  it,  i  or 
velocity-current  coupling.  The  r.h.s.  of  each  equation  is  an  independently  applied  forcing  func¬ 
tion  In  general,  all  system  parameters  ( e.i.p.q.f.it )  are  vectors  and  the  operators  L  are  dyadics. 

This  set  of  equations  can  be  solved  exactly,  or  approximately,  by  several  well-known  pro¬ 
cedures.  It  is  our  purpose  here,  in  conformity  with  the  objectives  of  this  chapter  and  Chapter 
XII  to  present  techniques  for  solution  that  are  ideally  united  to  digital  computers,  and  in  partic¬ 
ular,  to  emphasize  the  finite  element  technique. 
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Since  the  radiation  properties  of  a  source  are  functions  of  the  interaction  between  the 
mechanical  and  acoustical  systems  we  will  for  simplicity  deal  initially  only  with  the  systems  of 
Eq.  (13.1.1b)  and  (13.1.1c).  Thus,  the  mechanical-acoustical  interaction  is  represented  by  the 
pair, 

mechanical:  +  Lupp  =  F  (T)  (13.1.2a) 

acoustical:  L ppp  +  Lpu u  =  Q(/).  (13.1.2b) 

Several  subcases  of  these  equation  deserve  discussion.  In  the  first  case  we  can  restrict  attention 
to  the  radiating  surface  by  making  the  applied  Q  (/)  zero.  This  case  is  treated  below  in  Section 
(13.2a).  When  the  velocity  u  and  pressure  p  are  calculated  on  the  surface  of  the  source  the 
radiation  field  everywhere  (including  the  far  field)  can  be  calculated  by  use  of  the  Helmholtz 
integral,  as  explained  in  Sect.  (13.3).  A  second  case  of  importance  occurs  when  the  radiating 
surface  together  with  a  sphere  of  fluid  of  finite  size  surrounding  it  are  both  taken  to  be  a  gen¬ 
eralized  ( composite )  source.  Then  the  interaction  of  the  remaining  medium  upon  the  spherical 
surface  constituting  the  source  is  visualized  as  a  driving  force  identical  with  F  (/).  Application 
of  (13.1.2a),  (13.1.2b)  then  serve  to  determine  the  acoustic  field.  Other  cases  which  can  be 
treated  by  use  of  these  equations  will  be  mentioned  below. 

The  principal  objective  in  the  following  sections  is  to  convert  (13.1.2)  into  finite  element 
form.  This  conversion  is  complicated  by  the  different  vibratory  properties  of  fluids  and  solids 
and  by  the  need  to  solve  the  set  of  equations  simultaneously  since  they  are  coupled  by  the 
solid-fluid  interaction.  Complications  also  arise  because  structure  vibration  historically  is 
treated  as  a  force  displacement  f.u  system  rather  than  a  force  velocity  system  /,«.  This  point 
will  be  taken  up  in  detail  later  in  this  chapter.  At  present  we  proceed  to  discuss  fluid-solid 
interaction,  and  follow  it  with  a  discussion  of  the  discretization  of  the  acoustic  field. 

13.2  FLUID-SOLID  INTERACTION  OF  RADIATING  SURFACES 

Chapter  I  has  noted  that  the  propagation  of  linear  acoustic  signals  from  volume  distri¬ 
buted  sources  Q  (x,t)  in  a  fluid  of  density  p„,,  and  sound  speed  Cw  is  governed  by  the  linear 
acoustic  wave  equation  in  three  dimensions, 

V2p(x,r) - 57— -  44  (*•')“-  £(*•*)  (13.2.1) 

C2(x,t)  dt2 

This  equation  states  that  at  location  x,  time  t  in  the  field  the  acoustic  pressure  is  concentrating 
(denoted  by  V2p)  due  to  sources  Q ,  but  is  simultaneously  diminishing  due  to  propagation 
(denoted  by  d2p/C2dt2).  At  low  frequencies  the  sources  are  advantageously  represented  as  a 
collection  of  volume  distributed  multipoles: 

2  (x.t)  =  Pw  F+jV  f  V  —  ....  (13.2.2) 

(see  Chapter  V).  This  first  term  r.h.s.  describes  all  monopole  sources  (defined  as  those  which 
radiate  uniformly  in  all  directions)  in  terms  of  a  time  rate  of  change  of  injection  of  mass  Q 
(units:  m3/s  m3)  into  the  medium.  The  second  term  describes  all  dipole  sources  in  terms  of  a 
divergence  of  a  fluid  body  force  F,  the  radiation  from  which  varies  with  the  cosine  of  the  angle 
of  observation  relative  to  the  direction  of  F.  The  third  term  described  all  quadripole  sources  in 
terns  of  the  double  divergence  of  the  stress  tensor  T  whose  components  are  momentum  flux 
stress  and  viscosity  sheer  stress.  The  radiation  from  these  sources  involves  products  of  two 
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angles  of  direction.  In  conventional  sound  radiators  the  monopole  source  is  associated  with  a 
contraction  and  expansion  of  a  elastic  volume,  the  dipole  source  with  an  alternating  body  force 
on  a  rigid  volume,  and  the  quadripole  source  with  two  differently  directed  body  forces  (or 
stresses)  on  one  volume,  equivalent  to  interacting  gradients  of  momentum-flux  (See  Chapter  I 
for  discussion). 

As  noted  in  Sect.  13.1  most  sources  generate  low  frequency  radiation  by  movement  of 
solid  (or  gaseous)  interfaces  (e  g.  elastic  plates,  diaphragms,  rigid  pistons,  bubbles,  etc).  At 
low  frequencies  this  acoustic  radiation  is  often  enhanced  in  efficiency  by  use  of  large  size  radiat¬ 
ing  surfaces  that  are  chiefly  elastic.  The  displacement  motion  u  of  these  elastic  radiating  sur¬ 
faces  can  generally  be  modeled  by  the  wave  equation  of  elastically  isotropic  and  homogeneous 
solids,  namely 

(ke  +  p.e)  V  (V  u)+/ifV  Vu-pu  =  -psf  (13.2.3) 

[1]  where  for  simplicity  the  solid  is  taken  to  be  elastically  isotropic,  of  density  ps,  with  Lame’ 
constants  ke,  p.ey  and  driven  by  a  body  force  f.  The  displacement  vector  u  has  components 
U,  V,  W 

At  the  interface  between  fluid  and  solid  the  acoustic  field  p  and  the  displacement  field  u 
are  coupled.  The  problem  in  the  theory  of  fluid-solid  interaction  is  to  formulate  this  coupling 
in  mathematical  terms  and  find  ways  to  obtain  p  and  u  from  solutions  of  the  resultant  equa¬ 
tions. 


A  useful  first  step,  is  to  solve  (13.2.3)  for  the  normal  component  of  steady  state  velocity 
W  (x)  =  -ioi  W  under  the  action  of  a  sinusoidal  surface  (normal)  force  F  e~"“'.  For  ease  in 
following  the  development  we  write  the  single  (displacement  HO  component  equation  in  the 
symbolic  form,  using  <£„  to  represent  a  differential  operator: 

2m\W  (x)}  - -F(x)  (13.2.4) 

We  now  make  the  assumptions  that  the  operator  if*,  is  linear,  that  it  can  be  inverted  and  that  a 
solution  can  be  found  in  form  of  an  integral, 

IF  (x)  =  <£  F  (x0)  Y  (x|x0)  dS  (x0)  (13.2.5) 

Here  the  symbol  Y  is  an  influence  function ,  which  gives  the  normal  volume  velocity  at  location  x 
on  the  surface  due  to  normal  force  Fat  location  x0  (positive  if  pointing  away  from  the  medium 
where  the  acoustic  field  is  generated).  Now  the  forces  F  can  be  of  two  kinds:  concentrated 

forces  F(x;)  8  (x  -  Xj).  j  =  1.  2 . N ,  and  distributed  pressures  p  (x,).  Thus  (13.2.5)  has 

the  form 

W  (xK)  -  -  f  p  (\j)  Y  (xjx,)  dS  ( %j )  +  £  F(x,)  Y  (xjx,)  (13.2.6) 

/-I 

The  term  in  pressure  p  is  negative  because  it  always  points  into  the  surface.  To  determine  the 
form  of  p  we  turn  to  the  case  of  acoustic  radiation  and  consider  a  simple  model  of  the  radiator, 
taking  it  to  be  a  collection  of  point  sources,  with  2  =  p  Q  and  volume  velocity 
Q  -  W  (x0)  dS  (x0).  The  radiated  pressure  from  such  a  collection  of  point  sources  can  be 
obtained  by  solving  (13.2.1), 


p  (x)  -  W  (x0)  G  (x|x0)  dS  (x0) 


(13.2.7) 
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in  which  G  is  the  acoustic  Green’s  function  (defined  as  the  pressure  at  x  due  to  a  delta  function 
volume  velocity  at  x0),  whose  form  depends  on  the  boundaries  of  the  radiating  system,  and 
their  associate  boundary  conditions  of  pressure  and  velocity.  This  interface  pressure  due  to 
fluid  coupling  is  identified  in  form  with  the  applied  pressure  in  (13.2.6).  Thus  the  normal  com¬ 
ponent  of  velocity  W  (xK)  is  given  by, 

W  ( %K )  =  -  (ft  dS  (xy)  dS  Gr0)  W  (x0)  G  (x;  |xo)  Y  (xjx,) 

+  £  F  (x;)  Y  (xjx,).  (13.2.8) 

/-i 

This  equation  states  that  under  the  action  of  steady  driving  forces  fix,)  the  elastic  structure 
will  undergo  a  steady  state  vibration  with  a  normal  velocity  amplitude  distribution  IF  (xK)  res¬ 
trained  by  the  loading  of  fluid-surface  interaction  given  by  the  double  surface  integral.  It  is  an 
integral  equation  in  the  unknown  velocities  W.  It  may  be  solved  under  restricted  conditions  by 
being  converted  to  a  set  of  simultaneous  algebraic  equations  which  is  then  inverted.  In  favor¬ 
able  cases  the  influence  Y  is  non-singular  and  has  a  nearly  diagonal  matrix  representation.  The 
solutions  W  (x„)  are  then  easily  obtainable. 

Thus  the  first  approach  in  solving  (13.2.1)  and  (13.2.3)  has  led  to  a  single  integral  equa¬ 
tion  for  obtaining  normal  velocities.  Since  the  solution  of  integral  equations  tends  to  be  tedious 
other  procedures  must  be  examined.  A  second  approach  is  to  retain  the  differential  forms  of 
(13.2.1)  and  13.2.3)  and  formulate  from  them  a  pair  of  coupled  differential  equations  in  unk¬ 
nown  velocities  and  unknown  pressures,  from  which  a  deterministic  solution  can  then  be 
obtained.  This  approach  is  now  described. 

13.2a  Continuum  Equations  of  Plate- Fluid  Interaction 

When  a  vibrating  elastic  plate  radiates  sound  into  a  fluid  the  plate  motion  and  fluid 
motion  are  coupled.  The  acoustic  field  on  the  plate  itself  may  be  modelled  on  (13.2.1)  using 
only  the  first  (or  monopole)  term  of  (13.2.2)  and  1.7.3: 

^fl)p  =  V2p  (xl,/) - y  y-f  GM)  -  -  pw  xl  -  ( x,y )  (13.2.9a) 

c  at  ot 

Here  Q(xL,t)  (units:  m3s~,m~3)  is  the  local  acoustic  source  strength  of  the  plate,  considered 
(as  before)  to  be  a  collection  of  simple  sources.  If  the  normal  velocity  of  the  plate  is  IF,  then 
Q  =  W  A  S  where  A  5  is  an  area  which  is  small  relative  to  the  acoustic  wavelength  being  gen¬ 
erated.  The  radiated  field  can  also  be  written  in  terms  of  a  velocity  potential,  such  that 
p  -  pd>\  the  result  is, 

on  surface  S:  -  p  V2<f>  4-  p<f>  =  p  A  S  W  (13.2.9b) 

or 

V2<{>  -  — L  <jfi  =  —  A  S  IF 
C2 

The  displacement  field  of  the  plate  is  generated  by  the  action  of  applied  forces  Ff .  It  is 
governed  by  a  differential  equation  of  the  type. 
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<£»  W-  FfOt.O)  -  p  (xl.O)  (13.2.10) 

in  which  p  is  the  reaction  force  of  the  medium. 

The  coupling  of  (13.2.10)  and  (13.2.9)  is  made  more  visible  by  reducing  them  to  operator 

form, 

y,,,p(xL,0,r)-  -p„  AS  ^(xl.O) 

X  FE- jHiL.O.t).  (13.2.11) 

Our  objective  here  is  to  discretize  this  pair  of  equations.  To  do  this  correctly  requires  a 
rigorous  application  of  Hamilton’s  principle.  This  is  discussed  next. 

13.2b  The  Discretized  Acoustic  Field 


At  a  fluid  field  point  where  the  acoustic  pressure  is  p  (x)  and  the  acoustic  particle  velocity 
is  u  (x)  the  potential  energy  density  A  Fand  kinetic  energy  density  A  T  are, 

~  kp2,  A  T=  y  Pivu2  (13.2.12) 

in  which  k  is  the  compressibility  and  pw  the  density  of  the  medium.  Since  p  =  and 
u  —  —  V  0,  where  </>  is  the  velocity  potential,  it  is  seen  that  the  global  energy  of  the  acoustic 
field  over  a  finite  volume  V  is, 


£-  T+  V 


-S 


P  (V<£)2  +Kpl<i>2\d  Y 


(13.2.13) 


On  the  surface  S  of  the  volume  Y the  work  done  per  unit  area  by  pressure  ps  and  displacement 
u,  is  Pj  u.  Since  the  pressure  acts  normal  to  the  surface  this  work  is  done  only  by  the  normal 
component  of  displacement,  W s.  Hence  the  global  work  done  over  surface  S  is 

B  -  J  p  <j>,  Ws  dS  (13.2.14) 


Now  according  to  Hamilton’s  principle  the  actual  path  followed  by  a  dynamical  process  from 
time  t ,  to  time  t2  is  given  by  the  variation  of  an  integral,  namely, 


(13.2.15) 


Hence 


8  J 


8  f,Z  (V  —  T-  B)  dt  -  0 

•"i 

-8  s:;\s  \{*P2<i>2-p(V<t,)^dr-  fp^'W.d^dt-  0.  (13.2.16) 


We  desire  to  reformulate  this  principle  in  finite  element  form.  The  field  <b  (x.t)  will  be  discre¬ 
tized  in  finite  elements  by  assuming  that  for  each  element  a  discrete  representation  in  terms  of 
shape  functions  0  is  possible  for  acoustic  quantities. 

(x./)-^<<,,r(x)  ■*,„(/)-  (V-  1.2....  (13.2.17) 

N 


(see  Chapter  12  for  discussion  on  finite  elements)  in  which  N  is  the  number  assigned  to  the 
nodal  point  in  the  fluid  element,  is  a  column  matrix  of  nodal  point  values  and  is  a 
transposed  column  matrix  (  —  row  matrix)  of  shape  functions.  The  volume  energy  terms  then 
appear  as  follows. 
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>  >vv 


VM 


w-  FE-  p  (13.2.32) 

-  Ps  /»a2/df2,  a; -  d  ~  +  ^-J 

£  /i3 

d  =  — - - r-.  £  =  Young's  Modulus,  v  =  Poisson's  Ratio 

12(1  —  v  ) 

Following  the  procedures  outlined  above  in  the  discretization  of  the  acoustic  equation  we  can 
discretize  the  above  equation  for  each  element  of  the  plate: 

Ps  hj/ie)we  +  d  %Ke)  w,,.,  =  F,f)  p  (13.2.33) 

The  structure  of  Jt.XMT  is  discussed  in  Sections  12.5,  12.5a,  12.5b.  Here  F,f)(r)  is  discretized 
by  use  of  the  elastic  shape  function.  Assuming  a  (normal)  applied  force  Fm  (x,r)  one  has 


( t )  =  J"  Fm  (x.t)  t){e)  (xt)  dS  (x). 


In  global  terms, 


D  ( e)J 

I  £4 


(See  Sect.  12.4).  In  global  form,  the  discretized  equation  appears  as: 

E  D  (t)j  ..  D  ( e)J  E  D  (e)i 

I psh  X  n4  IF4  +  X  d  Xj  fia  -  I  I  «A  /* 


+  'L@i(i‘)T  /*.  /-  1.2.  ...  j -  1,  2.  ...  N 


(13.2.34) 


This  equation  is  a  set  of  D  independent  equations  in  the  unknown  global  nodal  parameters 
(pressure  P4  and  displacement  IF4).  It  will  be  used  as  a  second  set  of  a  pair  of  coupled  equa¬ 
tions  which  describe  the  vibration  of  plates  in  the  presence  of  a  water  load. 

13.2d  The  Coupled  Set  of  Discretized  Equations  of  a  Vibrating  Plate  in  a  Fluid 

We  now  write  (13.2.31)  and  (13.2.34)  as  a  coupled  pair,  applicable  to  the  surface  S.  We 
assume  that  on  the  surface  the  number  of  local  nodes  N  and  the  global  nodes  D  are  the  same 
for  both  plate  and  fluid.  Thus,  on  the  surface  S,  the  discretized  coupled  pair  of  equations  is: 

E  N  D  ie)J  ..  E  N  D 

(a>p„  X  if4 (r)  +  x  £*(/) 

t- 1  y—  l  a  e—  i  j- 1  4 

-  *  p  L  £  «„  i  ni  pa  (t)  =  o 

e  J- 1  4-1 

E  N  D  (t)J  ..  E  N  D  E  N 

(b)Ps  h  X  Z*u  I  ^(/)  +  XX^Ifli/’M/)  +  </XI^fli  w*(,) 

e  )—\  •  b  t  j  A  p  y—  1 

£  O  (p)» 

-  1  I  n4  £4  (/)./  =  1.2,  ...  \  (13.2.35) 

e  A 


>:• SMS- 
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Here  the  total  number  of  local  nodes  is  £  x  /V.  The  total  number  of  global  nodes  is  D.  The 
pair  of  equations  constitute  a  set  of  2  £  x  N  equations  in  the  2  £  x  A/  unknown  local  nodal 
pressures  />{,,),  and  nodal  displacements  w{e),  and  a  set  of  2D  equations  in  the  2D  unknown  glo¬ 
bal  nodal  pressures  £A  and  nodal  displacement  M/i. 

The  latter  must  also  satisfy  the  (surface)  boundary  condition 

8/^  =  _  a2^-* 

an  p  a/2 

while  £A  itself  must  satisfy  the  Sommerfeld  radiation  condtion  at  infinity. 


Clearly,  to  solve  these  sets  of  equations  requires  a  complete  calculation  of  matrix  ele¬ 
ments^,  j„,  M„  and  Xir  These  are  directly  obtainable  from  the  appropriate  selection  of 
the  shape  functions  ^/^(x)  and  performance  of  the  required  integrations  (13.2.18,  13.2.21). 
While  the  discretized  set  of  equations  appear  complicated  they  can  be  reduced  to  a  set  of  algo¬ 
rithms  for  easy  calculations  on  a  digital  computer. 


In  applications  to  piezoelectricity  the  additional  equation  13.1.1a  is  required.  We  first 
write  the  constitutive  relation  for  the  piezoelectric  field.  There  are  four  sets  of  such  relations 
[4] .  We  choose  for  illustrate  purposes  the  set  in  which  strain  S  and  electric  field  £  are  the 
independent  variables,  and  stress  T  and  electric  displacement  flux  D  are  the  dependent  vari¬ 
ables, 

(a)  Tj  =  C§  Si  -  emi  Em 

(b)  Dm  =  emi  S,  +  £„.  (13.2.36) 

It  is  most  convenient  in  particular  cases  to  consider  one  component  of  each  field  at  a  time.  Let 
this  be  the  3-component  (x  =  1.  y  -  2,  z  -  3).  Thus  the  stress  due  to  £3  alone  is 


T} - eu  E 3 


and  the  force  (per  unit  volume)  in  the  3-direction  is. 


BT}  BE , 

Bz  ~  Bz  ' 


(13.2.37) 

(13.2.38) 


Assume  that  we  can  construct  an  erthonormal  (dimensionless)  shape  function  £  N  (x)  and  let 
the  applied  electric  field  be  £3  (x,/)  where  x  =  ( x.y.z ).  Then  we  can  expand  this  function, 

£3  (x,/)  =  X  £3  So 

n 

£*  (')=  y  f  £3  (x.tH„(x)  dx  (13.2.39) 


The  energy  generated  by  the  force  13.2.38  acting  in  the  3-direction  on  an  element  e  of  the  sur¬ 
face  is. 


-P33 
2  V 
-P33 
2  V 


BE  3 
B( 


(x.t)  w  (x.t) 


I  /  EL «'» 

M..\ 


Bt 

8z 


(x)  T, ,y,  < X ) '  H-.V,  (r)'  d  l  (x) 
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Es - T1  L  A UN  w?e)  0)  (13.2.40) 

1  U.N 

where 

A  (X)  V(Me>  ( x)Tdr  (x).  (13.2.41) 

Thus  the  force  per  unit  volume  at  the  iVth  node  of  element  e  due  to  the  applied  field  £3  is 

Ft)  (')  =  -  eyiE^e)  (r) \NU.  (13.2.42) 


Now  the  global  force  at  the  APth  node  is 

D  ie)H 

£&>  </>-  I  ft  a  Ft,  (t)  (13.2.43) 

A 

These  are  the  forces  that  appear  on  the  right  hand  of  13.2.35. 


13.3  HELMHOLTZ  INTEGRAL  REPRESENTATION  OF  THE  ACOUSTIC  INTERAC¬ 
TION  PRESSURE 


In  (13.2.10)  the  acoustic  interaction  pressure  is  modeled  by  an  equation  that  assumes  the 
radiatihg  source  is  acoustically  a  collection  of  simple  sources.  This  representation  is  adequate 
for  many  cases  where  the  radiation  is  into  half  space,  a  condition  which  allows  a  special  choice 
of  Green’s  function  G.  However,  when  the  fluid  medium  surrounds  the  source  completely  it  is 
more  convenient  to  represent  the  interaction  pressure  by  the  Helmholtz  integral  formulation 
(Chapter  I).  For  simplicity  we  take  the  steady  state  formulation  of  this  integral  for  further  dis¬ 
cussion.  Thus,  in  the  absence  of  volume  distributed  sources,  and  considering  only  the  steady 
state,  1.7.7  becomes: 

p  (x|:0)  -  <£  [Gu  (x3  |xa)  (xa  0)  -  P  (xa  0)  — r~-  (xL  |xa)l  d  S0  (13.3.1) 

on  On 

in  which  G  is  no  longer  a  special  (i.e.  a  half  space  G)  but  is  rather  a  general  acoustic  Green’s 
function  (see  Chapter  III). 


This  formula  states  that  the  pressure  at  any  surface  point  on  the  source  is  due  to  a  collection  of 
existing  simple  sources  (“first  term)  distributed  over  the  surface  plus  a  collection  of  existing 
dipole  sources  (“second  term)  also  distributed  over  the  surface.  Actually  the  force  driving  the 
source-fluid  system  is  the  set  of  external  forces  FE  (see  Eqs.  (13.2.10a).  Thus  the  interface 
pressures  described  by  (13.3.1)  are  reflections  from  one  surface  location  to  another,  of  the 
sound  field  created  by  FE.  The  representation  of  these  pressures  as  originating  from  collec¬ 
tions  of  simple  sources  and  dipole  sources  distributed  over  the  producting  surface  has  the  same 
physical  meaning  as  that  which  appears  in  the  propagation  of  light  by  summation  of  Huygens 
wavelets,  in  which  an  optical  wavefront  is  treated  as  being  generated  from  a  previous  wavefront 
through  summation  of  elementary  (source)  wavelets.  The  Helmholtz  formula  (13.3.1)  is  now 
inserted  into  the  equation  of  vibration  (3.2.1 1),  so  that  the  balance  of  forces  becomes. 


Lw  IF(xi  0)  +  iwp  $  Gw  (x3  Ixot)  HMxm  0)  dS  (x^) 
+  $  p  (xa  )  (xt  I xa  )  dS„  =  Ft 


dn 


(13.3.2) 
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$ 
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13.3  Helmholtz  Integral  by  Finite  Element  Method 


If  the  general  Green's  function  is  used  (meaning  that  dG/dn  ^  0)  this  equation  is  seen  to  cou¬ 
ple  pressure  p  (x^)  and  velocity  B  (x(1).  Since  both  appear  as  unknowns  an  additional  equa¬ 
tion  13.2.1  is  required,  to  obtain  a  solution  for  the  displacement  B.  The  more  complicated 
expression  for  the  pressure  given  by  (13.3.1)  has  also  a  finite  element  representation.  Choos¬ 


ing  shape  functions  i h  to  represent  the  spatial  dependence  of  both  unknowns,  one  has 

p  (xL)  =  (xL)  p<ri  (f)  (13.3.3a) 

W  (xL)  =  (xL)  wt,,>  (r)  (13.3.3b) 

in  which  pl(,)  and  Wi,,)  are  the  pressure  and  velocity  at  the  nodes  of  the  elastic  surface  in  its 
finite  element  representation.  (13.3.1)  can  thus  be  written  in  the  abbreviated  form, 

A  pw  /  =  B  (i)  (13.3.4a) 

where  the  vectors  A,  B  at  point  xt  have  the  matrix  components, 

A,  (xL)  =  tit,  (xL)  +  f  ■!>,  (yL)  -J*?—.  (xjyj  dS  (vx )  (13.3.4b) 

J  o«(yx) 

B )  (xL)  =  -  /cop  <$>!/,  (yL)  Gw  (xL  lyL)  dS  (yL)  (13.3.4c) 

By  choosing  the  number  of  points  xt  and  the  number  of  nodes  j  to  be  the  same  one  can  solve 
(13.3.4a)  in  the  sense  that 

p,f)  (/)  =  A-1  B  wie)  (/)  (13.3.5) 


The  global  form  for  the  bending  of  a  water-loaded  plate  can  then  be  obtained  from  (13.2.34)  by 
replacing  the  last  term  with  (13.3.5)  in  global  form.  This  is. 
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(Note  the  inclusion  of  B,  which  is  required  in  a  "consistent"  formulation  of  the  work  done  by 
the  boundary  pressures  against  the  boundary  motion).  This  is  a  set  of  D  nodal  equations  in  the 
global  displacements  W*.  Since  the  driving  forces  Fare  assumed  known,  and  since  the  number 
of  equations  equals  the  number  of  unknowns  this  equation  can  be  solved  for  H^.  From  known 
W*  the  calculation  of  the  field  pressure  can  be  obtained  by  application  of  13.3.1  through  use  of 
13.3.5  choosing  the  field  point  x  to  be  in  the  medium  rather  than  on  the  surface. 

Eq.  13.3.5  is  modeled  as  one  component  (namely  the  normal  B)  of  the  three  equations 
(U.V.W)  of  13.1.2a.  If  the  full  vector  equation  given  by  13.1.2a  is  to  be  used  then  the  pres¬ 
sure  p  in  the  term  Lupp  must  be  related  only  to  the  normal  velocity  W.  Now  if  the  unit  vector 
n  is  the  normal  to  the  surface,  then 

B  =  u  ■  n  (13.3.7) 

From  (13.2.19)  the  finite  element  representation  of  B  is  *■,,.>  (/)  ) .  If  we  assume  that 

the  shape  functions  for  the  solid  are  given  by  13  2  17  then 

w >•  17  fr  1  (xt )  =  <hU  )1  (xt )  n  (xt )  •  ul(.)  <xt ) 
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or 

we  ( t )  =  j  <o  (Vtl))  [(*l)  4>(e)1  (*i)  (n  (.>q)  ■  u(f>)  ( xL ) ] .  (13.3.8) 

This  form  of  surface  displacement  can  now  be  used  in  the  finite  element  representation  of 
13.1.2  which  contemplates  the  calculation  of  three  components  of  displacement  at  each  nodal 
point  of  the  surface. 


Summary:  The  formulas  derived  an  discussed  in  this  last  section  complete  the  formulation 
of  a  finite  element  representation  of  radiating  surfaces  and  acoustic  solid-fluid  interactions.  The 
continuum  analysis,  upon  which  the  finite  element  representation  is  based  leads  to  either  a  sin¬ 
gle  integral  equation  (13.2.8)  in  displacement,  or  a  set  of  differential  equations  which  couple 
cascaded  power  systems  (13.1.1).  In  all  cases  the  number  of  simultaneous  finite  element  equa¬ 
tions  (3.2.35),  (13.3.6)  are  quite  large  so  that  a  premium  must  be  placed  on  devising  pro¬ 
cedures  and  choosing  surfaces  such  that  the  relevant  matrices  etc.)  are  symmetric, 

banded,  and  non-singular.  Other  finite  element  representations  are  possible.  One  of  these  that 
has  achieved  some  prominence  is  discussed  next. 

13.4  THE  FLUID-SOLID  AS  ONE  (COMPOSITE)  CONTINUUM 

An  alternative  method  in  formulating  the  mathematical  description  of  the  fluid-solid 
interaction  is  to  consider  the  two  power  systems,  structure  and  fluid,  to  act  as  a  single  compo¬ 
site  elastic  system  in  which  the  components  differ  from  each  other  only  in  the  specification  of 
their  material  properties.  When  this  composite  system  is  decomposed  into  finite  elements  the 
fluid  elements  (parallelepipeds,  tetrahedrons,  etc.)  are  assigned  three  components  of  displace¬ 
ment  to  each  node,  plus  their  associated  forces.  The  concept  of  a  finite  fluid  element  is  then 
developed  as  an  isotropic  elastic  substance  which  obeys  the  same  equation  of  motion  (13.2.3)  as 
the  solid  with  one  significant  change,  viz.  in  the  fluid  element  the  shear  modulus  p  is  taken  to 
be  negligibly  small.  Thus  13.2.3  of  fluid  vibration  in  the  absence  of  applied  forces  reduces  to 
the  simple  form, 

C2V2u=u,  C2  =  A/p,  u  =  (m,  v,  w).  (13.4.1) 

By  comparison  with  the  acoustic  wave  equation  it  is  readily  seen  that  the  "Lame  constant  A”  for 
the  fluid  is  pC 2.  With  these  choices  of  the  material  constants  A,  p  one  proceeds  to  construct 
the  mass  and  stiffness  matrices  of  the  solid-fluid  composite  in  the  conventional  way  and  to  for¬ 
mulate  the  finite-element  equations  of  motion  by  methods  of  Chap.  12. 

The  use  of  finite  elements  of  displacements  requires  special  attention  to  the  fluid-solid 
interface  with  respect  to  conditions  at  the  nodes.  Two  options  are  available:  in  the  first  the 
nodes  of  the  fluid  element  are  identical  with  those  of  the  solid  element,  as  if  welded  together, 
making  both  normal  and  tangential  motions  the  same  across  the  interface.  In  the  second  the 
solid  and  fluid  finite  elements  have  different  nodal  structures.  In  this  case  one  sets  the  (inter¬ 
nal)  requirement  that  normal  components  of  motion  are  equal  across  the  interface,  but  the 
tangential  motions  are  independent  (i.e.  there  is  fluid  slippage).  Comparison  calculations  have 
been  made  between  these  two  options (51.  They  show  that  a  model  based  on  "welded"  nodes 
differs  little  from  a  model  based  on  tangential  slippage  of  the  fluid  on  the  solid 

The  fluid-solid  composite  model  raises  a  diff’-ulty  peculiar  to  itself,  namely  the  necessity 
of  terminating  the  composite  by  an  imaginary  boundary  to  limit  the  number  of  fluid  elements 
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that  must  be  constructed.  On  this  boundary  one  is  then  required  to  find  the  distribution  of 
pressure  and  velocity  which  can  be  used  subsequently  to  calculate  the  radiation  anywhere  in  the 
medium  beyond  by  use  of  the  Helmholtz  integral  equation.  Termination  of  the  composite  is 
discussed  next. 

13.4a  Termination  of  the  Solid-Fluid  Composite 

The  problem  of  effectively  terminating  the  solid-fluid  composite  in  space  is  both  geometri¬ 
cal  and  acoustical.  The  geometric  problem  is  this:  no  matter  what  the  shape  of  the  sound 
source,  it  is  required  to  choose  a  composite  shape  of  source  plus  fluid  medium  such  that  its  ter¬ 
minating  surface  permits  calculation  of  radiation  in  a  convenient  way.  The  usual  choices  of 
composite  shapes  are  rectangular  parallelepipeds,  cylinders,  or  spheres.  The  acoustic  problem  is 
twofold:  first,  the  relation  between  pressure  and  velocity  on  the  terminating  surface  must  be 
such  that  the  surface  coordinates  allow  analytically  simple  relation  to  be  established  between 
them.  A  simple  way  of  doing  this  is  to  arbitrarily  fix  the  specific  acoustic  impedance  of  the  ter¬ 
minating  surface  so  that  pressure  and  particle  velocity  are  related  by  the  specific  acoustic 
impedance  z,  p  =  z  W,  or  alternately,  to  expand  both  pressure  and  velocity  in  orthogonal  func¬ 
tions  (say  spherical  wave  functions)  and  relate  them  by  acoustic  formulas.  A  second  acoustic 
problem  is  the  proper  selection  of  the  size  of  finite  element  of  fluid  between  the  solid-fluid 
interface  and  the  terminating  boundary  to  avoid  element  resonance.  These  problems  will  now 
be  taken  up. 

A  simple  procedure  for  establishing  a  convenient  relation  between  pressure  and  velocity 
on  the  terminating  surface  is  to  place  this  surface  at  such  a  distance  that  one  can  assume  a 
purely  dissipative  boundary  on  which  the  specific  acoustic  impedance  is  pc.  Here  there  is  only 
one  component  of  velocity,  namely  normal  to  the  terminating  surface,  corresponding  to  which 
the  associated  acoustic  pressure  is  p  c  W.  Thus  upon  solving  for  the  pressure  distribution 
throughout  the  interior  of  the  fluid-solid  composite  one  is  simultaneously  required  to  satisfy  the 
boundary  condition  of  a  fixed  impedance.  Beyond  the  (imaginary)  boundary  the  condition  of 
dissipative  impedance  holds.  The  distance  of  the  imaginary  boundary  where  pc  begins  from  the 
solid-fluid  interface  is  estimated  at  1  to  \'h  wavelengths  of  the  radiating  frequency. 

An  alternative  procedure  for  terminating  a  solid-fluid  interface  is  to  surround  the  vibrating 
solid  with  an  imaginary  sphere  of  fluid  just  large  enough  to  envelope  the  solid.  Solution  of  the 
wave  equation  in  the  solid-fluid  composite  then  leads  to  a  list  of  pressures  and  particle  veloci¬ 
ties  at  the  nodal  points  of  the  imaginary  spherical  boundary  surface.  Next  one  chooses  a  finite 
set  of  (orthogonal)  spherical  wavefunctions  which  interpolate  between  these  nodal  values 
transforming  the  pressure  and  velocity  of  the  imaginary  surface  into  continuous  functions,  at 
the  price  of  a  known  error  because  of  the  finite  number  of  the  interpolation  set.  Following  this 
transformation  the  radiation  of  the  sound  from  the  imaginary  boundary  to  any  field  point  is  cal¬ 
culated  by  use  of  the  Helmholtz  integral  formula  13.3.1  using  a  continuum  representation  in 
spherical  wave  functions. 

The  third  problem  of  choosing  element  size  is  that  of  avoiding  resonance  effects  in  the 
composite  volume.  It  is  solvable  if  the  shape  of  the  finite  element  of  fluid  and  its  size  relative 
to  the  radiating  wave-length  is  known.  Here  one  applies  the  classical  theory  of  resonance  vibra¬ 
tion  of  solids  to  serve  as  a  guide  in  the  selection  of  size. 
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Experience  has  shown  that  the  numerical  problems  posed  in  this  section  can  be  solved 
satisfactorily  by  use  of  sufficiently  large  computers.  Thus  in  most  cases  the  steady  state  radia¬ 
tion  of  a  vibrating  surface  in  the  low  frequency  range  can  be  calculated.  There  remains  yet  to 
make  brief  mention  of  unsteady,  i.e.  transient,  radiation. 

13.5  TRANSIENT  RADIATION  FROM  A  VIBRATING  FLUID-SOLID  INTERFACE 

The  solution  of  13.2.35  yields  a  finite  set  of  global  nodal  displacements  H-A  over  the  radi¬ 
ating  surface.  The  field  of  normal  displacement  is  effectively  digitized  by  the  finite  element 
technique.  This  digitization  is  in  the  steady  state  so  that  one  writes  1TA  =  W  A(a>). 

Similarly  the  global  nodal  pressures  Px(co)  are  also  found  by  solution  of  13.3.35.  With 
IFA  and  Px  known  on  the  surface  of  the  radiator  one  can  use  several  techniques  to  find  the 
corresponding  transient  radiation.  The  simplest  of  these,  at  least  in  a  conceptual  sense,  is  the 
inverse  Fourier  transform.  The  transient  displacement  at  each  surface  node,  and  the  transient 
pressure,  are  given  by  the  vector  formulas, 

Wit)  =  f  Wico)e'wl  ~  (13.4.2) 

J-oo  27 T 

/>(/)=  f°°  P(io)e'u‘l  (13.4.3) 
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in  which 

W(<a)  =  (  IT1.  W\  ...  W*  ...  Wl>) 

Pico)  =  (/»'.  P2,  ...  PA  ...  P°). 

These  integrals  can  be  numerically  evaluated  by  use  of  the  computer  programs  based  on  the 
Fast  Fourier  Transform.  The  transient  radiation  due  to  these  surface  conditions  is  similarly 
found  by  first  calculating  the  field  pressure  from  13.3.1,  transforming  it  in  the  same  manner  as 
with  surface  pressures. 

13.6  EXAMPLES  OF  CALCULATION  OF  RADIATON  BY  FINITE  ELEMENTS 

The  method  of  calculations  radiating  fields,  radiation  loading  and  source  transducer  per¬ 
formance  by  use  of  finite  elements,  has  been  carried  out  by  several  authors.  A  brief  bibliogra¬ 
phy  is  found  at  the  conclusion  of  this  chapter.  We  note  in  particular  the  work  of  Smith  et  al 
[6].  Using  equations  analogous  to  13.2.35,  13.2.36  thru  13.2.42,  these  authors  applied  the 
method  to  piezoceramic  sources  of  spherical  and  (finite)  cylindiical  shape.  Figure  13.6.1  shows 
the  finite  element  model  of  a  piezoceramic  sphere  made  of  radially-poled  leadzerconate-lead 
titanate  ceramic.  Here  the  sphere  is  sliced  through  the  center  to  give  a  short  axisymmetric 
cylinder  (along  the  y-axis),  on  which  each  finite  element  is  modeled  as  a  curvilinearr  prism  of 
triangular  cross-section  and  short  length  Each  element  has  6  nodes  and  each  node  three 
degrees  of  freedom  (r,  z  displacement,  and  electric  potential).  The  dynamic  resonance  of  the 
entire  sphere  is  accounted  for  by  judicious  use  of  spherical  symmetries.  Under  the  forces 
created  by  the  driving  radial  elastic  field  the  radial  displacement  was  calculated  with  use  of 
equations  analogous  to  13.2.35.  Then  the  electric  current  was  found  from  13.2.36b.  From  the 
applied  voltage  and  calculated  current  one  then  predicted  the  electrical  impedance.  A  compari¬ 
son  of  predicted  and  measured  in-water  electrical  impedance  is  shown  in  Fig.  13  6.2 
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Fig.  13.6.1.  Cross  section  of  a  hollow  piezoelectric  sphere 
showing  finite  element  idealization  (six-node  triangles). 
(After  [6!  I 


Fig  1 3  6  2  In  water  complex  impedance  plot  of 
piezoelectric  sphere  Solid  line  is  experimental,  dashed 
line  is  model  not  including  material  losses,  and  circles 
are  from  model  which  includes  material  losses  via  com¬ 
plex  material  parameters  Upper  curves  are  Re(z), 
lower  are  lm<zl  *  After  (6]  I 
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A  second  example  calculated  by  [5 1  was  that  of  a  free-flooded  piezoceramic  cylinder  5.00 
inches  high,  1  5  25"  in  diameter  and  1.15  inches  thick,  made  up  of  material  similar  to  ceramic  B. 
It  consisted  of  32  staves  tangentially  poled  in  alternating  directions,  with  the  area  between 
staves  being  silvered  The  finite  element  is  modeled  as  a  "curved-face  cube"  (=  isoparametric 
hexahedron)  with  eight  nodes,  each  node  having  four  degrees  of  freedom  (displacement  in  a,  f, 
:  and  electric  potential)  Figure  13.6.3  shows  the  radiating  source.  Upon  being  driven  by  a 
force  due  to  the  applied  electrical  potential  the  acoustic  pressure  field  was  determined  by  use  of 
methods  analogous  to  those  of  Sec  13.3  at  a  point  one  meter  from  the  cylinder  on  the  plane  of 
axial  symmetry  This  is  the  predicted  transmitting  voltage  response.  A  comparison  of  meas¬ 
ured  and  predicted  response  is  shown  in  Fig.  13.6.4.  In  this  figure  the  "fine  model"  had  twice  as 
many  finite  elements  per  unit  volume  as  the  "coarse  model”.  In  addition,  using  the  far-field 
representation  of  the  free-field  Green’s  function  (see  Chap.  I,  of  the  treatise)  and  again  apply¬ 
ing  the  methods  of  Sec  13  3,  one  obtains  a  directivity  pattern  of  radiated  sound.  Figure  13.6.5 
shows  the  vertical  beam  pattern  of  the  free-flooded  cylinder  obtained  by  [ 5 )  using  these  finite 
element  techniques 
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Fig.  13.6.5.  Vertical  beam  pattern  of  free-flooded 
cylinder  at  3000  Hz  (primarily  breathing  and  7000  Hz 
(primarily  bending).  Solid  lines  are  experimental,  and 
dashed  line  and  circles  are  from  fine  model  Scale  is  in 
decibels  re  1  >iPa/V  @  1  m.  (After  (61). 


The  examples  described  above  show  good  agreement  between  prediction  and  experiment. 
However,  in  application  of  the  method  of  finite  elements  there  are  two  sources  of  error:  one  is 
the  finite  element  idealization  of  the  geometry  of  the  radiating  surface  and  the  second  is  the 
assumed  interpolation  (—  shape)  function  for  the  acoustic  pressure  on  the  surface.  A  good 
measure  of  the  error  associated  with  these  approximations  is  the  magnitude  of  the  off-diagonal 
matrix  elements  of  the  surface  mass  matrix.  These  elements  vanish  as  the  number  of  nodal 
points  goes  to  infinity  and  the  surface  area  of  the  finite  element  model  facing  the  medium  tends 
to  zero  Other  sources  of  error  are  the  inaccuracy  of  pizoceramic  material  parameters  (particu¬ 
larly  the  loss  factors  near  resonance)  and  errors  in  measurement  on  physical  models. 
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CONCLUSIONS 

The  finite  element  technique  for  calculating  both  the  surface  deformation  and  the  fluid 
interaction  has  been  outlined  in  this  chapter.  This  technique  leads  to  a  large  number  of  simul¬ 
taneous  differential  equations  which  are  convertible  to  an  equal  number  of  algebraic  equations 
by  assignment  of  finite  element  shape  functions  and  subsequent  calculation  of  mass,  stiffness 
and  interaction  matrices.  The  analysis  thus  directly  leads  to  implementation  of  these  solutions 
on  large  digital  computers. 


CHAPTER  XIV 

FINITE  AMPLITUDE  RADIATION 
BY  USE  OF  PARAMETRIC  ARRAYS 


14.1  INTRODUCTION 

The  acoustic  parametric  transmitting  array  of  active  radiating  sources  transforms  acoustic 
radiation  at  high  frequency  from  a  real  plane  or  curved  vibrating  surface  into  equivalent  end- 
fire  radiation  at  low  frequency  from  a  fictitious  end-fire  array  of  virtual  sources  in  the  medium. 
This  transformation  is  achieved  by  causing  the  actual  radiating  surface  to  radiate  two  spatially 
overlapping  beams  called  primaries,  one  at  frequency  /|,  and  the  second  at  frequency  f2  (or 
one  at  a  narrow  band  of  frequencies  centered  on  f\  and  the  second  at  a  narrow  band  of  fre¬ 
quencies  centered  on  /2),  at  sufficiently  high  radiation  intensity  to  force  the  medium  to  react 
elastically  in  a  nonlinear  way  to  the  applied  acoustic  pressures.  As  a  result  of  nonlinear  mixing 
there  appears  in  the  region  of  overlap  in  the  medium  (called  the  zone  of  interaction)  a  new 
family  of  frequencies  called  intermodulation  frequencies:  the  sum  frequency  /,  +  /2,  the 

difference  frequency  /(  —  /2,  and  harmonics  nf{  nf2  n  —  2,3 _  Since  the  zone  of  interaction 

is  usually  long  relative  to  the  wavelengths  of  the  intermodulation  frequencies,  the  radiation 
generated  by  it  is  highly  directional,  even  at  the  difference  frequency,  in  spite  of  the  fact  that 
its  wavelength  may  be  quite  large  relative  to  the  wavelength  of  the  primaries  that  generated  it. 
In  application,  the  primaries  and  higher  frequency  intermodulations  are  absorbed  in  the 
medium  long  before  the  differency  frequency  component,  leaving  the  latter  the  only  survivor  at 
great  distances.  In  this  way  low  frequency  radiation  is  created  directly  from  high  frequency 
sound  sources.  When  properly  designed  the  radiation  pattern  of  this  low  frequency  sound  exhi¬ 
bits  no  side  lobes.  This  condition  is  caused  by  the  exponential  absorption  of  the  primaries  in 
the  medium  as  they  travel  outward  along  the  zone  of  inter-action  creating  a  virtual  end-fire 
array  with  an  exponentially  decreasing  amplitude  shading,  correctly  phased  for  constructive 
summation.  The  narrow  beamwidth  of  this  secondary  wave  field  pattern  is  available  not  only  at 
the  single  difference  frequency  of  creation  but  is  also  available  over  a  broadband  of  frequencies 
because,  while  the  primaries  may  be  generated  by  narrow  band  transducers  with  passband  fre¬ 
quencies  f\  ±  A/,,  and  f2  ±  A/,  corresponding  to  a  mechanical  £>=(/)  +  /2)/4A/,,  the 
secondary  has  a  pass  band  -  f2  ±  A/j,  corresponding  to  a  mechanical  Q  of  (f]  -  f2)/2&f\. 
The  ratio  of  secondary  Q  to  primary  Q  is  therefore  approximately  2(/i  -  f2)/(f\  +  /2),  which 
can  be  made  quite  small.  This  broadband  feature  together  with  narrow  beam  radiation  are  very 
advantageous  in  applications  that  demand  these  requirements  to  be  available  at  low  frequencies. 
However,  the  advantage  is  offset  by  the  very  low  acoustic  radiation  efficiency  which  accom¬ 
panies  the  conversion  of  the  energies  of  the  primaries  into  the  energy  in  the  secondary.  This 
efficiency  is  generally  less  than  one  percent,  although  special  designs  have  achieved  efficiencies 
of  some  six  percent.  There  is  evidence  that  potentially  higher  efficiencies  are  possible. 
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14.1a  ZONE  OF  INTERACTION  IN  VARIOUS  MODELS 

Analysis  of  parametric  acoustic  radiators  has  not  to  date  yielded  a  unique  model. 
Different  experimental  conditions  lead  to  different  models.  The  basic  assumption  in  construct¬ 
ing  a  model  is  the  location  and  extent  of  the  zone  of  interaction.  In  the  first  (and  best  under¬ 
stood)  Westervelt  model  [1]  the  zone  of  interaction  is  generated  by  two  very  narrow  collinear 
pencil  beams  of  relatively  weak  signals  so  that  the  vertical  end-fire  array  in  the  medium  is  lim¬ 
ited  by  absorption  to  the  near  field.  This  model  does  not  apply  to  the  sonar  case  where  the 
acoustic  radiation  of  the  primaries  is  strong  and  the  zone  of  interaction  extends  into  the  far 
field.  A  second  model  is  that  of  Mellen  and  Moffett  (2)  in  which  the  zone  of  interaction  is 
again  the  nearfield,  this  time  generated  by  strong  primaries  but  limited  to  the  Rayleigh  distance 
R0  by  acoustic  saturation  of  the  medium.  (See  Sect.  1.13  of  this  treatise  for  a  discussion  on 
R0 ).  A  third  model  is  that  in  which  the  zone  of  interaction  occurs  in  the  farfield,  limited  by  a 
combination  of  absorption  saturation  and  wavefront  divergence  (i.e.  amplitude  fall-off  due  to 
expansion  of  spherical  or  cylindrical  waves).  This  model  has  been  analyzed  by  both  Mellen  and 
Moffett  [2]  and  Berktay  and  Leahy  [3],  A  detailed  presentation  of  these  models  is  made  below. 
The  problem  of  the  extent  of  the  zone  of  interaction  has  been  studied  experimentally.  An 
experiment  designed  by  Hobaek  [4]  to  measure  the  zone  of  interaction  by  plotting  the  axial 
pressure  \p\  versus  range  r  at  the  difference  frequency  of  1  MHz,  the  primaries  being  at  16.6 
and  17.6  MHz,  and  the  beam  radius  being  a  —  6.8  mm,  shows  the  trend  sketched  in  Fig.  14.1.1 
(radiated  acoustic  pressure  in  arbitrary  units).  The  Fresnel  distance  was  r  —  27  cm,  and  the 

attenuation  of  primaries  was  “i  ~  "jy  cm-1.  This  experiment  demonstrated  that  the  zone  of 

interation  extends  throughout  the  Fresnel  zone  into  the  farfield.  The  generated  pressure 
reaches  a  maximum  at  distance  A  then  decreases  with  distance.  The  location  of  D  from  the 
radiating  face  varies  with  aperture  size  and  beam  intensity.  The  theoretical  value  of  D  for  the 
case  where  the  primaries  are  infinite  plane  waves  is  given  by  Naugol’nykh  et  al  [5a]  and 
Lauvstad  et  al  [5b]  to  be 

i  a,  +  Oj 

D - —  In  — 1 - - 

«r  [  «- 

in  which  at],  a2,  «-  are  the  absorption  coefficients  of  primaries  1,  2  and  of  the  difference  field 
respectively,  and  ar  -  ai  +  a2  -  a_ .  For  the  conditions  of  Hobaek’s  experiment  measured  D 
was  2  to  8  cm;  the  theoretical  D  is  45  cm.  This  discrepancy  is  attributed  to  finiteness  of  the 
actual  beam,  and  to  its  divergence  (nonplanarity). 


14.1b  PARAMETERS  NEEDED  FOR  CALCULATING  PARAMETRIC  ACOUSTIC 
ARRAYS 

In  all  models  of  parametric  radiation  several  parameters  peculiar  to  the  acoustic  nonlinear 
effect  appear  embedded  in  the  formulas.  Assignment  of  numerical  values  to  these  parameters 
will  be  required  to  permit  prediction  of  performance.  These  parameters  are: 
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Fig.  14.1.1.  Axial  pressure  versus  range  of  a  parametric  source  (ka  =  27.5)  at  a  difference 
frequency  of  1  MHz  after  14], 


(DP,  the  parameter  of  nonlinearity 

P  is  a  non-dimensional  positive  number  whose  magnitude  is  a  measure  of  the  elastic  non¬ 
linearity  of  the  medium.  It  is  specified  in  terms  of  two  other  parameters  A,  B  defined  by  the 
constitutive  relation  between  acoustic  pressure  increment  Ap  and  acoustic  density  increment  A p 
at  constant  entropy: 

Ap  -  A  (Ap/p0)  +  —  ^-j  +  ... 

2  P  o  ) 

A-p0CZ-B-Pn^\  (14.1.1) 

(  OP  Js.  p-p0 

in  which  C0  is  the  (linear)  reference,  or  equilibrium,  speed  of  sound  in  the  medium;  C  the 
instantaneous  speed  of  sound  during  passage  of  the  acoustic  wave,  and  Po  is  the  equilibrium 
mass  density  of  the  medium.  Values  of  A.  B  for  a  variety  of  liquids  and  solids  are  tabulated  in 
various  sources  of  materials  data.  A  convenient  reference  is  Beyer  (6).  In  that  reference  it  is 
noted  that  the  ratio  B/ A  lies  between  2  and  10  for  most  fluids  and  solids,  and  is  less  than  unity 
for  gases.  Sea  water  at  20°C  and  35  parts  per  thousand  salinity  has  B/ A  —  5.25,  a  value  which 
increases  with  temperature.  The  nonlinear  parameter  P  appears  in  all  models  in  the  form, 
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0-1  +  -JJ.  (14.1.2) 

Since  the  secondary  (or  difference)  pressure  is  proportional  to  /3  one  can  increase  the  nonlinear 
conversion  from  primaries  to  secondary  by  preferring  materials  with  larger  values  of  0 .  For  the 
standard  sea  water  0  =  3.6. 


Occasionally  the  equation  of  state  for  fluids  is  written  in  the  form, 


P  - 


(14.1.3) 


The  exponent  n  is  tabulated  in  various  handbooks  under  the  symbol  y,  the  ratio  of  specific 
heats  (C,JCy).  However  in  this  application  y  —  1  +  B/ A,  hence  n  —  y  —  20  -  1. 


When  the  value  of  B/  A  is  not  listed  it  is  convenient  to  estimate  it  by  an  empirical  formula 
(Ballou’s  formula). 


B_  _  1.2  x  IQ4 
A  ~  C0 


(14.1.4) 


in  which  C0  is  the  equilibrium  speed  of  sound  (meters  per  second)  in  the  material. 


(2)  a,  the  parameter  of  absorption 


a  is  the  absorption  coefficient  of  the  medium  for  acoustic  waves.  If  the  absorption  is  due 
to  viscosity  and  heat  conduction  the  acoustic  intensity  decreases  with  distance  x  in  accordance 
with  the  law  e~lax  where  a  depends  on  frequency  /and  parameter  a: 


-  2n2(2a)\2a 


PoCq 


4  ,  ,  , 

j _ i_ 

yn+C+K 

c  c 

(14.1.5) 


in  which  v  is  the  shear  viscosity,  (  is  the  dilatational  viscosity,  and  *c  is  the  thermal  conductivity 
coefficient  (7],  If  the  absorption  is  due  to  relaxation,  the  passage  of  sound  transfers  energy 
from  the  translational  motion  of  the  disturbed  particles  into  rotational  and  oscillational  motion, 
thereby  reducing  the  acoustic  pressure  (which  measures  translational  motion  only).  The  relaxa¬ 
tion  absorption  coefficient  is  given  by 


aR 


Cl  -  Cp2  qA 
2  C2  1+wV 


(14.1.6) 


in  which  r  is  the  relaxation  time,  C„  is  the  sound  velocity  for  u>t»  1,  and  C0  the  sound  velo¬ 
city  for  low  frequencies.  Each  medium  has  a  speed  C*  and  a  time  r,  but  relatively  few  have 
been  tabulated  (8].  Absorption  in  a  monochromatic  (single  frequency)  wave  reduces  the  wave 
amplitude  but  does  not  change  its  shape.  However  waves  having  arbitrary  time  signatures,  and 
therefore  possessing  many  frequencies,  are  distorted  in  shape  by  absorption,  which  is  frequency 
dependent  (i.e.  dispersive).  An  initial  rectangular  pulse  undergoing  absorption  assumes  the 
shape  of  a  Gaussian  normal  distribution  curve  with  distance  x,  exhibiting  a  width  (ox)l/2  where 
a  is  defined  above. 
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The  absorption  of  sound  in  sea  water  is  particularly  important  in  applications  of  nonlinear 
technology  to  the  ocean.  Liebermann  [9]  combines  the  effects  of  viscosity  and  relaxation  and 
derives  the  frequency  dependent  absorption  formula  in  terms  of  two  constants  a, b, 

fTf 2 

<*  -  a  — 2  +  bf  (14.1.7) 

Jt  ■*"  J 


in  which  fT  is  the  relaxation  frequency.  Shulkin  and  Marsh  [10]  have  used  this  formula  and 
made  a  curve  fit  of  ocean  absorption  measurements  in  the  frequency  range  2-25  kHz.  They 
find  that 


a 


db  ” 


fr  ” 


1.86  x  10  2SfTf2  2.68  x  10" 2f2 
fi l  +  f2  fr 

_  1520 

(21.9  x  106)  10  T  +  m 


(14.1.8) 

(14.1.9) 


in  which  S  is  the  salinity  expressed  in  parts  per  thousand  (35  ppt  is  the  nominal  standard 
ocean),  fT  and  /  are  expressed  in  kiloherz,  adb  is  in  units  of  db  per  kiloyard  and  T  is  the  tem¬ 
perature  of  the  ocean  in  degrees  centigrade.  In  design  calculations  it  is  often  convenient  to 
express  a  in  nepers  per  meter, 

a  —  1.0936  x  10_4adb  (nepers/ meter)  (14.1.10) 

For  frequencies  outside  the  range  of  curve  fit  one  can  make  an  extrapolation  using  the  available 
formulas,  or  can  resort  to  experimental  data.  At  very  low  frequencies  the  measured  attenuation 
in  the  ocean  is  greater  than  that  given  by  the  formulas,  a  phenomenon  for  which  an  adequate 
theory  is  not  currently  available  although  it  is  believed  to  be  due  to  absorption  relaxation  of 
boron.  In  this  case  one  makes  use  of  tabulated  experimental  data  [111. 

As  an  example,  the  calculation  of  a  for  sea  water  at  T  =  5°C  and  /  =  100  kHz  leads  to 
the  result  that  the  relaxation  frequency  is  74.6  kHz,  and  a  is  32  dB/kiloyard  or  3.4  x  1(T3 
nepers/ meter. 

The  absorption  coefficient  for  fresh  water  is  variously  quoted:  Berktay  [12]  writes 
a  —  3.8  x  10- 'V2  (/:herz,  a  :nepers/meter)  (14.1.11) 

while  Shooter  et  al  [13]  estimate  it  to  be, 

a  —  2.38  x  10-14/2  (/:herz,  a  :nepers/meter)  (14.1.12) 

It  is  evident  that  most  values  of  the  absorption  coefficient  obtained  from  formulas  are 
only  approximate.  When  accurate  values  are  needed  the  only  resort  is  experiment.  However 
the  above  formulas  can  be  used  as  guides  in  making  estimates. 

(3)  R0,  nearfield-fa rfield  separation  distance 

When  the  surface  of  a  plane  radiator  is  approached  from  infinity  the  intensity  of  the  radia¬ 
tion  field  rises  monotonically  as  R~ 2  until  it  reaches  the  nearfield-farfield  separation  distance 
R0 ,  after  which,  upon  nearer  approach,  the  intensity  falls  first  to  a  zero,  then  rises  again  in  a 
succession  of  closer  and  closer  spaced  maxima  and  minima.  The  location  of  Rq  depends  on  the 
shape  and  physical  size  of  the  radiator,  the  wavelength  X  of  the  radiation  and  the  baffle  condi- 
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tions  at  the  boundaries  of  the  moving  surface.  Since  the  latter  are  difficult  to  apply  it  is  con¬ 
venient  to  idealize  the  baffle  to  be  plane,  rigid,  and  of  infinite  extent.  The  distance  R0  is  then 
nominally  taken  to  be  SA/k ,  where  SA  is  the  area  of  the  radiator,  and  is  called  the  "  Rayleigh 
distance."  More  precise  expressions  for  R0  can  be  theoretically  derived  from  available  formulas 
for  the  radiation  fields  of  differently  shaped  radiators.  A  few  of  the  most  important  ones  are 
listed  here: 


Type  of  radiator 

(1)  long  strip,  width  d,  length  />  >A 

(2)  circular  piston,  radius  a 

(3)  square  piston,  side  2b 

(4)  square  piston,  side  2b  [14] 

(5)  circular  piston  radius  a  [IS] 

(6)  circular  piston,  diameter  D  [16] 


Nearfield-farfield  separation  distance 

4\  4 

A.  4 

(3)  b2/k 

(4)  1.5  b2/k 


(5)  A 


!/x 


X  —  <  R  n  < 


7 TP1 

4 k 


x  A 
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The  variety  of  expressions  for  R0  illustrates  the  difficulty  of  accurate  determination  of  this 
parameter,  both  in  definition  and  magnitude.  Zemanek  [17]  chooses  R0  as  the  range  distance 
at  which  the  farfield  half  power  beamwidth  is  actually  realized,  a  definition  incorporated  by 
Zemanek  and  Muir  into  entry  5  above  using  experimental  data.  Some  authors  use  the  Fresnel 

SA 

distance  (approximately  — )  as  a  more  appropriate  R0  (see  entry  2  above).  Others  appeal  to 

4k 

experiment,  as  in  entry  6.  Ultimately  all  choices  of  R o  are  approximate,  but  close  estimates  can 
be  made  in  particular  circumstances. 


(4)  C0,  the  speed  of  sound 


C0  is  the  speed  of  sound  in  the  medium  under  conditions  of  thermodynamic  equilibrium, 
at  frequencies  considerably  lower  than  the  relaxation  frequency  (i.e.  reciprocal  of  relaxation 
time).  It  is  independent  of  amplitude,  thus  differing  from  the  sound  speed  C  of  a  finite  ampli¬ 
tude  sound  wave  which  is  a  function  of  amplitude.  C0  is  related  to  the  adiabatic  bulk  modulus 
k  of  the  medium  by  the  formula. 
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2  _ 
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(14.1.13) 


Tabulation  of  equilibrium  sound  speed  (or  adiabatic  bulk  modulus)  of  various  fluids  are  found 
in  treatises  [18],  and  handbooks  on  thermodynamic  properties  of  materials. 

Summary:  Numerical  values  of  the  parameters  /3,  a,  R0  and  C0  that  appear  in  all  models  of 
parametric  sound  sources  are  uncertain  to  within  limited  bounds.  /3  and  a  are  functions  of  the 
thermoviscous  properties  of  the  medium,  R0  is  dependent  on  the  baffle  conditions  of  the 
radiation  model,  and  C0  is  a  function  of  the  pressure  and  temperature  at  the  point  of  measure¬ 
ment.  Thus  the  performance  of  parametric  transmitters  predicted  by  various  models  can  be 
estimated  to  within  the  knowledge  of  the  parameters  which  can  be  good  or  poor  according  to 
circumstance. 
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In  this  model  the  zone  of  interaction  created  by  the  superposition  of  two  exactly  col¬ 
limated  beams  has  a  cross-section  that  is  very  small  compared  to  the  wavelength  at  the 
difference  frequency,  and  is  limited  in  range  to  the  nearfield  of  the  radiator  by  absorption.  The 

assumed  form  of  the  primaries  is  then  P\  2-  P\  2  exp  [-  (a ,  2  +  jk\  2)x),  where  k  — 

C0 

For  given  acoustic  powers  W W2  radiated  by  area  S  of  the  primaries  the  difference  (acoustic) 
pressure  p_  radiated  by  the  equivalent  endfire  array  into  the  farfield  is  an  axisymmetric  direc¬ 
tional  spherical  wave,  amplitude  Aw(a,R)  and  directionality  DR{9 ), 

-jk_R 

P-(R,9)  -  A»{a.R)£~j—  Dr(9) 


Aw(a  ,R) 


Dr(9 )- 


<oj  e  ° 

lit  Cl  aT 


1  +  j 
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sm2— 

a  T 
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(14.2.1) 


H'l.z-  •S(P,.2)i/2PoC0 


ar”a|  +  a2  —  a_ 

Here  the  subscripts  1,  2  indicate  primaries,  and  the  subscript  minus  sign  indicates  properties  at 
the  difference  frequency.  It  is  convenient  to  group  the  quantities  in  the  following  way. 


(a)  magnitude  of  secondary  pressure. 

Ip-  (R.9) | 


Aw(a,R) 

R 


(14.2.2a) 


(b)  directivity  (in  cylindrical  coordinates) , 

Id*  (0)1 - — — 

a  f  +  4 Rl  sin4 


(14.2.2b) 


(c)  3db  beamwidth  at  the  half-power  points  of  the  directivity  pattern. 


(14.2.2c) 


Experiments  by  Hobaek  [4]  have  shown  that  when  the  primary  beams  have  a  finite  area  (radius 
a)  the  directivity  is  even  higher.  Naze  and  Tjotta  (191  have  derived  the  formula  for  directivity 
for  this  case  to  be, 


|Z>(0)| 


Id*  <0)1 


2/t  ( ka  sin0) 
ka  sin  0 


(14.2.3) 
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which  predicts  a  directivity  closer  to  actual  measurement.  The  generated  pressure  amplitude 
measured  by  [19]  is  lower  than  predicted  by  the  Westervelt  model,  probably  because  of  experi¬ 
mental  disturbance  of  the  Fresnel  zone. 

The  Westervelt  model  is  limited  in  applications  to  conditions  where  the  zone  of  interac¬ 
tion  is  in  the  nearfield  and  the  length  of  the  equivalent  endfire  array  is  determined  by  absorp¬ 
tion  of  the  primaries.  The  primaries  themselves  are  very  narrow  beams  and  are  relatively  weak. 

II.  The  Mellen  and  Moffett  Model 


Mellen  and  Moffett  [2]  have  modified  the  Westervelt  model,  replacing  nearfield  absorp¬ 
tion  by  nearfield  saturation  as  the  limiting  agency  which  determines  the  length  of  the  equivalent 
endfire  array.  The  primaries,  centered  at  wavenumber  k0 ,  are  assumed  collimated  out  to  the 
Rayleigh  distance  R0 ,  but  the  secondary  (or  difference  frequency)  wave  is  collimated  only  to  a 
shorter  distance  Ri“  R0(k-/k0)  where  )c_  is  the  wavenumber  at  the  difference  frequency. 
Within  /?!  the  growth  of  the  secondary  wave  is  linear  with  distance,  the  secondary  level  is  pro¬ 
portional  to  {kj k-)2  and  is  scaled  by  the  parameter  e  °.  Beyond  R1(  and  generally  less 
than  R0,  the  growth  continues  as  the  logarithm  of  the  distance  until  saturation  causes  the 
theoretical  growth  to  cease  at  the  saturation  distance  LsaT  (see  14.2.9  below  and  Sect.  14.3b  for 
a  discussion  of  saturation).  The  effective  length  of  the  equivalent  endfire  array  is  approxi¬ 
mately  7T  LS/(T.  The  growth  of  the  secondary  level  versus  distance  has  been  determined  experi¬ 
mentally  for  primaries  centered  at  720  kHz,  secondary  at  50  kHz,  with  primary  source  level  as 
parameter.  The  experimental  curves  are  shown  in  Fig.  14.2.1.  It  is  noted  that,  as  the  primary 
level  increases,  the  effective  length  of  the  equivalent  endfire  array  decreases,  the  variation 
being  proportional  to  (input  level)-1.  The  directivity  of  shorter  arrays  is  less,  varying  as  (input 
level)" 1/2,  and  proportional  to  kjk-.  The  result  is  a  broadening  of  the  beam  as  the  input  level 
rises,  but  a  narrowing  of  the  beam  as  the  difference  frequency  increases  (for  fixed  primary 
level). 
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A  second  modification  by  Mellen  and  Moffett  of  the  Westervelt  Model  consisted  in 
extending  the  zone  of  interaction  to  the  farfield.  They  identified  a  distance  R 2(—  R0k(Jk-) 
beyond  which  both  primary  and  secondary  waves  diverge  and  the  secondary  level  increases  as 
the  logarithm  of  the  distance,  and  is  proportional  to  kjk^.  Growth  continues  in  the  farfield 
until  terminated  by  absorption,  saturation,  divergence,  etc.  The  scaling  parameter  for  this 
farfield  model  is  2 a_R2 

As  a  useful  aid  in  application  Mellen  and  Moffett  prepared  a  general  mathematical  model 
based  on  appropriate  modification  of  the  Westervelt  model.  In  the  Westervelt  modle  the 
difference  pressure  can  be  written  in  the  form 


Rp-  (R,6) 


klP[P'2fi 

2p0C02 


—  (a  _  +jk  _  )  R 
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sin  — 


(14.2.4) 


in  which  the  entity  in  brackets  was  originally  derived  (see  Chap.  I  of  this  treatise)  from  a 
volume  integral  of  the  equivalent  source  strength  over  the  assumed  collimated  beams  (area  S). 
Returning  to  the  volume  integral  Mellen  and  Moffett  inserted  a  more  general  source  strength  in 
the  form  of  an  amplitude  taper  T,  and  arrived  at  the  form, 

Pptkl  f  1  r~  THr')dr'  1 
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Two  cases  were  treated:  (1)  for  the  absorption  limited  case,  where  a  is  the  absorption 


Ta  =  e~ar 

(2)  for  the  amplitude  case,  where  the  amplitude  of  the  primary  is  Pq , 

1  .  „  .  .  —i  /  r’  „  PPokoRo 
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(14.2.7) 
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In  their  general  model  they  took  the  total  loss  in  the  primaries  to  be  approximated  by  the  pro¬ 
duct  TaT0.  Thus  the  ratio  of  the  secondary  pressure  I rp_\  to  the  primary  pressure  amplitude 
|/?()Poi  is  derived  to  be 

-2l-  -I*-'/' - -  (14.2.8) 
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This  ratio  (when  expressed  in  decibels)  is  designated  the  parametric-source  level  efficiency.  It 
includes  all  previous  models  by  appropriate  choice  of  asymptotic  forms: 


Westervelt  case: 


Saturation-limit  case  in  near  field. 


X  <  1,  2a  R0  >  1 


X  >  1,  2aR0  <  1 


k _  2 

X  —  4aR0 
T  —  (14.2.9) 
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Spherical  wave  case  (farfield  limit):  X  <  1.2 aR0  <  1 


✓ 
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where 


£,a)-/7 


Calculation  of  for  several  choices  of  the  parameters  2a  R0  and  fjf-  allows  the  construction 
of  a  family  of  parametric  efficiency  curves  (expressed  in  decibels)  as  a  function  of  input  source 
level  (db  re  1  /abar).  To  make  the  curves  move  universal  Mellen  and  Moffett  have  introduced 
a  new  parameter  called " scaled  mean  input  source  level,"  L‘p  defined  as, 


Lsp  =  Lsp  +  20  log  io/o 


i  -  —  (I  1  +  L2) 

^sp  2  yi"sp 


(14.2.10) 


in  which  Lslp  2  are  the  input  source  levels  of  the  primaries  (db  re  1  yabar)  and  /0  is  the  average 
primary  frequency  in  kiloherz.  The  secondary  source  level  Lss  can  then  be  determined  from 
the  formula, 

LSS~LSP  +  20  log  ,o*,  (14.2.11) 

in  which  <*fp  is  a  function  of  Llp  (as  noted),  and  20  logio^j,  is  read  from  the  curves  in  the  form 
of  a  negative  number  of  decibels. 

Figure  14.2.2  reproduced  from  [2]  shows  those  curves.  It  is  based  on  a  model  consisting 
of  a  circular  piston  driven  at  frequencies  /o  ±  // 2,  in  which  the  downshift  ratio  (///)  was  taken 
as  10,  the  absorption  number  2aR0  was  taken  to  lie  between  0  and  1,  and  the  scaled  mean  input 
source  level  ranged  from  145  to  200  db  re  p  bar  @  1  m  per  kiloherz.  The  scaled  levels  above 
180  db  correspond  to  shock  formation  in  the  collimated  zone. 

A  second  performance  parameter  in  applications  of  parametric  projectors  is  the  farfield 
directivity  pattern  Da(9).  The  primaries  in  all  designs  are  the  given  quantities  and  have  a  nor¬ 
malized  directivity  Do(/co,0)  for  the  axisymmetric  case.  The  integration  over  all  the  equivalent 
sources  of  the  endfire  array  from  0  to  00  that  is  called  for  in  the  Westervelt  model  (and  all  later 
modifications  thereof)  is  conveniently  divided  into  two  ranges,  the  nearfield  from  0  to  ft  2,  and 
the  farfield  from  R2  to  °°.  The  contribution  to  the  farfield  directivity  from  an  integration  over 
a  nearfield  distribution  of  sources  is  obtained  from  the  source  level  calculation. 
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tig  14  2  2  Parametric  gain  Ep  as  a 
function  of  scaled  input  source  level  for 
various  values  of  the  absorption 
number  2/r  Rt)  (f  rom  Mellen  and 
Moffett  ( 2 1 1 


(see  14.2.7  for  definition  of  symbols).  From  this  integration  one  can  derive  the  following 
asymptotic  (i.e.0  small)  forms  of  the  farfield  directivity,  Da  (0 ) . 

Limiting  Case  Directivity  D,  (0) 


(l)  absorption  limited  nearfield 

a  Ra  >  1,  X  <  1 
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(14.2.13a) 


(2)  saturation  limited  nearfield 

a  R0  <  1 .  X  >  1 
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(Note  that  D0  (ko,0)  does  not  contribute  directionality  in  the  cases  because 
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When  the  zone  of  interaction  is  in  the  farfield  the  source  level  contribution  (including 
directivity)  is. 
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These  several  expressions  for  directivity  can  be  used  to  determine  endfire  gain  by  integrating 
them  over  space.  The  result  of  this  integration  is: 


(1)  gain  due  to  nearfield  sources. 
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Scaled  mean  input  source  level  (Msi/ib*) 

Fig.  14.2.5.  Parametric  efficiency 
vs  primary  level  fjf  =  50.  After 


Fig.  14.2.6.  Difference  frequency  (fD)  beam  patterns  for 
several  primary  levels.  After  12] 


If 

ftt 


Fig.  14.2.7.  Difference  frequency  beam  patterns  (normalized)  for 
several  downshift  ratios  After  1 2 ) 


Summarizing',  the  model  proposed  by  Mellon  and  Moffett  has  Dean  generalized  from  that  of 
Westervelt  to  include  nearfitild  saturation  and  divergent  primary  beams  It  provides  a  con¬ 
venient  tool  for  calculation  of  the  performance  of  parametric  projector,  namely  source  level, 
beam  patterns  and  array  gain  of  the  secondary  radiation  for  given  source  level  (or  power)  and 
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directivity  of  the  primaries.  An  advantageous  feature  of  their  approach  is  the  family  of  perfor¬ 
mance  curves  from  which  rapid  estimates  can  be  made  for  a  variety  of  conditions  of  operation. 


III.  Berktay  and  Leahy  Model  of  a  Parametric  Projector 


Berktay  and  Leahy  [3]  have  constructed  a  detailed  model  of  a  parametric  projector  in 
which  the  zone  of  interaction  of  the  primaries  is  assumed  to  take  place  in  the  farfield  of  the 
radiator.  They  begin  by  distributing  the  equivalen;  lource  points  in  this  zone  over  the  spherical 
coordinated  r,y,<f>  and  assume  a  pair  of  primaries  p Ii2  in  the  form  of  directional  spherical 
waves, 

Pi.2~  Pi. 2“  exp  [-  (a,  2  A-  jkxl)r\lr  (14.2.17) 


Following  the  Westervelt  model,  in  which  if  p,  is  the  total  primary  acoustic  pressure,  the  secon¬ 
dary  p _  is  given  by 
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they  consider  q  to  be  a  distribution  of  point  sources  over  volume  V,  and  use  the  freefield 
Green’s  function  for  a  point  radiator  to  construct  the  farfield  difference  pressure  p-  at  the  point 
R,0,V: 
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In  the  far  field  approximation 

|R  —  r|  -  R  -  ru.  u  -  cos  y  cos  9  cos  ($  —  rj )  +  sin  y  sin  0 

Fig.  14.2.8  shows  the  geometry  of  this  approximation.  Expanding  all  cosines  and  sine  in 
infinite  series,  and  retaining  only  terms  to  second  order,  it  is  seen  that 

u  -  1  -  |  (y  -  0 ) 2  -  |  (0  —  i7 ) 2 

at|  +  a  2  —  a  -  u  ”  «|  +  a2-a-  =  a  r,  ai  «  a  1 . 2 

Inserting  these  farfield  approximations  into  the  volume  integral  one  arrives  at  the  farfield 
approximation  to  the  difference  pressure, 
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This  formula  is  quite  general  and  is  suitable  for  any  parametric  projector  for  which  the  pri¬ 
maries  have  known  directivity  functions  in  their  respective  farfields. 


Berktay  and  Leahy  apply  this  formulation  to  the  analysis  of  a  rectangular  piston  located  in 
Cartesian  space,  radiating  into  the  x-direction,  with  side  /  parallel  to  y  and  side  m  parallel  to  z. 
The  directivity  function  of  this  piston  radiating  sound  at  wavelength  K  from  an  infinite  rigid 
baffle  is  known  to  be. 


(14.2.21) 


At  the  half-power  points  of  the  primary  beams,  |Z)(-y,$|)|  -  1/2.  This  occurs  at  y\,$,  such 
that 


-y  y  i  ”  n/2;  y^  i  =  V2. 


(14.2.22) 


It  is  convenient  to  insert  that  V2  factor  into  the  formula  for  D(y.$)  in  order  to  normalize  all 
angles  in  an  advantageous  manner.  The  model  chooses  the  Westervelt  half-power  angle  0  ^ 

2 

(called  here#,/)  to  perform  the  normalization,  and  constructs  two  new  parameters  !/»,,<//  z  such 
that 

.  _  y\  ,  _  *i 

=  *‘=  »7 

The  source  distribution  anlgesy,4  and  the  field  angles;  0 , tj  are  also  normalized 

y<  =  JL.  4'  =  -£--0'  =  — ■  v'  =  -3- 

y  0d'*  0/  9d'V  9d 

Inserting  the  normalized  symbols,  and  the  factor  V2,  into  the  formula  for  it  is  seen  that 
P-  (R.O'.r,')-  pjR,0)V(4'y,ifrz,9',r,') 
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{1  +  jW  —  y')2  +  (r,'-^')2]} 

Here  IV12  are  the  radiated  primary  powers,  and  K(0, 0, 0, 0)  -  1.  The  function  Vty y,<l> 

(called  the  pressure  reduction  factor)  is  a  complex  number.  Its  magnitude  I  K(«/'>,,i/'z,0,0)| 
represents  dependence  of  the  difference  pressure  along  the  axis  of  propagation  on  the  two 
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parameters  if/,,if/2.  The  ratio  |  V(*l>  y,<l>  z,0’,y j')|  +  |  F(t//  v,i// z,  0, 0) |  represents  the  normalized 
directivity  pattern  at  normalized  anlges  0 \i)'.  Berktay  and  leahy  have  calculated  the  magnitude 
|  V(ijiy,iltz,  0,0)|  for  0  <  ■ l>  y  ^  12  and  0  <  'jz  ^  12  by  performing  the  integration  called  for  at 
O'  —  0-  They  have  plotted  20  log10l  V\  versus i//v  with</»z  as  parameter,  reproduced  here  as 
Fig.  14.2.8.  The  figure  states  that  along  the  axis  of  propagation  (=  axis  of  primaries)  where 
O'  —  0—  tj'  the  farfield  pressure  />»  at  the  difference  frequency  must  be  multiplied  by  the  frac¬ 
tion  V  (given  in  db)  which  is  dependent  on  the  elevation  angle  (y^  and  azimuthal  angle  (^]) 
of  the  primaries.  Thus  if  if/,  —  10,  andi//2  -  10,  the  fraction  corresponds  to  -30  db,  or  0.032. 
This  plot  also  includes  the  case  of  square  and  circular  transducers.  Thus  to  calculate  the  secon¬ 
dary  source  level  SL$  given  the  acoustic  radiated  power  of  the  primaries  one  uses  the  formula 


SLs  -  20  log|0  1ph(K.0)|  +  20  log10  I  V%9.+  t. 0,0)1 


SL,  -  37  +  20  log io  F-  -  40  logoff  “  +  10  log10  Wx 
+  10  logio  +  20  logiol  V  |,  dB  re  1m  bar 


(14.2.24) 


(14.2.25) 


Fig.  14.2  8  Spherical  geometry  from  which  the  farfield  approximation 
of  |R  -  rl  for  the  field  at  (R.H. tj  )  due  to  a  source  at  r.  y  <t  may  be 
derived  The  componetns  of  r  (r  cos  y.r  sin  y )  are  each  projected  on 
to  the  direction  R  and  their  sum  is  subtracted  from  IRI 


in  which  F_  is  the  difference  frequency  in  kiloherz,  0%  is  the  Westervelt  angle  in  degrees,  Wx  2 
are  the  primary  radiated  powers  in  watts,  and  the  last  term  is  obtainable  from  Fig.  14.2.9,  or  by 
performing  the  integration  called  for  in  the  formula.  A  notable  feature  of  this  calculation  is  the 
fact  that  the  source  level  decreases  as  if/,  (or  the  half  power  angle  of  the  primaries)  increases. 


rectangular 

TRANSDUCERS 
■  SQUARE  ANO 
OSCULAR  TRANSDUCERS 


K>  12 


Fig.  14.2.9.  Farfield  behavior  for  given  dimen¬ 
sions  of  transducer  in  the  case  of  a  parametric  ar¬ 
ray  (from  Berktay  and  Leahy  [3]). 


A  similar  conclusion  holds  for  if/,. 


The  model  developed  above  also  allows  calculation  of  the  total  half-power  beamwidth 
29  ,/2  in  the  xy  plane,  normalized  relative  to  the  total  Westervelt  half  power  angle  29  d.  Berktay 
and  Leahy  have  calculated  these  half  power  beamwidths  as  functions  of  if/  z  (with  <f/ ,  as  parame¬ 
ter)  by  finding  those  values  of  9  for  which  |  F (if/,, if/ z, 9,0)1  -  0.707  |  F(if/y,tf/z,0.0)|.  They 
plotted  the  results  in  the  form  291/2/29rf  versus  i \t  z,  0  <  if/,  <  4.0,  with  0  ^  if/y  <  4.0,  which 
appear  here  as  Fig.  14.2.10.  These  plots  show  that  near  the  origin  (where  if/  y  —  0,  if/  z  — •  0)  the 
predicted  half-power  beamwidths  are  very  nearly  those  of  Westervelt’s  model.  However,  when 
f/,  -*  4,0  and  < f/2  —  4.0,  the  half-power  beamwidths  are  approximately  3  times  the  Westervelt 
prediction  (for  the  case  of  nearfield  interaction).  Thus  the  plots  show  the  universal  trend, 
namely  the  secondary  beamwidth  of  the  parametric  array  increases  as  if/  k.  (i.e.  the  half  power 
beamwidth  of  the  primary)  increases  (for  fixed  if/  z) ,  or  as< li  z  increases  (for  fixed  if/,). 
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Fig.  14.2.10.  Normalized  half-power  beamwidths,  for  rectangular 

transducers.  (The  beamwidth  in  the  x-.y  plane  is  shown  )  (From  Berktay 
and  Leahy  [3D. 


Parametric  projectors  have  been  built  with  pistons  of  shapes  other  than  rectangular.  A 
popular  one  is  the  circular  piston  of  radius  a.  The  analysis  of  this  radiator  can  be  made  in 
cylindrical  coordinates  R,y,6  in  which  y  is  the  angle  measured  from  the  x-axis  in  the  xy  plane, 
and  4  is  the  angle  in  the  yz  plane.  Using  the  same  approach  as  was  used  in  the  case  of  the  rec¬ 
tangular  piston  Berktay  and  Leahy  [3]  arrive  at  the  formula, 


pAR.e 
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u '  —  cos  9  cos  y  +  sin  9  sin  y  cos  ^ 


(14.2.26) 


Fig.  14.2.11  shows  the  geometry  of  this  approximation.  A  simplification  of  the  integral  can  be 
made  by  considering  all  angles  to  be  small,  and  by  choosing  the  downshift  ratio  f<J f-  to  be 
much  greater  than  unity.  In  this  case  one  first  performs  the  integration  over$,  which  then 
reduces  to, 

P.(R.O)  *  ;of  tegnr ,  yfy  ,V  <“-2  27> 
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in  which 


v  =  (y  k^ay)2 

\7Jx(koay)  2 

g(v)  =  — - - 

My 

M.-3.48 y,  - 

Here  yi  is  the  half-power  point  in  the  primary  directivity  function.  When  calculations  of  the 
source  level  of  the  secondary  were  made  for  various  values  of  0  d,  and  the  results  were  com¬ 
pared  to  the  performance  parameters  for  square  pistons  having  0  v  —  0  d  it  was  found  they 
agreed  so  closely  that  one  can  model  circular  pistons  of  diameter  d  -  2a  as  square  pistons  of 
side  d. 


Summarizing-.  A  parmetric  projector  can  be  analyzed  by  use  of  the  Berktay  and  Leahy 
model  to  give  secondary  source  level  and  beamwidth.  Estimates  of  performance  can  be  made 
rapidly  by  the  use  of  available  plotted  graphs.  A  comparison  of  this  model  with  that  of  Mellen 
and  Moffett  is  directly  possible  on  the  following  basis: 

for  rectangular  projectors:  2a  R0  of  Mellen  and  Moffet  approximates 

(0.637/0 of  Berktay  and  Leahy. 

for  circular  projectors:  2a  R0  of  Mellen  and  Moffet  approximates 

0.650/0  j  of  Berktay  and  Leahy. 

Actual  comparison  between  models  have  been  made.  The  two  do  not  differ  by  more  than  2.5 
db  for  the  case  where  the  Berktay  and  Leahy  analysis  applies. 


14.3  PARAMETRIC  PROJECTORS  WITH  TRANSIENT  PRIMARIES 

The  Westervelt  model  has  been  extended  by  Moffett  et  al  [20]  to  include  time-dependent 
primaries  of  the  general  form 


p  =  P}g(t  -  —  )e  a°*  cos  (ui0t  -  k0x ) 
*-o 


(14.3.1) 


in  which  g  it)  is  assumed  to  have  a  narrow  spectrum  of  frequencies.  The  equivalent  source 
function  in  the  nearfield  zone  of  interaction  is  then 


2p02C0* 


e~2a°x  *20  - 

ot  C0 


Upon  solution  of  the  Westervelt  equation  for  the  secondary  pressure, 
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the  authors  found  that  in  the  farfield  on  the  main  axis  ( 9  -  0)  at  time  r. 
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(14.3.4) 


in  which  C0,  a0  refer  to  the  primaries,  and  W0  is  the  value  of  acoustic  power  (the  same  for 
each  primary)  transmitted  at  the  peak  of  the  pulse  envelope  (of  the  primaries).  In  the  case 
where  the  primaries  (with  amplitude  g  (r))  are  pulsed  at  interval  T0=  2n/ota  the  complex  spec¬ 
trum  for  the  secondary  pressure  in  the  farfield  on  the  main  axis  is  derived  to  be, 

-B  Wn  n-\ 

ps(R.  0;<u)«=  ——j- — w 2G(oj)£  exp  i-jnut  T0)  (14.3.5) 

oTC0Ra0  „_0 

Here  (Giat)  is  the  spectrum  of  git)  and  N  is  the  number  of  pulses  in  the  summation.  When  N 
is  large  this  formula  can  be  manipulated  to  show  that  the  amplitude  spectrum  of  this  secondary 
pressure  exhibits  discrete  frequency  components  atw  =  ma>0, 

—B  Wn  m 

/  n  A  \  r*  \)  1  \  mV  /  iry-t  /  \  /  «  m  **  *  \. 
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8tt  CqRoq 


£  (- l)m,v  (mu>a)2  NGq  (mat a) . 
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The  two  frequency  case  originally  treted  by  Westervelt  can  be  recovered  from  this  analysis  by 
writing  git)  -  +  g2.  g,  —  cos  w,r,  g2  -  cos  u>2t. 

14.3a  Bandwidth  of  Parametric  Transmitters 

The  acoustic  radiation  of  the  primaries  has  a  bandwidth  defined  by  the  mechanical  Q  of 
the  radiating  surface,  namely  the  ratio  of  the  reactive  component  of  the  mechanical  impedance 
of  the  transducer  to  the  acoustic  resistance  of  the  medium  over  the  radiating  surface.  If  the 
parametric  array  operates  on  a  two-primary  beam  basis,  each  primary  has  its  bandwidth,  or 
mechanical  Q,  which  can  generally  be  designed  to  be  equal  in  magnitude.  Since  the  difference 
frequency  of  the  secondary  can  be  generated  by  taking  differences  of  primaries  over  the 
primary’s  bandwidth  it  is  seen  that  the  bandwidth  of  the  secondary  can  be  made  quite  broad  by 
small  fractional  changes  in  the  primaries.  This  wideband  property  of  the  secondary  can  be  used 
to  transmit  large  time-bandwidth  products,  and  hence  achieve  large  signal  processing  gains. 

The  beam  patterns  of  the  parametric  array  at  the  difference  frequency  are  controlled  by 
the  directivity  functions  of  the  primaries.  If  the  Westervelt  angle  9  d  is  much  narrower  than  the 
primaries  it  has  been  shown  above  that  the  directivity  function  of  the  secondary  is  essentially 
the  product  of  the  directivity  functions  of  the  primaries.  Since  the  latter  do  not  vary  much  over 
the  bandwidth  of  the  primaries  it  is  seen  that  the  beamwidth  of  the  secondary  at  the  half-power 
points  varies  little  over  the  bandwidth  of  the  secondary.  Experiments  have  shown  less  than 
20%  variation  over  two  octaves  (21]. 

14.3b  Limit  on  the  Performance  of  Parametric  Projector  by  Acoustic  Saturation 

Acoustic  saturation  of  the  medium  is  a  nonlinear  phenomenon.  In  the  simple  case  of  a 
plane  wave  initiated  at  x  =  0  with  a  particle  velocity  w(0)  =  u0  sin  wt  [yz  particle  velocity  u(x) 
at  any  point  x  along  the  transmission  path  grows  linearly  with  «n  ,f  the  values  of  un  are 
infinitesimal,  but  breaks  into  a  sum  of  the  fundamental  at  a>,  and  harmonics  z/j  , . . .  at 

2w,3w,  etc.  as  u0  becomes  finite.  According  to  theory,  confirmed  by  experiment,  the  funda¬ 
mental  U\  reaches  a  limiting  magnitude  as  un  is  increased— a  value  independent  of  zz0.  but 
dependent  on  range  x.  Thus  at  every  range  where  nonlinear  saturation  has  appeared  there  is  an 
assignable  limiting  magnitude.  Two  ranges  are  of  particular  importance:  the  "sawtooth  region" 
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where  the  saturation  waveform  is  sawtooth,  and  the  "old  age  region"  where  the  saturation 
waveform  is  quasi  sinusoidal.  Theoretical  studies  of  these  separate  regions  have  been  made. 
By  the  use  of  Fay’s  solution  in  the  one  dimensional  wave  equation  Blackstock  [23]  has  com¬ 
bined  these  regions  into  one  formula  for  the  fundamental  of  the  particle  velocity 

2“  -  Q  ,  a>  ,, 


_ *-o _  _  o> 

pk  sinh  a  (x  +  x)  /3ku0'  C0 


(14.3.7) 


Here  a  is  the  small-signal  attenuation  coefficient,  and  x  the  shock  formation  distance.  As  the 
initial  amplitude  t/0  ~ *  °°,  3c  — ►  0.  The  condition  x  -  0  corresponds  to  acoustic  saturation  of 
the  primary,  which  appears  in  the  following  forms  for  different  values  of  ax, 


Pk  sinh  ax' 


2Co  r  t 

Jhc'  (“l)sATl 


4a  C0e~“J 

Jk 
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The  condition  ax  «  1  is  the  sawtooth  region,  while  ax  »  1  is  the  old-age  region.  In  appli¬ 
cations  these  formulas  will  be  useful  in  making  estimates. 

A  more  common  type  of  acoustic  radiator  is  the  one  that  radiates  spherical  waves. 
Shooter  et  al  [13]  have  investigated  acoustic  saturation  in  this  case.  They  begin  by  illustrating 
the  case  history  of  a  high  intensity  spherical  pressure  wave  p(r,t)  versus  retarded  time  t  -  r/CQ 
radiating  from  a  sphere  of  radius  a,  where  p(a,t)  =  P0  sin  a»r  at  r  —  a  the  wave  is  a  sinusoid, 
at  r  —  r'  the  shock  wave  has  formed  (i.e.  the  maximum  positive  amplitude  and  maximum  nega¬ 
tive  amplitude  occur  almost  at  the  same  value  of  retarded  time);  at  r  «  r  the  full  sawtooth 
waveform  has  appeared;  and  at  r  -  rMAX  the  waveform  is  again  almost  sinusoidal.  The  loca¬ 
tions  of  these  distances  from  the  origin  depend  on  the  parameters  e  =  PJpqCq,  13,  and 
k  -  W  C0;  they  have  the  forms. 


r  “  a  exp  (3——) 
Pika 

t  3  t 

r  -  a  exp  — ) 
Pika 


_ Pi  ka/a _ 

1  A- pika  In  (-^i) 
a 


(14.3.9) 


Graphical  plots  of  r,r,rMAX  in  yards  versus  peak  source  level  P0  (in  dB  re  Utb  at  1  yd)  with  fre¬ 
quency  w  —  kC0  as  parameter  have  been  made  by  the  use  of  these  equations,  for  application  to 
a  source  of  effective  radius  a  —  1  yd.  in  fresh  water.  These  are  reproduced  from  [13]  as  Figs. 
14.3.1,  14.3.2,  and  14.3.3.  They  can  serve  as  guides  to  rapid  estimation  of  the  distances  at 
which  nonlinear  effects  become  noticeable  in  spherical  radiators  for  various  choices  of  initial 
radiation  amplitude.  Inversely,  by  specificying  a  range  over  which  nonlinear  effects  are  to  be 
negligible  one  can  find  in  these  charts  the  maximum  allowable  initial  pressure  Pw. 
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When  shock  formation  has  been  initiated  at  distance  7  it  becomes  important  to  estimate 
the  pressure  levels  at  various  distances  thereafter  Blackstock  [23]  has  shown  that  in  the  region 
between  rand  r  the  amplitude  of  the  fundamental  is  given  by, 

n  2 (a/r)  2po^o 

Pi  —  '  0  TT  ;  P SAT  (SAWTOOTH)  — 

1+<T  &kr  In  (  —  ) 

a  fr  >>  I 

a-  =  /8e ka  In  (r/ a)  (14.3.10) 

This  formula  agrees  with  an  earlier  result  of  Laird  [24]  under  the  condition  cr  »  1  The 
parameter  cr  appearing  here  is  of  special  convenience  in  analysis  because  o-  —  1  corresponds  to 
the  distance  rando-  =  3  corresponds  to  the  distance  of  th>  -awtootn,  r. 


In  this  region  of  old  age,  r  >  rMAX,  ViJr  [25]  obtained  the  following  approximation  for 
the  fundamental  component  of  the  acoustic  pressure, 

n  2  (a/r)  _ r  i  _  _  \i  _  v,  _ 


°o  7T -  exP  -  'max*!-  r  >  '■max 

1  +  <rMAX 


O’ MAX  “  In 
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This  model  assumes  that  the  amplitude  p,  is  attenuated  beyond  rMAX  by  absorption.  As 
Po  —  °°  (i.e.  as  e  —  °° )  it  is  seen  that  the  influence  of  P0  vanishes,  and  the  true  condition  for 
old  age  saturation  is  established.  Thus, 


Psat  (old  age) 


Pkr  In  (-^^-) 
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exp  [-a  (r  -  /?MAX)] 
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The  formulas  for  the  saturation  presure  pSA r  (sawtooth)  and  pSAT  (old  age)  calculated  for 
a  =  1  yd  in  fresh  water  and  in  sea  water  in  units  of  db  re  1  m  bar  have  been  plotted  versus 
range  in  yards.  These  appear  as  Figs.  14.3.4,  14.3.5.  They  show  the  maximum  sound  pressure 
level  that  can  be  attained  at  a  given  frequency  at  a  given  distance  from  the  source.  For  exam¬ 
ple  at  2.5  kHz  the  maximum  attainable  sound  pressure  level  (a<  limited  by  acoustic  saturation) 
at  a  distance  of  10  kiloyards  in  sea  water  is  82  db  re  1  p  bar  no  matter  what  the  initial  acoustic 
pressure  is  at  the  surface  of  the  radiator  is  forced  to  be,  assuming  spherical  wave  propagation  in 
a  homogeneous  medium. 


Acoustic  saturation  naturally  applies  also  to  beamed  spherical  radiation.  In  this  case  one 
can  make  an  estimate  of  the  off-axis  response  of  acoustic  pressure  in  the  farfield  versus  angle 
by  weighting  the  amplitude  parameter  t  by  the  small  signal  directivity  factor  of  the  source  and 
choosing  the  effective  radius  a  of  the  source  to  be 
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(14.3.13) 


where  S  is  the  area  of  the  source. 
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High  amplitude  excitation  in  acoustic  radiators  also  exhibits  important  effects  on 
beamwidth  and  side-lobe  level.  An  experiment  by  Shooter  et  al  [13]  compared  high  amplitude 
(133  db  re  1  p  bar  @  1  yd)  patterns  with  low  amplitude  (115  db  re  1  p  bar  @  1  yd)  patterns  at  a 
frequency  of  435  kHz,  and  found  that  at  a  maximum  range  of  111  yds  the  half-power 
beamwidths  of  the  high  amplitude  patterns  increased  80%,  and  the  sidelobe  suppression 
decreased  by  7  db.  The  widening  of  the  main  lobe  is  due  to  high-amplitude-dependent  attenua¬ 
tion  which  causes  a  rapid  decay  of  intense  waves  on  the  beam  axis.  Loss  of  side-lobe  suppres¬ 
sion  is  due  to  this  adverse  shading  of  the  central  radiation  of  the  original  acoustic  radiator  rela¬ 
tive  to  radiation  delivered  to  the  side  lobes.  The  extra  attenuation  due  to  shock  formation  can 
be  minimized  by  making  the  shock  formation  distance  to  be  greater  than  the  Rayleigh  distance 
(—  area/ wavelength)  of  the  projector.  The  ratio  of  these  two  distances  is  the  saturation  parame¬ 
ter  x, 

_  shock  formation  distance  _  g  ,  _ 

Rayleigh  distance  *  0 

c  -  PoteoCo  (14.3.14) 

Thus  a  design  criterion  to  avoid  excessive  absorption  loss  due  to  shock  formation  is*  »  1. 

14.3c  Diffraction  Effects  In  Parametric  Arrays 


Novikov  et  al  [26]  have  analyzed  the  case  of  a  parametric  transmitter  in  which  diffraction 
of  the  primaries  plays  a  role.  They  base  their  work  upon  a  nonlinear  equation  that  is  closely 
related  to  modem  theories  of  diffraction.  To  understand  the  origin  of  the  equation  we  begin 
with  the  article  of  Malyuzhinets  [27].  A  (nearly)  plane  wave  U  -  A  ( x,y.z )  e is  propagat¬ 
ing  in  the  x-direction  in  accordance  with  the  linear  wave  equation  in  a  homogeneous  medium 
(viz.  d2U/dt2  -  c*V2U.  By  substitution  of  this  plane  wave  solution  one  arrives  an  equ^ton  for 
the  amplitude  A, 


D_  dU 
c  dx2 


(14.3.15) 


D  d2A 

It  is  first  assumed  that  X  is  small  but  finite,  and  that  —  r  is  negligible  relative  to  dA/dx. 

c  dx2 

Secondly  one  takes  the  x  direction  to  be  kinematic,,  namely,  x  -  ct,  which  means,  the  coordi¬ 
nate  system  is  placed  on  a  moving  wavefront  such  that  x  -  0  means  t  -  0.  Then  the  equation 
of  propagation  can  be  written 


-  /)Vi2A  V,2  - 
dt  "  ^  1  dy2  dz2' 


(14.3.16) 


This  is  a  diffusion-type  equation  with  a  complex  diffusion  coefficient.  An  example  is  the 
diffraction  of  a  wave  propagating  in  the  x*  direction  through  a  hole  in  a  screen  which  can  be 
regarded  as  a  diffusion  of  the  diffracted  wave  transverse  to  x.  For  cases  of  circular  symmetry  it 
is  convenient  to  use  axisymmetric  cylindricl  coordinates  (r,x),  so  that  the  diffraction  limited 
propagation  is  governed  by, 
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To  account  for  losses  due  to  thermoviscous  dissipation  and  nonlinearity  one  includes  them  in 
the  basic  hydrodynamic  equations,  and  derives  the  wave  equation  with  a  loss  factor  q.  The 
result  is  a  wave  equation  with  a  resistance  term  added.  In  terms  of  the  velocity  potential  <b  (u) 
where  ■  -  -  Vd),  one  has, 

13%.  _  -y^o  (14.3.18) 

Bt2  dt 


Kuznetzov  [28]  has  derived  a  form  of  q  that  is  a  nonlinear  function  of  </>  in  which  the  nonlinear 
equation  appears  as, 


eWd/2-  +  (V4)2  + 


0 


b  -  PS-1 


3"+£+,,lc:“  c; 


Here  b  is  the  coefficient  of  thermoviscous  dissipation,  and  a  describes  nonlinearity  of  the 
medium.  Their  presence  in  the  equation  gives  rise  to  variations  in  the  waveform  in  the  direc¬ 
tion  of  propagation.  Several  models  of  nonlinear  propagation  can  be  constructed  from  this 
equation.  In  the  particular  model  of  Zabolotskaya  and  Khokhlov  [29]  the  variations  in 
waveform  are  assumed  to  weak  with  time  and  distance.  Hence  one  seeks  a  solution  of  the  lossy 
wave  equation  in  terms  of  "slow  coordinated  by  introducing  new  spatial  coordinates 
x1  -  vx.  y1  -  (py)1/2,  z1-  <pz)l/2,  v  <  1.  This  means  the  rate  of  dissipation  in  y,z,  is  slower 
than  in  x.  Secondly  one  seeks  solutions  in  the  form  of  plane  waves  whose  phase  dependence  is 
exp  -  for,  where  r  is  the  retarded  time  t  -  x/C0.  Since 


dr 
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we  may  use  v  to  serve  as  a  parameter  of  ordering.  Retaining  terms  in  the  wave  equation  up  to 
second  order  only  in  v  leads  to  the  form 


dr  8x  2  Ur 


9rJ 
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btlCl  a  -  (y  +  l)/2Co 

Letting  94/dr  -  4>  in  this  equation,  then  taking  B/9r  of  the  result  leads  to  the  form. 
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In  linear  theory  the  wave  equation  in  velocity  potential  is  also  obeyed  by  incremental  density  p 
due  to  the  acoustic  signals.  Thus  the  entire  development  given  above  is  valid  when  p  replaces 
♦  .  This  replacement  leads  to  the  equation  of  Zabolotskaya  and  Kokhiov,  for  the  propagation  of 
a  confined  wave  in  a  nonlinear  thermoviscous  medium,  viz. 


B  \Bo  e  Bp2 


b  Bh>  1  Co  |  B2p  .  1  dp  1 
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«  —  (y  +  l)/2,  r  —  (y2  +  r2)^2  * 

This  is  the  equation  used  by  Novikov  et  si  (26]  in  their  work  on  ultrasonic  parametic  sources. 
If  dissipation  (namely  6),  and  nonlinearity  (namely  <)  are  negligible,  this  equation  becomes  a 
linear  parabolic  equation  in  the  amplitude  of  a  confined  harmonic  wave, 

dp  _  Cp  |  d2p  +  1  dp  | 
dx  2iw  |  dr2  r  dr  ] 

This  is  the  same  equation  that  is  described  by  Malyuzhinets  as  the  diffusion  approximation  for 
the  diffraction  of  a  planewave  by  an  obstacle. 


Novikov  et  al  (26]  consider  a  case  where  the  parametic  projector  generates  two  mono¬ 
chromatic  waves  with  frequencies «|,« 2  at  x  -  0, 

p(/.x-  O.r)-  A\(r)  sin*)*  +  A2(r)  sin (14.3.22) 


in  which  r  is  the  transverse  coordinate.  Neglecting  thermoviscous  effects  they  consider  only 
nonlinear  alterations  of  the  waveform,  described  by 
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~2Ai(r)A2(.r)^(x)  cos  fir 


(14.3.23) 


Here  the  difference  frequency  fl  -  -  w2,  and  *(x)  -  d>,(x)<*>2(x).  The  functions  <t>,(x), 

♦2(x)  describe  the  amplitude  decay  with  distance  of  the  two  primaries.  This  is  a  linear  equa¬ 
tion,  and  is  capable  of  solution  of  the  form  p  -  B(x.r)e‘nT  in  which  B(x,r )  is  the  complex 
amplitude  of  the  difference  frequency  wave.  Upon  substitution,  one  arrives  at  an  equation  for 
B, 


dB  ,  k  d*B  1  dB 
dx  2fl  dr2  r  dr 


^rA,(r)A2(rX P(x). 
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(14.3.24) 


A  convenient  approach  to  the  solution  of  this  equation  is  the  use  of  the  integral  (Bessel) 
transform  fl(X  .x)  where 

B  (r,x)  -  J0  B  (X  ,x)  J0(h  r)\dk 


and  then  transforming  back  to  amplitude  A,  with  the  result  that, 

*  -  ^  *’*<»'> /f  exp  x) 

/(x)-J*0  rAi(r)A2(r)J0(\r)dr 
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The  form  of  Alt2(r)  (i.e.  amplitude  in  the  transverse  direction)  is  not  easily  prescribed.  For 
mathematical  convenience  it  is  taken  to  be  Gaussian,  i.e.  >4|.2~  exp  (-r2/fl|22).  Direct 
integration  then  leads  to  a  simple  (Gaussian)  fohn  for  f  (A ).  The  amplitude  then  becomes 


A  ( r,x )  - 
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The  symbol  LD  is  a2fl/2C°,  or  Jfc_a2/2,  the  diffraction  length  for  the  difference  frequency 
wave. 

The  key  issue  then  is  the  form  of  the  attenuation  function  <t>  (x  —  y).  It  is  first  assumed 
that  nonlinearity  does  not  affect  the  primaries  (i.e.  no  shock  wave  formation).  Then  a  plausible 
choice  for  4>  is, 

x  _  /V-Xv  ,  _  2CoPo 


*(x  — y)-exp(^-). 


(14.3.27) 


Although  the  resultant  integral  for  A  (r,x)  is  complicated,  it  can  never  the  less  be  numerically 
evaluated.  An  important  special  case  is  the  calculated  amplitude  along  the  beam  axis  (r  —  0) 


i  xl  tAxA2flL 4  £  \  x  ,  .Ld\ 

U(0-x)|-  2 c*re  *ii: + xy 'i%\ 


(14.3.28) 


in  which  &,(£)  is  the  integral  exponential  function.  Two  plots  of  this  equation  in  the  difference 
frequency  amplitude  have  been  made: 

2^p0C2  x  . 

An  —  — — — —  vs  — ,  for  fixed  La,  with  ~r~  as  parameter 
AiAfcd  La  La  La 

2ApnCn  x  f.  n 

^n'“  — 1 — n  vs  — — .  for  fixed  LD.  with  -7—  as  parameter. 

AxA*flLD  Ld  La 

These  are  shown  as  Figs.  14.3.6,  14.3.7  from  the  article  of  Novikov  et  al. 

The  transverse  distribution  of  signal  amplitude  at  various  distances  x  from  the  face  of  the 
radiator  gives  of  width  of  the  parametric  beam.  A  conventional  circular  piston  of  radius  a  with 
aperture  distribution  (at  x  «■  0)  of  ♦  —  A  exp  (—  r2/a2)e~ia‘  has  a  transverse  distribution  at  the 
difference  frequency  given  by. 
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In  a  parametric  projector  with  the  special  form  of  d>(x  -  y)  -  exp  (  , — )  the  magnitude 
A  (r,x)  is 
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Fig.  14.3.6.  Difference-frequency 
signal  amplitude  4n  - 
2^C(g></-4|-42*fH.a  on  the  beam 
axis  vs  distance  x,  -  x/La  from 
the  radiator  for  a  fixed  value  of 
the  attenuation  length  La  and  the 
following  values  of  the  ratio 
LJLd.  1)  0;  2)  0.1;  3)  0.5;  4)  1; 
5)  2.  After  1261. 


Fig.  14.3.7.  Difference-frequency 
signal  amplitude  4,,  - 

2 Acgp! on  the  beam 

axis  vs  distance  jci  -  x/Ld  and  the 
following  values  of  the  ratio 

LJLa:  I)  0;  2)  0.1;  3)  0.5;  4)  1; 

5)  2.  (After  [26]). 


Fig.  14.3.8.  Transverse  distribu¬ 
tion  of  signal  amplitude  Air)  — 
A  jAjfilL  at  various  dis¬ 
tances  from  the  radiator,  neglect¬ 
ing  carrier  attenuation.  1 )  x/Ld  «* 
0.5;  2)1;  3)  2;  4)  5.  After  1261. 


A  plot  of  \A(r,x)\  versus  r1 2 * * * * 7 * 9/a2  for  various  distances  x/LD  is  shown  as  Fig.  14.3.8  from  the 
article  of  Novikov  et  al.  This  shows  that  at  a  distance  of  x/LD  =  5  the  width  of  the  conven¬ 
tional  beam  is  5 a  as  compared  to  that  of  the  parametric  beam  l  .4a. 
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